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Ensemble Methods in Machine Learning

Thomas G. Dietterich

Oregon State University, Corvallis, Oregon, USA,
tgd@cs.orst.edu,

WWW home page: http://www.cs.orst.edu/˜tgd

Abstract. Ensemble methods are learning algorithms that construct a
set of classifiers and then classify new data points by taking a (weigh-
ted) vote of their predictions. The original ensemble method is Bayesian
averaging, but more recent algorithms include error-correcting output
coding, Bagging, and boosting. This paper reviews these methods and
explains why ensembles can often perform better than any single classi-
fier. Some previous studies comparing ensemble methods are reviewed,
and some new experiments are presented to uncover the reasons that
Adaboost does not overfit rapidly.

1 Introduction

Consider the standard supervised learning problem. A learning program is given
training examples of the form {(x1, y1), . . . , (xm, ym)} for some unknown func-
tion y = f(x). The xi values are typically vectors of the form 〈xi,1, xi,2, . . . , xi,n〉
whose components are discrete- or real-valued such as height, weight, color, age,
and so on. These are also called the features of xi. Let us use the notation xij

to refer to the j-th feature of xi. In some situations, we will drop the i subscript
when it is implied by the context.
The y values are typically drawn from a discrete set of classes {1, . . . , K}

in the case of classification or from the real line in the case of regression. In
this chapter, we will consider only classification. The training examples may be
corrupted by some random noise.
Given a set S of training examples, a learning algorithm outputs a classifier.

The classifier is an hypothesis about the true function f . Given new x values, it
predicts the corresponding y values. I will denote classifiers by h1, . . . , hL.
An ensemble of classifiers is a set of classifiers whose individual decisions are

combined in some way (typically by weighted or unweighted voting) to classify
new examples. One of the most active areas of research in supervised learning has
been to study methods for constructing good ensembles of classifiers. The main
discovery is that ensembles are often much more accurate than the individual
classifiers that make them up.
A necessary and sufficient condition for an ensemble of classifiers to be more

accurate than any of its individual members is if the classifiers are accurate and
diverse (Hansen & Salamon, 1990). An accurate classifier is one that has an
error rate of better than random guessing on new x values. Two classifiers are
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2 T.G. Dietterich

diverse if they make different errors on new data points. To see why accuracy
and diversity are good, imagine that we have an ensemble of three classifiers:
{h1, h2, h3} and consider a new case x. If the three classifiers are identical (i.e.,
not diverse), then when h1(x) is wrong, h2(x) and h3(x) will also be wrong.
However, if the errors made by the classifiers are uncorrelated, then when h1(x)
is wrong, h2(x) and h3(x) may be correct, so that a majority vote will correctly
classify x. More precisely, if the error rates of L hypotheses h� are all equal to
p < 1/2 and if the errors are independent, then the probability that the majority
vote will be wrong will be the area under the binomial distribution where more
than L/2 hypotheses are wrong. Figure 1 shows this for a simulated ensemble
of 21 hypotheses, each having an error rate of 0.3. The area under the curve for
11 or more hypotheses being simultaneously wrong is 0.026, which is much less
than the error rate of the individual hypotheses.
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Fig. 1. The probability that exactly � (of 21) hypotheses will make an error, assuming
each hypothesis has an error rate of 0.3 and makes its errors independently of the other
hypotheses.

Of course, if the individual hypotheses make uncorrelated errors at rates ex-
ceeding 0.5, then the error rate of the voted ensemble will increase as a result of
the voting. Hence, one key to successful ensemble methods is to construct indi-
vidual classifiers with error rates below 0.5 whose errors are at least somewhat
uncorrelated.
This formal characterization of the problem is intriguing, but it does not

address the question of whether it is possible in practice to construct good en-
sembles. Fortunately, it is often possible to construct very good ensembles. There
are three fundamental reasons for this.
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The first reason is statistical. A learning algorithm can be viewed as sear-
ching a space H of hypotheses to identify the best hypothesis in the space. The
statistical problem arises when the amount of training data available is too small
compared to the size of the hypothesis space. Without sufficient data, the lear-
ning algorithm can find many different hypotheses in H that all give the same
accuracy on the training data. By constructing an ensemble out of all of these
accurate classifiers, the algorithm can “average” their votes and reduce the risk
of choosing the wrong classifier. Figure 2(top left) depicts this situation. The
outer curve denotes the hypothesis space H. The inner curve denotes the set of
hypotheses that all give good accuracy on the training data. The point labeled f
is the true hypothesis, and we can see that by averaging the accurate hypotheses,
we can find a good approximation to f .
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Fig. 2. Three fundamental reasons why an ensemble may work better than a single
classifier
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The second reason is computational. Many learning algorithms work by per-
forming some form of local search that may get stuck in local optima. For ex-
ample, neural network algorithms employ gradient descent to minimize an error
function over the training data, and decision tree algorithms employ a greedy
splitting rule to grow the decision tree. In cases where there is enough training
data (so that the statistical problem is absent), it may still be very difficult
computationally for the learning algorithm to find the best hypothesis. Indeed,
optimal training of both neural networks and decisions trees is NP-hard (Hyafil
& Rivest, 1976; Blum & Rivest, 1988). An ensemble constructed by running the
local search from many different starting points may provide a better approxi-
mation to the true unknown function than any of the individual classifiers, as
shown in Figure 2 (top right).
The third reason is representational. In most applications of machine lear-

ning, the true function f cannot be represented by any of the hypotheses in
H. By forming weighted sums of hypotheses drawn from H, it may be possible
to expand the space of representable functions. Figure 2 (bottom) depicts this
situation.
The representational issue is somewhat subtle, because there are many lear-

ning algorithms for which H is, in principle, the space of all possible classifiers.
For example, neural networks and decision trees are both very flexible algo-
rithms. Given enough training data, they will explore the space of all possible
classifiers, and several people have proved asymptotic representation theorems
for them (Hornik, Stinchcombe, & White, 1990). Nonetheless, with a finite trai-
ning sample, these algorithms will explore only a finite set of hypotheses and
they will stop searching when they find an hypothesis that fits the training data.
Hence, in Figure 2, we must consider the space H to be the effective space of
hypotheses searched by the learning algorithm for a given training data set.
These three fundamental issues are the three most important ways in which

existing learning algorithms fail. Hence, ensemble methods have the promise of
reducing (and perhaps even eliminating) these three key shortcomings of stan-
dard learning algorithms.

2 Methods for Constructing Ensembles

Many methods for constructing ensembles have been developed. Here we will
review general purpose methods that can be applied to many different learning
algorithms.

2.1 Bayesian Voting: Enumerating the Hypotheses

In a Bayesian probabilistic setting, each hypothesis h defines a conditional pro-
bability distribution: h(x) = P (f(x) = y|x, h). Given a new data point x and
a training sample S, the problem of predicting the value of f(x) can be viewed
as the problem of computing P (f(x) = y|S,x). We can rewrite this as weighted
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sum over all hypotheses in H:

P (f(x) = y|S,x) =
∑
h∈H

h(x)P (h|S).

We can view this as an ensemble method in which the ensemble consists of all of
the hypotheses inH, each weighted by its posterior probability P (h|S). By Bayes
rule, the posterior probability is proportional to the likelihood of the training
data times the prior probability of h:

P (h|S) ∝ P (S|h)P (h).

In some learning problems, it is possible to completely enumerate each h ∈ H,
compute P (S|h) and P (h), and (after normalization), evaluate this Bayesian
“committee.” Furthermore, if the true function f is drawn from H according to
P (h), then the Bayesian voting scheme is optimal.
Bayesian voting primarily addresses the statistical component of ensembles.

When the training sample is small, many hypotheses h will have significantly
large posterior probabilities, and the voting process can average these to “mar-
ginalize away” the remaining uncertainty about f . When the training sample
is large, typically only one hypothesis has substantial posterior probability, and
the “ensemble” effectively shrinks to contain only a single hypothesis.
In complex problems whereH cannot be enumerated, it is sometimes possible

to approximate Bayesian voting by drawing a random sample of hypotheses
distributed according to P (h|S). Recent work on Markov chain Monte Carlo
methods (Neal, 1993) seeks to develop a set of tools for this task.
The most idealized aspect of the Bayesian analysis is the prior belief P (h). If

this prior completely captures all of the knowledge that we have about f before
we obtain S, then by definition we cannot do better. But in practice, it is often
difficult to construct a space H and assign a prior P (h) that captures our prior
knowledge adequately. Indeed, often H and P (h) are chosen for computational
convenience, and they are known to be inadequate. In such cases, the Bayesian
committee is not optimal, and other ensemble methods may produce better
results. In particular, the Bayesian approach does not address the computational
and representational problems in any significant way.

2.2 Manipulating the Training Examples

The second method for constructing ensembles manipulates the training exam-
ples to generate multiple hypotheses. The learning algorithm is run several times,
each time with a different subset of the training examples. This technique works
especially well for unstable learning algorithms—algorithms whose output clas-
sifier undergoes major changes in response to small changes in the training data.
Decision-tree, neural network, and rule learning algorithms are all unstable. Li-
near regression, nearest neighbor, and linear threshold algorithms are generally
very stable.
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The most straightforward way of manipulating the training set is called Bag-
ging. On each run, Bagging presents the learning algorithm with a training set
that consists of a sample of m training examples drawn randomly with replace-
ment from the original training set of m items. Such a training set is called a
bootstrap replicate of the original training set, and the technique is called boot-
strap aggregation (from which the term Bagging is derived; Breiman, 1996). Each
bootstrap replicate contains, on the average, 63.2% of the original training set,
with several training examples appearing multiple times.
Another training set sampling method is to construct the training sets by

leaving out disjoint subsets of the training data. For example, the training set
can be randomly divided into 10 disjoint subsets. Then 10 overlapping training
sets can be constructed by dropping out a different one of these 10 subsets.
This same procedure is employed to construct training sets for 10-fold cross-
validation, so ensembles constructed in this way are sometimes called cross-
validated committees (Parmanto, Munro, & Doyle, 1996).
The third method for manipulating the training set is illustrated by the

AdaBoost algorithm, developed by Freund and Schapire (1995, 1996, 1997,
1998). Like Bagging, AdaBoost manipulates the training examples to generate
multiple hypotheses. AdaBoost maintains a set of weights over the training
examples. In each iteration �, the learning algorithm is invoked to minimize
the weighted error on the training set, and it returns an hypothesis h�. The
weighted error of h� is computed and applied to update the weights on the
training examples. The effect of the change in weights is to place more weight
on training examples that were misclassified by h� and less weight on examples
that were correctly classified. In subsequent iterations, therefore, AdaBoost
constructs progressively more difficult learning problems.
The final classifier, hf (x) =

∑
� w�h�(x), is constructed by a weighted vote

of the individual classifiers. Each classifier is weighted (by w�) according to its
accuracy on the weighted training set that it was trained on.
Recent research (Schapire & Singer, 1998) has shown that AdaBoost can be

viewed as a stage-wise algorithm for minimizing a particular error function. To
define this error function, suppose that each training example is labeled as +1
or −1, corresponding to the positive and negative examples. Then the quantity
mi = yih(xi) is positive if h correctly classifies xi and negative otherwise. This
quantity mi is called the margin of classifier h on the training data. AdaBoost
can be seen as trying to minimize

∑
i

exp

(
−yi

∑
�

w�h�(xi)

)
, (1)

which is the negative exponential of the margin of the weighted voted classifier.
This can also be viewed as attempting to maximize the margin on the training
data.
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2.3 Manipulating the Input Features

A third general technique for generating multiple classifiers is to manipulate
the set of input features available to the learning algorithm. For example, in a
project to identify volcanoes on Venus, Cherkauer (1996) trained an ensemble
of 32 neural networks. The 32 networks were based on 8 different subsets of
the 119 available input features and 4 different network sizes. The input feature
subsets were selected (by hand) to group together features that were based on
different image processing operations (such as principal component analysis and
the fast fourier transform). The resulting ensemble classifier was able to match
the performance of human experts in identifying volcanoes. Tumer and Ghosh
(1996) applied a similar technique to a sonar dataset with 25 input features.
However, they found that deleting even a few of the input features hurt the
performance of the individual classifiers so much that the voted ensemble did
not perform very well. Obviously, this technique only works when the input
features are highly redundant.

2.4 Manipulating the Output Targets

A fourth general technique for constructing a good ensemble of classifiers is to
manipulate the y values that are given to the learning algorithm. Dietterich &
Bakiri (1995) describe a technique called error-correcting output coding. Suppose
that the number of classes, K, is large. Then new learning problems can be
constructed by randomly partioning the K classes into two subsets A� and B�.
The input data can then be re-labeled so that any of the original classes in set
A� are given the derived label 0 and the original classes in set B� are given
the derived label 1. This relabeled data is then given to the learning algorithm,
which constructs a classifier h�. By repeating this process L times (generating
different subsets A� and B�), we obtain an ensemble of L classifiers h1, . . . , hL.
Now given a new data point x, how should we classify it? The answer is to

have each h� classify x. If h�(x) = 0, then each class in A� receives a vote. If
h�(x) = 1, then each class in B� receives a vote. After each of the L classifiers
has voted, the class with the highest number of votes is selected as the prediction
of the ensemble.
An equivalent way of thinking about this method is that each class j is

encoded as an L-bit codeword Cj , where bit � is 1 if and only if j ∈ B�. The
�-th learned classifier attempts to predict bit � of these codewords. When the L
classifiers are applied to classify a new point x, their predictions are combined
into an L-bit string. We then choose the class j whose codeword Cj is closest (in
Hamming distance) to the L-bit output string. Methods for designing good error-
correcting codes can be applied to choose the codewords Cj (or equivalently,
subsets A� and B�).
Dietterich and Bakiri report that this technique improves the performance

of both the C4.5 decision tree algorithm and the backpropagation neural net-
work algorithm on a variety of difficult classification problems. Recently, Schapire
(1997) has shown how AdaBoost can be combined with error-correcting output
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coding to yield an excellent ensemble classification method that he calls Ada-
Boost.OC. The performance of the method is superior to the ECOC method
(and to Bagging), but essentially the same as another (quite complex) algorithm,
called AdaBoost.M2. Hence, the main advantage of AdaBoost.OC is imple-
mentation simplicity: It can work with any learning algorithm for solving 2-class
problems.
Ricci and Aha (1997) applied a method that combines error-correcting out-

put coding with feature selection. When learning each classifier, h�, they apply
feature selection techniques to choose the best features for learning that classifier.
They obtained improvements in 7 out of 10 tasks with this approach.

2.5 Injecting Randomness

The last general purpose method for generating ensembles of classifiers is to
inject randomness into the learning algorithm. In the backpropagation algorithm
for training neural networks, the initial weights of the network are set randomly.
If the algorithm is applied to the same training examples but with different
initial weights, the resulting classifier can be quite different (Kolen & Pollack,
1991).
While this is perhaps the most common way of generating ensembles of neu-

ral networks, manipulating the training set may be more effective. A study by
Parmanto, Munro, and Doyle (1996) compared this technique to Bagging and to
10-fold cross-validated committees. They found that cross-validated committees
worked best, Bagging second best, and multiple random initial weights third
best on one synthetic data set and two medical diagnosis data sets.
For the C4.5 decision tree algorithm, it is also easy to inject randomness

(Kwok & Carter, 1990; Dietterich, 2000). The key decision of C4.5 is to choose a
feature to test at each internal node in the decision tree. At each internal node,
C4.5 applies a criterion known as the information gain ratio to rank-order the
various possible feature tests. It then chooses the top-ranked feature-value test.
For discrete-valued features with V values, the decision tree splits the data into
V subsets, depending on the value of the chosen feature. For real-valued features,
the decision tree splits the data into 2 subsets, depending on whether the value
of the chosen feature is above or below a chosen threshold. Dietterich (2000)
implemented a variant of C4.5 that chooses randomly (with equal probability)
among the top 20 best tests. Figure 3 compares the performance of a single
run of C4.5 to ensembles of 200 classifiers over 33 different data sets. For each
data set, a point is plotted. If that point lies below the diagonal line, then the
ensemble has lower error rate than C4.5. We can see that nearly all of the points
lie below the line. A statistical analysis shows that the randomized trees do
statistically significantly better than a single decision tree on 14 of the data sets
and statistically the same in the remaining 19 data sets.
Ali & Pazzani (1996) injected randomness into the FOIL algorithm for lear-

ning Prolog-style rules. FOIL works somewhat like C4.5 in that it ranks possible
conditions to add to a rule using an information-gain criterion. Ali and Pazzani
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Fig. 3. Comparison of the error rate of C4.5 to an ensemble of 200 decision trees
constructed by injecting randomness into C4.5 and then taking a uniform vote.

computed all candidate conditions that scored within 80% of the top-ranked can-
didate, and then applied a weighted random choice algorithm to choose among
them. They compared ensembles of 11 classifiers to a single run of FOIL and fo-
und statistically significant improvements in 15 out of 29 tasks and statistically
significant loss of performance in only one task. They obtained similar results
using 11-fold cross-validation to construct the training sets.
Raviv and Intrator (1996) combine bootstrap sampling of the training data

with injecting noise into the input features for the learning algorithm. To train
each member of an ensemble of neural networks, they draw training examples
with replacement from the original training data. The x values of each training
example are perturbed by adding Gaussian noise to the input features. They
report large improvements in a synthetic benchmark task and a medical diagnosis
task.
Finally, note that Markov chain Monte Carlo methods for constructing Baye-

sian ensembles also work by injecting randomness into the learning process. Ho-
wever, instead of taking a uniform vote, as we did with the randomized decision
trees, each hypothesis receives a vote proportional to its posterior probability.

3 Comparing Different Ensemble Methods

Several experimental studies have been performed to compare ensemble methods.
The largest of these are the studies by Bauer and Kohavi (1999) and by Dietterich
(2000). Table 1 summarizes the results of Dietterich’s study. The table shows
that AdaBoost often gives the best results. Bagging and randomized trees give
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similar performance, although randomization is able to do better in some cases
than Bagging on very large data sets.

Table 1. All pairwise combinations of the four ensemble methods. Each cell contains
the number of wins, losses, and ties between the algorithm in that row and the algorithm
in that column.

C4.5 AdaBoost C4.5 Bagged C4.5
Random C4.5 14 – 0 – 19 1 – 7 – 25 6 – 3 – 24
Bagged C4.5 11 – 0 – 22 1 – 8 – 24

AdaBoost C4.5 17 – 0 – 16

Most of the data sets in this study had little or no noise. When 20% artificial
classification noise was added to the 9 domains where Bagging and AdaBoost
gave different performance, the results shifted radically as shown in Table 2.
Under these conditions, AdaBoost overfits the data badly while Bagging is
shown to work very well in the presence of noise. Randomized trees did not do
very well.

Table 2. All pairwise combinations of C4.5, AdaBoosted C4.5, Bagged C4.5, and
Randomized C4.5 on 9 domains with 20% synthetic class label noise. Each cell contains
the number of wins, losses, and ties between the algorithm in that row and the algorithm
in that column.

C4.5 AdaBoost C4.5 Bagged C4.5
Random C4.5 5 – 2 – 2 5 – 0 – 4 0 – 2 – 7
Bagged C4.5 7 – 0 – 2 6 – 0 – 3

AdaBoost C4.5 3 – 6 – 0

The key to understanding these results is to return again to the three short-
comings of existing learning algorithms: statistical support, computation, and
representation. For the decision-tree algorithm C4.5, all three of these problems
can arise. Decision trees essentially partition the input feature space into rec-
tangular regions whose sides are perpendicular to the coordinate axes. Each
rectangular region corresponds to one leaf node of the tree.
If the true function f can be represented by a small decision tree, then

C4.5 will work well without any ensemble. If the true function can be correctly
represented by a large decision tree, then C4.5 will need a very large training
data set in order to find a good fit, and the statistical problem will arise.
The computational problem arises because finding the best (i.e., smallest)

decision tree consistent with the training data is computationally intractable, so
C4.5 makes a series of decisions greedily. If one of these decisions is made incor-
rectly, then the training data will be incorrectly partitioned, and all subsequent
decisions are likely to be affected. Hence, C4.5 is highly unstable, and small
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changes in the training set can produce large changes in the resulting decision
tree.
The representational problem arises because of the use of rectangular parti-

tions of the input space. If the true decision boundaries are not orthogonal to
the coordinate axes, then C4.5 requires a tree of infinite size to represent those
boundaries correctly. Interestingly, a voted combination of small decision trees
is equivalent to a much larger single tree, and hence, an ensemble method can
construct a good approximation to a diagonal decision boundary using several
small trees. Figure 4 shows an example of this. On the left side of the figure
are plotted three decision boundaries constructed by three decision trees, each
of which uses 5 internal nodes. On the right is the boundary that results from
a simple majority vote of these trees. It is equivalent to a single tree with 13
internal nodes, and it is much more accurate than any one of the three individual
trees.

Class 1

Class 2

Class 1

Class 2

Fig. 4. The left figure shows the true diagonal decision boundary and three staircase
approximations to it (of the kind that are created by decision tree algorithms). The
right figure shows the voted decision boundary, which is a much better approximation
to the diagonal boundary.

Now let us consider the three algorithms: AdaBoost, Bagging, and Rando-
mized trees. Bagging and Randomization both construct each decision tree in-
dependently of the others. Bagging accomplishes this by manipulating the input
data, and Randomization directly alters the choices of C4.5. These methods are
acting somewhat like Bayesian voting; they are sampling from the space of all
possible hypotheses with a bias toward hypotheses that give good accuracy on
the training data. Consequently, their main effect will be to address the stati-
stical problem and, to a lesser extent, the computational problem. But they do
not directly attempt to overcome the representational problem.
In contrast, AdaBoost constructs each new decision tree to eliminate “re-

sidual” errors that have not been properly handled by the weighted vote of
the previously-constructed trees. AdaBoost is directly trying to optimize the
weighted vote. Hence, it is making a direct assault on the representational pro-
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blem. Directly optimizing an ensemble can increase the risk of overfitting, be-
cause the space of ensembles is usually much larger than the hypothesis space
of the original algorithm.
This explanation is consistent with the experimental results given above. In

low-noise cases, AdaBoost gives good performance, because it is able to opti-
mize the ensemble without overfitting. However, in high-noise cases, AdaBoost
puts a large amount of weight on the mislabeled examples, and this leads it to
overfit very badly. Bagging and Randomization do well in both the noisy and
noise-free cases, because they are focusing on the statistical problem, and noise
increases this statistical problem.
Finally, we can understand that in very large datasets, Randomization can

be expected to do better than Bagging because bootstrap replicates of a large
training set are very similar to the training set itself, and hence, the learned
decision tree will not be very diverse. Randomization creates diversity under all
conditions, but at the risk of generating low-quality decision trees.
Despite the plausibility of this explanation, there is still one important open

question concerning AdaBoost. Given that AdaBoost aggressively attempts
to maximize the margins on the training set, why doesn’t it overfit more often?
Part of the explanation may lie in the “stage-wise” nature of AdaBoost. In
each iteration, it reweights the training examples, constructs a new hypothesis,
and chooses a weight w� for that hypothesis. It never “backs up” and modifies
the previous choices of hypotheses or weights that it has made to compensate
for this new hypothesis.
To test this explanation, I conducted a series of simple experiments on syn-

thetic data. Let the true classifier f be a simple decision rule that tests just one
feature (feature 0) and assigns the example to class +1 if the feature is 1, and
to class −1 if the feature is 0. Now construct training (and testing) examples by
generating feature vectors of length 100 at random as follows. Generate feature
0 (the important feature) at random. Then generate each of the other features
randomly to agree with feature 0 with probability 0.8 and to disagree otherwise.
Assign labels to each training example according to the true function f , but
with 10% random classification noise. This creates a difficult learning problem
for simple decision rules of this kind (decision stumps), because all 100 features
are correlated with the class. Still, a large ensemble should be able to do well on
this problem by voting separate decision stumps for each feature.
I constructed a version ofAdaBoost that works more aggressively than stan-

dard AdaBoost. After every new hypothesis h� is constructed and its weight
assigned, my version performs a gradient descent search to minimize the negative
exponential margin (equation 1). Hence, this algorithm reconsiders the weights
of all of the learned hypotheses after each new hypothesis is added. Then it
reweights the training examples to reflect the revised hypothesis weights.
Figure 5 shows the results when training on a training set of size 20. The plot

confirms our explanation. The Aggressive AdaBoost initially has much higher
error rates on the test set than Standard AdaBoost. It then gradually impro-
ves. Meanwhile, Standard AdaBoost initially obtains excellent performance on
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the test set, but then it overfits as more and more classifiers are added to the
ensemble. In the limit, both ensembles should have the same representational
properties, because they are both minimizing the same function (equation 1).
But we can see that the exceptionally good performance of Standard AdaBoost
on this problem is due to the stage-wise optimization process, which is slow to
fit the data.
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Fig. 5. Aggressive AdaBoost exhibits much worse performance than Standard Ada-
Boost on a challenging synthetic problem

4 Conclusions

Ensembles are well-established as a method for obtaining highly accurate classi-
fiers by combining less accurate ones. This paper has provided a brief survey of
methods for constructing ensembles and reviewed the three fundamental reasons
why ensemble methods are able to out-perform any single classifier within the
ensemble. The paper has also provided some experimental results to elucidate
one of the reasons why AdaBoost performs so well.
One open question not discussed in this paper concerns the interaction bet-

ween AdaBoost and the properties of the underlying learning algorithm. Most
of the learning algorithms that have been combined with AdaBoost have been
algorithms of a global character (i.e., algorithms that learn a relatively low-
dimensional decision boundary). It would be interesting to see whether local
algorithms (such as radial basis functions and nearest neighbor methods) can be
profitably combined viaAdaBoost to yield interesting new learning algorithms.
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Experiments with

Classifier Combining Rules

Robert P.W. Duin, David M.J. Tax

Pattern Recognition Group, Department of Applied Physics
Delft University of Technology, The Netherlands1

Abstract. A large experiment on combining classifiers is reported and dis-
cussed. It includes, both, the combination of different classifiers on the same
feature set and the combination of classifiers on different feature sets. Vari-
ous fixed and trained combining rules are used. It is shown that there is no
overall winning combining rule and that bad classifiers as well as bad feature
sets may contain valuable information for performance improvement by
combining rules. Best performance is achieved by combining both, different
feature sets and different classifiers.

1 Introduction

It has become clear that for more complicated data sets the traditional set of classifiers
can be improved by various types of combining rules. Often none of the basic set of tra-
ditional classifiers, ranging from Bayes-normal to Decision Trees, Neural Networks
and Support Vector Classifiers (see section 3) is powerful enough to distinguish the pat-
tern classes optimally as they are represented by the given feature sets. Different clas-
sifiers may be desired for different features, or may reveal different possibilities for sep-
arating the data. The outputs of the input classifiers can be regarded as a mapping to an
intermediate space. A combining classifier applied on this space then makes a final de-
cision for the class of a new object.

Three large groups of combining classifiers will be distinguished here as follows:

• Parallel combining of classifiers computed for different feature sets. This may be
especially useful if the objects are represented by different feature sets, when they
are described in different physical domains (e.g. sound and vision) or when they
are processed by different types of analysis (e.g. moments and frequencies).
The original set of features may also be split into subsets in order to reduce the di-
mensionality and hopefully the accuracy of a single classifier. Parallel classifiers
are often, but not necessarily, of the same type.

• Stacked combining of different classifiers computed for the same feature space.
Stacked classifiers may be of a different nature, e.g. the combination of a neural
network, a nearest neighbour classifier and a parametric decision rule.
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• Combining weak classifiers. In this case large sets of simple classifiers are trained
(e.g. based on decision trees or the nearest mean rule) on modified versions of the
original dataset. Three heavily studied modifications are bootstrapping (bagging),
reweighting the data (boosting) and using random subspaces.

For all cases the question arises how the input classifiers should be combined. Var-
ious possibilities exist, based on fixed rules like maximum selection, product and ma-
jority voting. In addition one may also train a classifier, treating the classifier outputs
in the intermediate space as feature values for the output classifier. An important con-
dition is that the outputs of the input classifiers are scaled in one way or another such
that they constitute the intermediate space in some homogeneous way.

In this paper we illustrate some issues of combining on a large example. This ex-
ample has partially been published before [8] in the context of a review on the entire
field of statistical pattern recognition. Here additional details will be given, together
with a more extensive analysis that, due to lack of space, could not be presented in the
original paper. In the next sections the data, the input classifiers and the output classifi-
ers will be presented. Next the results are discussed and analysed. We like to emphasize
that it is not our purpose to classify the given dataset optimally, in one way or another.
It is merely our aim to illustrate various combining possibilities and analyse the effects
on the performance. Leading questions in this analysis will be: when are which combin-
ing rules useful? How does this depend on the dataset? How do the input classifiers
have to be configured? What is the influence of the combining rule on the final result?

2 The data set

The experiments are done on a data set which consists of six different feature sets for
the same set of objects. It contains 2000 handwritten numerals extracted from a set of
Dutch utility maps. For each of the ten classes’0’, ... ,’9’ a set of 200 objects is available.
In all experiments we assumed that the 10 classes have equal class probabilities
Pj = 0.1, j = 1, ..., 10. Each of the classes is split in a fixed set of 100 objects for learning
and 100 for testing. Because of computational limitations, we use a fixed subset of only
50 objects per class for training. The six feature sets are:

• Fourier: 76 Fourier coefficients of the character shapes.

• Profiles: 216 profile correlations.

• KL-coef: 64 Karhunen-Loève coefficients.

• Pixel: 240 pixel averages in 2 x 3 windows.

• Zernike: 47 Zernike moments.

• Morph: 6 morphological features.

A slightly different version of this data set has been used in [9]. The presently used data
is publicly available under the name ‘mfeat’ in the Machine Learning Repository [11].

All characters are originally sampled in a 30*48 binary image. The features are all
computed from these images and are therefore not strictly independent. In figure 1 the
performance for the Fisher classifier is shown for the first 9 principal directions in the
Fisher map (i.e. the subspace that maximizes the between scatter of the classes over the
averaged within scatter). In figure 2 the 2-dimensional Fisher maps are shown. It is

17Experiments with Classifier Combining Rules



hoped these mappings find the most separating directions in the data, and thus reveal
the clusters in the data. Each class is labelled in these figures by one unique marker in
all datasets. In the Morph dataset the features have discrete values. One class can be sep-
arated but for other classes (e.g. one with the white circular label) the discrete feature
deteriorates the cluster characteristics. In most feature sets nice clusters can be distin-
guished. The scaling of the features is comparable over all feature sets. This is caused
by the fact that as a part of the Fisher mapping the data is prewithened to unit variance.

Fig. 1 The Fisher classification error for the six feature
sets optimally projected on low-dimensional subspaces.
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Fig. 2 Scatter plots of all six datasets, mapped on the 2-dimensional Fisher map
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In figure 3 scatter plots of the first two principal components (PCA) of the six da-
tasets are shown. Note the differences in scaling for the various feature sets, which is
preserved in these mappings. The PCA plots are focused on the data distributions as a
whole, while the Fisher mapping emphasizes the class differences. Although it is not
possible to extract quantitative features from these plots, they show that the data sets
have quite distinct class distributions.

3 The classifiers

For this experiment we used a set of off-the-shelf classifiers taken from our Matlab tool-
box PRTools [12]. They were not optimized for the particular application. In this way
they illustrate well the differences between these classifiers, and, moreover, it serves
better the aim to study the effects of combining classifiers of various performances. As
argued in the introduction, it is important to make the outputs of the classifiers compa-
rable. We use estimates for the posterior probabilities or confidences. This is a number
pj(x), bounded between 0 and 1 computed for test objects x for each of the c classes the
classifiers are trained on. These numbers are normalized such that:

(4)

−2 −1 0 1
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1
Fourier 

0 2000 4000
0

500

1000

1500

2000

2500
Profiles

−20 0 20
−15

−10

−5

0

5

10

15

20
KL      

−50 0 50
−40

−30

−20

−10

0

10

20
Pixel   

−500 0 500 1000
−800

−600

−400

−200

0

200
Zernike 

0 1 2

x 10
4

−160

−140

−120

−100

−80

−60
Morph   

Fig. 3 Scatter plots of all six datasets, mapped on their first 2 principal components

p j x( )
j

c

∑ 1=

19Experiments with Classifier Combining Rules



We will now shortly discuss the set of basic classifiers.

Bayes-normal-2: This is the Bayes rule assuming normal distributions. For each class
a separate covariance matrix is estimated, yielding quadratic decision boundaries. Be-
cause of the size of the training set (50 objects per class) and the large set of features,
regularization is necessary. This was done by estimating the covariance matrix C for the
scatter matrix S by

(5)

in which n is the dimensionality of the feature space. We used α = β = 10-6. Posterior
probabilities are computed from the estimated class densities fj(x):

(6)

Bayes-normal-1: This rule is similar to Bayes-normal-2, except that all classes are as-
sumed to have the same covariance matrix. The decision boundaries are thereby linear.

Nearest Mean: Objects are assigned to the class of the nearest mean. Posterior proba-
bilities are estimated using a sigmoid function over the distance. This is optimized over
the training set using the maximum likelihood rule [10].

Nearest Neighbour (1-NN): Objects are assigned to the class of the nearest object in
the training set. Posterior probabilities are estimated by comparing the nearest neigh-
bour distances for all classes [10].

k-Nearest Neighbour (k-NN): Objects are assigned to the class having the majority in
the k nearest neighbours in the training set. For k > 2 posterior probabilities are estimat-
ed using the class frequencies in the set of k neighbours. For k = 1, see the 1-NN rule.
The value of k is optimized for the training set using a leave-one-out error estimation.

Parzen Classifier: Class densities are estimated using Gaussian kernels for each train-
ing object. The kernel width is optimized for the training set using a leave-one-out error
estimation. Posterior probabilities are computed according to (6).

Fisher’s Linear Discriminant (FLD): We computed a FLD between each of the 10
classes and all other classes. For each of these classifiers posterior probabilities are
computed using a sigmoid over the distance to the discriminant. These sigmoids are op-
timized separately over the training set using the maximum likelihood rule [3]. Test ob-
jects are assigned to the class with the highest posterior probability. For two-class prob-
lems, this classifier is almost equivalent (except for the way posterior probabilities are
computed) to Bayes-normal-1. For multi-class problems these rules are essentially dif-
ferent.

Decision Tree: Our algorithm computes a binary decision tree on the multi-class data-
set. Thresholds are set such that the impurity is minimized in each step [1]. Early prun-
ing is used in order avoid overtraining [2]. Posterior probabilities are estimated by the
class frequencies of the training set in each end node.

Artificial Neural Network with 20 hidden units (ANN-20): This is a standard feed-
forward network with one hidden layer of 20 neurons and sigmoid transfer functions.

C 1 α– β–( )S αdiag S( )
β
n
--- diag S( )∑+ +=

p j x( )
P j f

j
x( )

Pi f i x( )
i

∑
-------------------------=
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The network is trained by the back-propagation rule using the Matlab Neural Network
toolbox [13]. The 10 output values are normalized and used as posterior probabilities.

Artificial Neural Network with 50 hidden units (ANN-50): The same algorithm as
above, but now using 50 neurons in the hidden layer.

Support Vector Classifier with linear kernel (SVC-1): This is the standard SVC us-
ing a linear inner product kernel [3]. The computation of the multi-class classifier as
well as the posterior probabilities is similar to the procedure described above for the
FLD.

Support Vector Classifier with quadratic kernel (SVC-2): In this case the squares of
the inner products are used as a kernel, resulting in quadratic decision boundaries.

4 The combining rules

Once a set of posterior probabilities {pij(x), i = 1,m; j = 1,c} for m classifiers and c class-
es is computed for test object x, they have to be combined into a new set qj(x) that can
be used, by maximum selection, for the final classification. We distinguish two sets of
rules, fixed combiners and trained combiners.

4.1 Fixed combining rules
Fixed combiners are heavily studied in the literature on combining classifiers, e.g. see
[4], [5] and [6]. The new confidence qj(x) for class j is now computed by:

(7)

(8)

The following combiners are used for rule in (7): Maximum, Median, Mean, Mini-
mum, Product. Note that the final classification is made by

(9)

The Maximum rule selects the classifier producing the highest estimated confidence,
which seems to be noise sensitive. In contrast, the Minimum rule selects by (9) the clas-
sifier having the least objection. Median and Mean average the posterior probability es-
timates thereby reducing estimation errors. This is good, of course, if the individual
classifiers are estimating the same quantity. This probably will not hold for some of the
classifiers discussed in section 3.

A popular way of combining classifiers is Majority: count the votes for each class
over the input classifiers and select the majority class. This fits in the above framework
if this rule is substituted in (7):

(10)

in which I() is the indicator function:  if y is true and  otherwise.

q j' x( ) rulei pij x( )( )=

q j x( )
q j' x( )

q j' x( )
j

∑
---------------------=

ω x( ) maxarg j q j x( )( )=

q j' x( ) I maxarg i pij x( )( ) i=( )
i

∑=

I y( ) 1= I y( ) 0=
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4.2 Trained combining rules
Instead of using fixed combination rules, one can also train an arbitrary classifier using
the m x c values of pij(x) (for all i and all j) as features in the intermediate space. The
following classifiers are trained as an output classifier, using the same training set as we
used for the input classifiers, see section 3: Bayes-normal-2, Bayes-normal-1, Near-
est Mean and 1-NN.

It is point of discussion whether it is wise to use the posterior probabilities directly
for building the intermediate feature space. The classes may be far from normally dis-
tributed. It might therefore be advantageous to apply some nonlinear rescaling. The use
of the Nearest Mean classifier on the posterior probabilities is almost equivalent to the
procedure of fuzzy template matching as investigated by Kuncheva et. al. [7].

5 The experiment

In table 1 the obtained test errors x 1000 are listed. The top-left section of this table lists
the results for all 12 individual classifiers for all feature sets combined and for the 6 fea-
ture sets individually. The combined result is only occasionally somewhat better than
the best individual result. The is caused by the high dimensionality of the combined set
(649) as well as by differences in scaling of the features. The best results for each fea-
ture set separately (column) by an individual classifier are underlined. For instance, an
error of 0.037 is obtained, among others, by the 1-NN rule for the Pixels dataset. Be-
cause the entire test set contains 10 x 100 = 1000 objects the number 37 is in fact the
number of erroneously classified test objects. Due to the finite test set this error estimate

has a standard deviation of = 0.006, which is not insignif-
icant. All error estimates, however, are made by the same test set and are thereby not
independent.

The bottom-left section of the table deals with the stacked combining rules applied
on all 12 input classifiers for each feature set separately. Again, all best results for each
feature set are underlined. It appears that the Majority rule frequently scores a best re-
sult. In addition all combined results that are better than the best individual classifier are
printed in bold. For instance, for the Zernike feature set, the best individual classifier is
Bayes-normal-1 (0.180). Combining all classifiers using the Median rule, however, im-
proves this result (0.174). This combination rule is thereby useful.

In the entire right half of the table the results of parallel combining are shown.
Combining rules are applied on the 6 results for a single classification rule (e.g. Bayes-
normal-2), obtaining an error of 0.068 for the Product rule. The results of the combined
set of all 649 features (first column) are not used here. The best results over the 10 com-
bining rules for each classifier are underlined. For instance, the Median rule yields the
best combining result (0.028) of all combiners of the Bayes-normal-2 input classifiers.
Again all combining results that are better than the results for individual classifiers
(now compared over all feature sets) are printed in bold. All these combined classifiers
are also better than those the same input classifier trained by the entire feature set. E.g.,
the Parzen classifier trained on all features simultaneously yields an error of 0.036
(which is better than the best individual feature set result obtained by Parzen of 0.037).

0.037 1 0.037–( ) 1000⁄×
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Table 1: Summary of experimental results (error x 1000)a
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Bayes-normal-2 52 257 58 128 62 212 310 200 28 63 84 63 68 701 799 67 50

Bayes-normal-1 183 213 34 57 99 180 291 52 37 34 44 31 51 75 99 39 42

Nearest Mean  87 224 181 99 96 278 540 540 62 45 80 46 75 124 20 103 46

1-NN  36 192 90 44 37 197 570 569 26 17 35 17 40 46 29 113 30

k-NN  36 189 92 44 37 193 510 192 54 60 82 42 51 97 27 36 26

Parzen  36 171 79 37 37 185 521 37 29 32 29 27 51 36 37 31 31

Fisher 408 248 47 82 153 210 282 39 32 33 65 52 57 48 45 35 36

Dec. Tree 480 454 403 400 549 598 329 275 134 113 262 110 218 283 104 102 108

ANN-20 896 900 46 146 852 900 328 900 177 784 900 900 327 45 27 26 21

ANN-50 900 245 130 823 810 265 717 692 244 290 805 807 163 42 31 55 33

SVC-1 500 246 66 61 77 294 848 123 108 59 190 101 47 74 69 60 58

SVC-2  96 212 51 40 60 193 811 40 36 37 42 38 38 40 40 40 40
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Maximum 105 747 42 39 44 839 436 39 22 21 53 20 76 33 27 19 19

Median 34 190 43 36 45 174 287 50 23 25 39 25 50 195 58 19 50

Mean  53 190 35 45 56 176 285 34 20 21 37 20 46 57 34 20 19

Minimum 315 790 137 109 200 737 652 138 165 135 131 135 160 58 71 72 56

Product 215 294 131 44 82 401 412 86 234 86 84 86 568 47 860 851 685

Majority 33 175 35 32 37 169 318 34 23 20 122 20 48 198 27 21 20
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rs Bayes-normal-2 104 273 49 44 99 195 289 244 17 115 133 115 28 822 897 129 64

Bayes-normal-1  60 427 51 40 53 190 294 160 24 41 49 41 26 107 656 56 63

Nearest Mean 32 198 37 46 73 181 266 133 20 19 36 19 51 79 42 15 18

1-NN 33 186 38 41 72 170 328 212 18 18 38 18 41 49 36 19 18

a. ©IEEE
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Several combiners of these Parzen classifiers, however, yield even better results, e.g.
0.027 by the Product rule. This shows that combining of classifiers trained on subsets
of the feature space can be better than using the entire space directly.

6 Analysis

Our analysis will be focused on the combining of classifiers. The performances of
the individual classifiers as shown in the top left section of table 1, however, constitute
the basis of this comparison. These classifiers are not optimized to the data sets at hand,
but are used in their default configuration. Many classifiers would have performed bet-
ter if the data would have been rescaled or if other than default parameter values would
have been used. Especially the disappointing performances of the Decision Tree (most
likely by the way of pruning) and some of the neural networks suffer from this. It is in-
teresting to note that the use of the combined feature sets yields for some classifiers a
result better than by using each of the feature sets individually (Bayes-normal-2, Near-
est Mean, 1-NN, k-NN) and for other classifiers a result worse than by using each of the
feature sets individually (Fisher, ANN-50, SVC-1).

The first thing to notice from table 1 is that combining the results of one classifier
on different feature sets is far more effective than combining the results of different
classifiers on one feature set. Clearly the combination of independent information from
the different feature sets is more useful than the different approaches of the classifiers
on the same data. This is also visible in the performances of the different combining
rules. For combining the results of classifiers on independent feature sets the product
combination rule is expected to work very well. Kittler [4] showed that a product com-
bination rule especially improves the estimate of the posterior probability when poste-
rior probabilities with independent errors are combined. Unfortunately this product rule
is sensitive to badly estimated posterior probabilities. One erroneous probability esti-
mation of p = 0 overrules all other (perhaps more sensible) estimates. On the other hand
for combining posterior probabilities with highly correlated errors, the product combi-
nation rule will not improve the final estimate. Instead a more robust mean, median rule
or even a majority vote rule is expected to work better. These rules are not very sensitive
to very poor estimates.

The results of combining the feature sets show that the product rule gives good re-
sults. The product combination of the Bayes-normal-1, 1-NN and Parzen results gives
(one of) the best performances over all combination rules. The posterior probabilities
of these classifiers on these feature sets appear to have independent errors. The combi-
nation results for classifiers trained on the same feature set reflect the fact that here the
errors are very correlated. From the fixed combination rules only the majority vote and
the mean/median combination improve the classification performance. The product
rule never exceeds the best performance obtained by the best individual classifier.

When the different classifiers from one feature set are combined, performance is
only improved in case of the Zernike and KL feature sets. For the other feature sets the
combining performances are worse than the best individual classifier. For the Morph
feature set all combining rules fail except for the Nearest Mean rule which is slightly
better than the best individual performance. The maximum, product and especially the
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minimum rule perform very poorly in combining the different classifiers. These rules
are extra sensitive to poorly estimated posterior probabilities, and suffer therefore by
the poor performance of the Decision Trees and ANNs.

The Bayes-normal-1 and Bayes-normal-2 combinations probably suffer from the
fact that they are trained on the (normalized) posterior probabilities of the first level
classifiers. The distributions in the new 120 dimensional space (12 classifiers times 10
classes) are bounded in an unit hypercube, between 0 and 1. Moreover many of these
estimated probabilities are 1 or 0 such that most objects are in the corners of the cube.
The model of a normal distribution is therefore violated. Remapping the probability to
a distance (e.g. by the inverse sigmoid) might remedy the situation.

The best overall performance is obtained by combining both, all classifiers and all
feature sets. Although combining the classifiers trained on one feature set does not im-
prove classification performance very much (only the majority and mean combining
rules give improvement), combining again over all feature sets show the best perform-
ances. Both the product and the median rules work well and give the best overall per-
formances, in the order of 2% error. Only the results obtained by the minimum and
product combination is very poor. These outputs are too contaminated by bad posterior
probability estimates. Finally the trained combination rules on the results of the fixed
combinations of the different classifiers work very well, while trained combiners on the
trained Bayes-normal combination of the classifiers seems to be overtrained. Combin-
ing the very simple classifier Nearest Mean with a Nearest Mean gives the overall low-
est error of 1.5%. To obtain this performance, all classifiers have to be trained on all
feature sets. Good performance can already be obtained when an 1-NN classifier is
trained on all feature sets and the results are combined by mean or product rule. This
gives an error of 1.7%, slightly but not significantly worse than the best 1.5% error.

Combining the estimates of the Parzen classification consistently gives good re-
sults, for almost all combining rules. The Parzen density estimation is expected to give
reasonable estimates for the posterior probabilities, and is therefore very suitable to be
combined by the fixed combining rules. The 1-NN classifier on the other hand gives
very rough posterior probability estimates. The fact that these probabilities are estimat-
ed in independent feature spaces, cause independent estimation errors, which is correct-
ed very well by the combination rules. Only the maximum combination rule still suffers
from the poor density estimates in case of the 1-NN classifiers, while for the Parzen
classifiers performance of the maximum rule is very acceptable. In some situations the
combining rules are not able to improve anything in the classification. For instance all
fixed combination rules perform worse on the ANN combination than the best individ-
ual classifier. Also combining SVC-1 and Bayes-normal-2 by fixed combining rules
hardly give any performance improvements. For other situations all combination rules
improve results, for instance the combination of the Decision Trees. Individual trees
perform very poorly, but combining significantly improves them (although perform-
ance is still worse than most of the other combination performances). Performances
tend to improve when the results of the Decision Trees, Nearest Mean, 1-NN and Parzen
classifier are combined.

It is interesting to remark that, similar to the Parzen classifier, all results of the
combined Decision Trees, although on a low performance level, improve those of the
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separate trees. Obviously the posterior probabilities, estimated in the cells of the Deci-
sion Trees can be combined well in almost any way. This may be related to the success-
es reported in combining large sets of weak classifiers often based on Decision Trees.

The trained combination rules work very well for combining classifiers which are
not primarily constructed to give posterior probabilities, for instance the ANN, Nearest
Mean and SVC. This can also be observed in the combinations of the maximum, mini-
mum and mean combination of the different classifiers. Especially for the minimum
rule the trained combination can in some way 'invert' the minimum label to find good
classification performance.

From the left upper part in table 1 it is clear that the data in the Profiles, KL-coef-
ficients and Pixel feature sets is better clustered and easier to classify than the Fourier,
Zernike and Morph features. Therefore one might expect that for these datasets the pos-
terior probabilities are estimated well. In table 2 six classifiers are trained on only the
good feature sets and then combined. In all cases the performances of the combination
rules are significantly lower than the individual best classifier. On the other hand, the
results are worse than the combination of all six original feature sets. This indicates that
although the individual classification performances on the 'difficult' datasets are poor,
they still contain valuable information for the combination rules.

Surprisingly the best performance is now obtained by applying the minimum rule
on the 1-NN outputs or the majority vote on the Parzen outputs. Only in one case the
product combination rule is best: in the combination of the Bayes-normal-2. There is no
combining rule which gives consistently good results. The overall performance im-
provement is far less than in the case of the combination of the six feature sets.

It appears to be important to have independent estimation errors. The different fea-
ture sets describe independent characteristics of the original objects. Within the feature
sets the features have a common, comparable meaning but between the sets the features

Table 2: Combining classifiers for good feature sets only (error x 1000)
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Bayes-normal-2 58 128 62 60 59 48 64 47 55 889 897 51 59

Bayes-normal-1 34 57 99 75 51 64 74 75 46 103 99 86 93

Nearest Mean 181 99 96 165 96 91 102 91 98 92 47 179 75

1-NN 90 44 37 80 36 36 33 36 37 61 65 70 37

k-NN 92 44 37 92 37 66 41 66 38 67 66 90 72

Parzen 79 37 37 39 34 36 40 39 33 46 37 36 37
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are hardly comparable (see also the differences in the PCA scatter plots in figure 3). The
classifiers which are used in this experiment, do not use prior knowledge about the dis-
tribution in the feature sets. When all features of the six feature sets are redistributed
into six new sets, again the classifiers can be trained and combined. The results are
shown in table 3. The first notable fact is that the performances of the individual clas-
sifiers over the different feature sets are far more comparable. This indicates that the
distribution characteristics of the sets do not differ very much. Furthermore the Bayes-
normal-1 works very well in all feature sets. This indicates that data described with the
large set of (mostly) independent features (more than 100) tends to become normally
distributed.

The results of combining these six new random sets, are comparable with the old,
well defined feature sets. Results of combining 1-NN and Parzen are again good, but
also combining k-NN and Bayes-normal-1 works well. Combining the Bayes-normal-
1 classifiers works very well and even gives similar results as the best combining rules
on the original feature sets. This may be interesting as this method is fast, in training as
well as in testing. This good performance of combining classifiers trained on randomly
selected feature sets corresponds with the use of random subspaces in combining weak
classifiers. The results of the 1-NN and Parzen combinations are quite acceptable, but
are not as good as in the original feature sets. Probably these classifiers suffer from the
fact that distances within one feature set are not very well defined (by the differences in
scale in the original feature sets, which are now mixed). The combined performance is
therefore not much better than the 1-NN and Parzen on the combined feature set with
649 features (left column in table 1).

So we can conclude that here, instead of carefully distinguishing the six separate
feature sets, we can train Bayes-normal-1 on random (disjunct) subsets of all features

Table 3: Randomized feature sets (error x 1000)
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Bayes-normal-1 26 35 25 49 44 30 28 19 18 24 19 18 82 18 18 19

Nearest Mean 164 181 109 142 149 163 117 92 89 124 89 99 396 46 158 63

1-NN 87 93 69 86 101 83 67 34 31 40 31 42 50 57 48 34

k-NN 83 93 68 86 94 83 59 38 46 43 45 40 133 50 47 56

Parzen 75 83 65 74 95 76 37 31 31 37 31 40 119 67 31 31
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and combine the results using (almost) any combining rule. This gives comparable re-
sults as combining the results from the 1-NN on the original feature sets with a mean or
product rule.

Finally in table 4 the best individual classifiers are selected and combined (for the
Pixel feature set the Parzen classifier is chosen). All combining rules perform very
good, although the best performance does not match the best results in the original com-
bination of the 1-NN classifier. This results might even be somewhat biased, because
the best classifiers are selected by their performance on the independent test set. The
best performance is reached using the median combination, while the product combina-
tion is also very good. The Bayes-normal-1 combination rule now shows the worst per-
formance, although it is still very acceptable. Combining the best classifiers seems to
cause overall good performance for all rules, but it might remove some of the independ-
ent errors in the intermediate space, such that somewhat less classification errors can be
corrected.

7 Conclusions

It should be emphasized that our analysis is based on a single experiment for a single
dataset. Conclusions will thereby at most point in a possible direction. They can be sum-
marized as follows:

• Combining classifiers trained on different feature sets is very useful, especially when
in these feature set probabilities are well estimated by the classifier. Combining dif-
ferent classifiers trained on the same classifier on the other hand may also improve,
but is generally far less useful.

• There is no overall winning combining rule. Mean, median, majority in case of cor-
related errors, product for independent errors perform roughly as expected, but others
may be good as well.

• The divide and conquer strategy works well: the independent use of separate feature
sets works well. Difficult datasets should not be thrown away: they contain important
information! The use of randomly selected feature sets appears to give very good re-
sults in our example, especially for the Bayes-normal-1 classifier.

• The Nearest Mean and the Nearest Neighbour classifiers appear to be very useful and
stable when used as combiner.

Table 4: Combining the best classifiers (error x 1000)
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The best classifier for each feature set 37 24 29 28 26 40 44 52 31 28
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In retrospection, our experiments may be extended as follows:

• A rescaling of all feature sets to unit variance, which might improve the performance
of a number of classifiers.

• Remapping the posterior probabilities to distances for the trained combiners.

• Combining results of combination rules on the different feature-sets (instead of the
different classifiers).
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The “Test and Select” Approach
to Ensemble Combination�
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Abstract. The performance of neural nets can be improved through the
use of ensembles of redundant nets. In this paper, some of the available
methods of ensemble creation are reviewed and the “test and select” me-
thodolology for ensemble creation is considered. This approach involves
testing potential ensemble combinations on a validation set, and selec-
ting the best performing ensemble on this basis, which is then tested on
a final test set. The application of this methodology, and of ensembles
in general, is explored further in two case studies. The first case study is
of fault diagnosis in a diesel engine, and relies on ensembles of nets trai-
ned from three different data sources. The second case study is of robot
localisation, using an evidence-shifting method based on the output of
trained SOMs. In both studies, improved results are obtained as a result
of combining nets to form ensembles.

For every complex problem, there is a solution that is simple, neat,
and wrong. Henry Louis Mencken (1880-1956).

1 Introduction

There is a growing realisation that combinations of classifiers can be more effec-
tive than single classifiers. Why rely on the best single classifier, when a more
reliable and accurate result can be obtained from a combination of several? This
essentially is the reasoning behind the idea of multiple classifier systems, and it
is an idea that is relevant both to neural computing, and to the wider machine
learning community.

In this paper, we are primarily concerned with the development of multi-net
systems [1], i.e. combinations of Artificial Neural Nets (ANNs). We shall focus
on ensemble combinations of neural nets; providing an overview of methods for
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ensemble creation, outlining the test and select approach to to ensemble creation,
and illustrating its application in two case studies. However, although our focus is
on combining ANNs, it should not be forgotten that the advantages of ensemble
combining are not restricted to the area of neural computing, but can be gained
when other unstable predictors, such as decision trees, are combined.

Our concern is with ensemble, as distinct from modular combinations. The
term ensemble, or the less frequent committee, is used to refer to combining of a
set of redundant nets. In an ensemble, the component nets are redundant in that
they each provide a solution to the same task. In other words, although better
results might be achieved by an ensemble, any one of the individual members
of the ensemble could be used on its own to provide a solution to the task.
By contrast, under a modular approach, a task is decomposed into a number
of subtasks, and the complete task solution requires the contribution of all the
several modules (even though individual inputs may be dealt with by only one
of the modules).

When deciding whether a combination represents an ensemble or modular
combination, the notion of redundancy provides a guide. If the several classifers
are essentially performing the same task, they represent an ensemble. If, on
the other hand, they are responsible for distinct components of the task, their
combination is modular in nature. Similarly, the way in which they are combined
is important. If the mechanism by which they are combined is one that makes
use of all the outputs in some form, (whether by averaging, or voting), the
combination is likely to be an ensemble one. Thus Adaboost (see below) [2] is
an ensemble approach, in that all of the component members are implicated in
the final output, and there is no mechanism that switches control to the most
appropriate component. On the other hand, if combining relies on some form of
switching mechanism, whereby for each input, the output is taken from the most
relevant component, or even the most relevant blend of modules, (as in mixtures
of experts, [3]) the combination is likely to be a modular one.

Although our present concern is with ensemble combinations rather than
modular ones, that does not imply that the topic of modular combinations is
not an interesting one. Often greater performance improvements can be obtained
from decomposing a task into modular components, than can be obtained from
ensemble combinations (see [4] for an example). The two forms, ensembles and
modules, are also not mutually exclusive; as shown in [5] and [4], it is quite
possible to create a system that consists of both modules and ensembles, where
each module is itself replaced by an ensemble of redundant solutions to that
task component. Similarly, the component members of an ensemble combination
could themselves be made up of different modular solutions to the problem [6].

We shall turn now to a review of some of the many methods of ensemble
creation that have been proposed. This review will be followed by the conside-
ration of the test and select approach to ensemble creation, and an illustration
of its application in two case studies; first in the domain of fault diagnosis of a
diesel engine, and second in the domain of robot localisation.
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2 Methods of Ensemble Creation

What methods can be used for ensemble creation? There is little doubt that
ensemble combining usually works, in that there are many demonstrations of
the improved results that can be obtained from an ensemble combination over
the performance of single nets (see [7] and [8] for reviews). But what are the
best methods for constructing an ensemble, and are there some that are more
likely to produce good results than others?

In fact, many different methods for ensemble construction have been propo-
sed. A simple method relies on training neural nets from different starting points,
or different initial conditions [9]. Another set of methods involves varying the
topology or number of hidden units, or the algorithm involved [10]. A further
set of ensemble creating techniques rely on varying the data in some way. Me-
thods of varying the data include; sampling, use of different data sources, use of
different preprocessing methods, distortion, and adaptive resampling. We shall
examine these in more detail below.

Probably the most well-known sampling approach is that exemplified by bag-
ging. The bagging algorithm [11], relies on varying the data, through the boot-
strap sampling procedure. New training sets are created by sampling with repla-
cement from a pool of examples; the result being a set of training sets that are
different samples taken from a central training pool. When predictors are grown,
or trained on these examples, and then combined by voting, they often outper-
form a single predictor trained on the entire training pool. A related method is
to train nets, or predictors, on disjoint samples of a large training pool, i.e. sam-
pling without replacement [12], or alternatively, using different cross-validation
leave out sets [13].

The use of different data sources for training ensemble members is someti-
mes possible under circumstances in which data are available from more than
one sensor. If the quality of data from each sensor is such that it is sufficient for
the classification task (as opposed to poorer quality data where some form of
sensor fusion is required before classification becomes possible), then an ensem-
ble can be created from nets each trained on data from a separate sensor (see
for instance [14], and the first case study described below). A related approach
is to subject the data to different forms of preprocessing; for example, in [16],
when three different preprocessing methods (domain expertise, principle compo-
nent analysis, and wavelet decomposition) were applied to vibration data from
an engine, and the resulting nets were combined to form effective ensembles. A
similar method was explored by Tumer and Ghosh [17], when they applied dif-
ferent pruning methods, leaving out different input features, to create ensemble
members.

There are also a number of related methods, to which the collective term ”di-
stortion” could be applied. First there are methods in which ensemble members
are created by distorting the inputs or the outputs in the training set in some
way. Dietterich and Bakiri [18] describe the application of error-correcting out-
put codes to ensemble creation; finding it resulted in effective ensembles when
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applied to either C4.5 and backpropagation algorithms. Breiman [19] showed
that perturbing the outputs, either by output smearing, or by output flipping,
resulted in new training sets that formed effective ensembles. Raviv and Intrator
[20] describe a process of noise injection, in which variable amounts of noise are
added to the inputs in order to create ensemble members (although they used
noise injection together with bootstrap resampling and weight regularisation).
And a method termed ’non-linear transformations’ [21] has been used to distort,
or transform, the inputs in the training set. Such transformations can be ac-
complished in two ways (i) passing the inputs through an untrained neural net
(i.e. a set of random weights), taking the resulting outputs as a new version of
the inputs, and training those, or (ii) training the inputs on a new function, for
example autoassociation, and taking the resulting hidden unit representations
as new versions of the inputs. The new versions of the inputs are then trained
in a further net on the required classification. A related approach can be found
in [22], where a set of classifiers for combination are grown by training on the
same primary task, but with different auxillary tasks.

A final, and currently popular method, for creating ensembles is that of Ada-
boost [2]. Training using Adaboost proceeds in a number of rounds; in the first
round, all examples in a pool of training items have an equal chance of being
included in the training set. In the next training round, the predictor developed
following training on the first training set is tested on all the items in the pool of
training items, and the probability of selecting items is altered for those that are
misclassified (or if training examples can be weighted, the weight for those ex-
amples is increased). In the next round, the items that were misclassified by the
predictor developed in the first round have a greater probability of being included
in the next training set. The process continues for the specified number of rounds.
Ensembles created through Adaboost have been shown to produce good results
when compared to Bagging on a number of data sets ([23]). Breiman suggests
that bagging, and some of the methods described above as ”distortion” (namely
randomising the construction of predictors, and randomising the outputs) are
essentially ”cut from the same cloth”, and that there is something fundamentally
different about the adaptive resampling involved in Adaboost, and similar algo-
rithms he terms ”arcing” algorithms (Adaptive Reweighting and Combining).
Recently, Schapire et al [24] have offered an explanation of Adaboost in terms of
margins, demonstrating experimentally that Adaboost produced higher margins
between training examples and decision boundaries than bagging.

Although, or perhaps because, many methods of ensemble creation have been
proposed, there is as yet no clear picture of which method is best. This is in part
because only a limited number of comparisons have been attempted (and several
of those have concentrated on comparing Adaboost to bagging). Clearly, further
comparisons will be conducted and a clearer picture will emerge. For instance,
an understanding of ensemble combining is likely to be improved by future em-
pirical assessments of the circumstances under which particular methods are
appropriate (see for example, the finding by Quinlan [25] that Adaboost per-
forms badly in domains with noisy training data).
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3 A “Test and Select” Methodology for Ensemble
Creation

What makes an ensemble combination work? Explanations of the effect of ensem-
ble combining have been couched in terms of the variance and bias components
of the ensemble error [26], [27]; and it can be shown that ensembles provide a
means of reducing the variance, or dependence on the data of a set of nets. Ano-
ther way to think about the behaviour of ensembles is in terms of the number
of coincident failures made by the component nets. If the component nets in an
ensemble made no coincident errors when tested for generalisation, the result
would be 100% generalisation. Each individual error made by a component net
on an input would be compensated for by a correct output made by the other
nets. The same result would be obtained if errors made by one net were compen-
sated for by a majority of correct responses by the other nets. What is required
then is a set of nets, each of which are accurate, but which, when they make
errors, make different errors. In other words, a set of nets that are both accurate
and diverse.

Clearly ensemble combination requires some diversity amongst its component
members: there would be no advantage to including nets in an ensemble that
were exact replicates, and showed the same patterns of generalisation. What is
also needed for good performance is that the nets should each be fairly accurate.
The chance of finding a set of nets that show no, or few, coincident errors, is made
much simpler, if the nets make very few errors in the first place. For example,
it is easier to achieve a set of nets that make no coincident errors, if the nets in
question each only make one error. If each net made an error on a third of the
training set, the chances of coincident failure would increase.

In order to find out how many coincident errors are made by a set of nets in
an ensemble, it is necessary to test them on a test set. Testing the performance of
an ensemble provides an indication of the coincident errors, since, where voting
is used, a correct output will only be obtained when a majority of the nets
produce the correct output. From this idea, it is a short step to adopting this
as a methodology. Why not identify and select a good ensemble on the basis of
its performance on a test set? Such testing would actually require two test sets;
one, a validation set, would be used to identify an ensemble that performed well,
and a second test set, would be used to test the performance of the selected
ensemble. This way, the final test set would not have been contaminated by
any involvement in the selection process (such involvement would result in an
artificially inflated estimate of the ensemble’s performance). Under the “test
and select” methodology, a number of different ensemble combinations could be
tested on a validation set, and on the basis of this the best performing ensemble
could be identified, and its performance assessed on a final test set.

The proposed “test and select” methodology relies on the idea of selection
in ensemble creation. Rather than including all available nets in an ensemble,
different selections are tried and compared. Although not usually explicitly dis-
cussed in the context of bagging or Adaboost, the notion of selection of ensemble
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members has been raised in a number of papers. Perrone and Cooper [9] sug-
gested a heuristic selection method whereby the population of trained nets are
ordered in terms of increasing mean squared error, and an ensemble is created
by including those with lowest mean squared error. The process can be further
refined by constructing ensembles and then only adding a new net if adding it
results in a lower mean squared error for that ensemble. Partridge and Yates
[10] compare the effectiveness of three selection methods, but obtained the best
ensemble results from a heuristic picking method; a method similar, but not
identical, to that of Perrone and Cooper [9]. Hashem ([29] points out the effect
of “harmful collinearity” on the performance of ensembles, and compares two
different selection algorithms. Opitz and Shavlik [28] present a method which
uses genetic algorithms to actively search for ensemble members which are both
accurate and diverse. All of these methods rely on testing the performance of
ensembles, although not all of them use the two test sets advocated here.

The machine learning community currently makes little use of the notion
of selection; their aim is usually that of identifying an algorithm that creates
effective ensembles, applying it, and presenting the results. However, two points
can be made with respect to this way of going about things. First, it is quite
likely that an approach based on testing and selection will outperform such a
method. And second, even the application of an algorithm apparently without
selection may implicitly involve testing; for example, testing may be used to
determine the appropriate number of bootstrap replicates, or the number of
rounds of Adaboost. If testing is being used implicitly, why not make it explicit,
and test in order to identify the best performing ensemble? Once an algorithm
has been identified that always outperforms such a testing strategy, the need for
such testing will become obsolete.

The notion of a test methodology for ensemble construction, is a practical
one, particularly while the jury is still deliberating over its decision about which
is the best ensemble creation method. In some applications, a fixed set of nets
may be available for ensemble creation. Alternatively, a pool of nets could be
created by a variety of methods, (i.e. varying the initial conditions, varying the
algorithm, sampling, preprocessing, use of different sources of data etc.). Then,
having picked a target ensemble size, a search could be made of the possible
combinations of an ensemble of size x, and the best performing ensemble selected.
Depending on the size of the pool of nets, this search could be exhaustive, (see
the robot localisation case study), or some other selection algorithm might be
adopted, for instance testing x ensemble combinations (see engine fault diagnosis
case study).

In order to see how this “test and select” methodology might work in practice,
we shall examine two case studies in which it is applied.

4 Case Study: Fault Diagnosis of a Diesel Engine

In this first case study, ensemble combining was explored in the context of fault
diagnosis of a diesel engine. This issue has been previously explored in this
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context (e.g. [16] [12] [4]), although the focus here is on the test and select
methodology. Data was obtained by physically introducing (at different times)
four common faults in a 4-stroke twin cylinder diesel engine. The four faults
were (i) leaking air inlet, (ii) leaking exhaust valve, (iii) partial blockage of
one in four injector nozzle holes, and (iv) injector dribble or leak. Data was
collected under each faulty condition, as well as during normal operation. Data
corresponding to in cylinder pressure, and to engine vibration were collected;
in-cylinder pressure by means of a pressure transducer sensor, and vibration by
means of an accelerometer attached to the outside of the cylinder. Further details
of the data acquisition process are available [16].

The appropriate fault classification was indicated in the data by pairing the
input measurements (whether pressure, vibration or both) with a 1ofn output
encoding, indicating whether the input corresponded to one of the four possible
faults, or to normal operation. Three sets of data were constructed, correspon-
ding to different inputs. The first consisted of 12,000 examples, where a 50 ele-
ment input vector was based on a selection of inputs from the pressure sensor.
These inputs were chosen, on the basis of domain knowledge, from those collec-
ted during the combustion phase of each engine cycle. The second data set also
consisted of 12,000 examples, and was based on data collected by means of a vi-
bration sensor. It similarly consisted of a 50 element input vector. The third set,
termed pressureANDvibration, was created by appending each vibration input
vector to the corresponding pressure input vector to create a new 100 element
input vector.

The three data sets, Pressure, Vibration, and PressureANDVibration were
each subdivided into a training set of 7500 examples, a validation set of 1500
examples, and a final test set of 3000 examples. In all cases the same engine cycle
was represented in the three types of data set, with the result that the test sets
were equivalent (i.e. each test set example in the Pressure, the Vibration, and
the PressureANDVibration data sets corresponded to the same engine cycle, and
hence contained the same output classification despite the difference in inputs).

For the present study, a set of 45 nets were trained using backpropagation,
and standard multi-layer perceptrons. First, for each data set, five nets were
trained using different numbers of hidden units (HUs). Then, a further five nets
were trained, for each data set, from different random initial conditions (RICs),
using the number of hidden units which had resulted in the best generalisation
performance for that data set. And finally, five bootstrap replicates of the ori-
ginal training set were trained, each from the starting point of different initial
conditions, but using the same number of hidden units as in the RIC nets. The
performance of each of these 45 nets, following training, is shown in Table 1.

Inspection of Table 1 shows that the best single net (marked by **) of the
total 45 trained was one based on the PressureANDVibration data set, and that
this net got 94.9% of the validation set correct. It would be expected that this
performance could be improved upon through the use of ensembles. But which
method might be expected to yield the best results? The “test and select” metho-
dology facilitates the comparison of different methods of ensemble construction.
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Table 1. Generalisation performances on validation test set

Data Source HUs RICs Bootstrap
Pressure 88.00% 88.10% 85.50%
Pressure 86.93% 88.70% 85.60%
Pressure 88.93% 90.10% 85.30%
Pressure 87.87% 89.00% 85.50%
Pressure 89.53% 89.50% 86.60%
Vibration 88.40% 89.27% 87.00%
Vibration 88.20% 91.53% 88.00%
Vibration 89.13% 89.20% 87.90%
Vibration 90.60% 89.87% 86.90%
Vibration 89.87% 88.73% 86.00%

PressureANDVibration 92.80% 94.40% 92.80%
PressureANDVibration 93.50% 94.30% 93.50%
PressureANDVibration 92.90% 94.30% 92.90%
PressureANDVibration 93.20% 94.10% 93.20%
PressureANDVibration 93.30% 94.90%** 93.30%

A number of ensembles were constructed in which the component nets were all
based on nets trained on the same type of data set. In each case the outputs of
the ensemble members were combined by means of a simple majority vote. Under
each data type (Pressure, Vibration, and PressureANDVibration) five nets had
been trained, (i) using different numbers of hidden units, (ii) varying the random
initial conditions, and (iii) using different bootstrap replicates. A comparison of
the effectiveness of these different methods was possible; the results can be seen
in Table 2. Table 2 shows the generalisation results of ensembles that either
contained all five of the nets in each category, or that were the best ensemble
of three nets, based on an exhaustive search of the 10 possible combinations in
each case.

It can be seen in Table 2 that the best ensemble result to be achieved was
96.4%. This was achieved both by combining all 5 nets created from different
random initial conditions, and by selecting the best combination of three nets.
This represents an improvement over 94.9% generalisation performance of the
best single net. The best ensemble performance was achieved by nets based on
the combined PressureANDVibration data; generally nets trained on this data
set did better. Two further points can be made on the basis of these results.
First, there is no evidence here that including all 5 nets in an ensemble resulted
in better generalisation performance; as is apparent from a comparison of the
corresponding cells in the top and bottom of the table, sometimes better results
were obtained from an ensemble of 3 nets, and sometimes from an ensemble of all
5 nets. The second point is that, interestingly, there is no evidence here of better
results being obtained as a result of combining a number of bootstrap replicates;
in fact performance of ensembles based on combinations of bootstrap replicates
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Table 2. Differently constructed ensembles

Ensemble of all five nets
Data Source Initial Conditions Architecture Bootstrap sample
Pressure 90.81% 91% 87.74%
Vibration 89.51% 93.20% 90.70%

PressureandVibration 96.4%* 95.40% 93.80%
Best ensemble of three nets

Data Source Initial Conditions Architecture Bootstrap sample
Pressure 91.07% 90.80% 88.13%
Vibration 92.73% 93.27% 90.47%

PressureandVibration 96.4%** 95.67% 93.60%

is generally poorer (reading from left to right in Table 2, combining bootstrap
replicates always fares worse than combining nets differing in initial conditions
or hidden units, with only one exception). It is clearly not the case that all
applications of bagging will result in better performance. Of course, it is likely
that combining a larger number of bootstrap replicates would result in better
results for the bagging approach. Nonetheless, the point remains that the test and
select methodology makes it possible to find the best performing ensemble from
a set of alternatives; in this case a combination of three PressureANDVibration
nets, trained from the starting point of different random initial conditions. And
it was not clear a priori that combining nets trained from different RICs would
lead to a better ensemble result.

Although the results shown in Table 2 illustrate how it is possible to com-
pare different methods of ensemble construction, it is still possible that the best
ensemble result there (96.4%) could be improved upon. However, an exhaustive
search of all the possible sized ensemble combinations of 45 nets was not feasible.
A solution to this problem, adopted here, is to randomly generate a specified
number of combinations, and to choose the best combination from amongst
them.

First, 100 random combinations of ensembles of three nets were assemb-
led, and tested on the validation set. As can be seen in Table 3, the averaged
performance of these random combinations, chosen with no constraints from
amonst the 45 nets, was 89.65%. What method for ensemble generation might
be expected to outperform a random choice of ensemble members? Since the
generalisation pattern of a net is primarily determined by the data on which it
is trained, it seems likely that combining nets based on different sources of data
would result in better ensembles than random choices. Accordingly, a further
100 ensembles were generated with the constraint that each of the three nets in
every ensemble should be based on a different data source. Inspection of the first
column, second row, of Table 2 (94.06%) shows that these combinations do seem
to do better on average, both than the random choice with no constraints, and
than a further 100 ensembles, randomly generated but for the constraint that in
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Table 3. 100 ensemble combinations of three nets

Constraints Average Best
None 89.65% 96.53%

One from each sensor 94.06% 96.40%
All from same sensor 91.62% 95.80%

each case all three nets are based on the same type of data. On average then,
it would appear that these results suggest that a better result will be obtained
by constructing ensembles in which the component nets are based on different
types of data.

However, as well as considering which method of generated ensembles is likely
to produce better results on average, it is also possible to examine the results
of the ensemble experiments, and to identify the ensemble which performs best.
When this is done, (see the second column of results in Table 2), it turns out that
the best performing ensemble (96.53%) is to be found amongst the 100 ensem-
bles randomly generated with no constraints. This particular ensemble consisted
of two PressureANDVibration nets and a Pressure net (with generalisation per-
formances of 94.30%, 93.20% and 88% respectively). As a result of adopting the
test and select methodology, an effective ensemble was arrived at through seren-
dipity: one that was unlikely to have been created by design. This ensemble does
better on the validation set than any of the others created in the course of the
study, even though it was created by means of a generation method (random
with no constraints) that on average appears to be less effective than creating
ensembles from nets trained on different sources of data.

Having identified the ensemble that performs best on the validation set, the
final step is to test its performance on the reserved test set. This ensemble
generalised to 95.37% of the 3000 examples in the final test set. This result can
be compared to the 93.6% generalisation performance of the best single net on
the same final test set, and clearly represents an improvement.

5 Case Study: Robot Localisation

We have provided one illustration of the application of the test and select me-
thodology in the domain of engine fault diagnosis. In this second case study we
shall briefly examine its application in another domain (robot localisation), with
a different kind of neural net (Self-organising Maps, or SOMs).

In an earlier paper, Gerecke and Sharkey [30] presented a method for locali-
sing a “lost robot”. The lost robot problem is one in which a robot is switched
off and moved to a new location, which it has to identify when it is switched on
again. To do this, the robot must match its current sensory information against
its knowledge of the operating environment. The method adopted to solve this
problem was designed to provide a fast and approximate (“quick and dirty” to
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use their term) method of localisation, in contrast to other more computationally
costly approaches.

Further details can be found in [30], but an overview of the method for
robot localisation is provided here. It makes use of a self-organising map (SOM).
The basic principle of a SOM is to map the input space Rn onto a regular
two-dimensional array of nodes, where each node has a reference vector mi ∈
Rn associated with it. The inputs m ∈ Rn are compared with the mi and
the closest vector in Euclidean distance (i.e. the most active) is defined as the
winning node in a winner-takes-all strategy. After training, the output space
of the SOM defines neighbourhoods of input similarity, i.e. similar inputs are
mapped onto the same output category. This self-organised grouping is exploited
for localisation.

Each SOM was trained on sensor data collected at random positions as the
robot traverses the operating environment. Similar inputs will be grouped to-
gether. These can be equated with specific locations in the operating environ-
ment by the following procedure. Specific reference locations in the operating
environment are chosen, in this case, at equidistant grid points, 10 inches apart,
distributed throughout the space. Readings, or sensor vectors, are taken at each
of these locations. Each vector is presented to the previously trained SOM in
turn, and the winning output node recorded. That output node is then asso-
ciated (or labelled) with the corresponding reference location. Were it not for
the problem of perceptual aliasing (see below), following training and labelling
of the SOM, the input vector of a “lost robot” could be mapped by the SOM
onto the appropriate output category, which in turn would identify its reference
location.

However, perceptual aliasing complicates the process. Perceptual aliasing ari-
ses because similar sensor readings can be taken from different regions of the
environment. Thus, for example, the sensor readings from a robot facing four
different grid corners in a symmetrical room are likely to be similar, and therefore
would be clustered together. As a result each of the output nodes of the SOM
may be associated with a number of candidate reference locations. An evidence-
shifting approach was used to solve this problem; the reference location for a
set of sensor readings was disambiguated by accumulating evidence following a
move. The shortlist of reference locations provided by the SOM is reduced by
iteratively moving the robot a short distance, and updating the evidence for
each of the candidate reference locations, until only one reference location is
compatible with the evidence.

Gerecke and Sharkey [30] present results based on a realistic simulation of a
Nomad200 mobile robot. Following training of a SOM on random points, and
the application of the evidence shifting method, the correct location of the robot
was identified 92% of the time in a localisation test of 500 randomly chosen test
points within the environment. This result was based on a radius of uncertainity
of 20 in. They concluded that the result supported the utility of the method, and
suggested that it might be improved by combining SOM results in ensembles. A
preliminary report of that extension is provided here.
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Table 4. Combining localisation SOMs

Size of ensemble No. combinations Best ensemble Average ensemble
3 165 95.2% 92.98
5 462 96.4% 94.62
7 330 96.8% 95.46
9 55 96.8% 95.89
11 1 96% N/A

Considerable experimentation with SOM architectures and learning parame-
ters was carried out before choosing the SOM used in the earlier study; it is
therefore possible to look at the improvement that could be gained from combi-
ning localisation decisions based on different SOMs, in an ensemble. In total, 11
SOMs were considered. These SOMs differed in some of the following attributes;
size, learning steps, learning rates, neighbourhood, and initialisation. The appli-
cation of the evidence shifting method to the outputs of different SOMs leads
to different hypotheses about the location of the robot. In order to form an
ensemble output, these different hypotheses were combined by means of voting.

A series of tests were then performed to identify the best performing ensem-
ble. Five ensemble sizes were considered, 3 net, 5 net, 7 net, 9 net and 11 net
ensembles. For each size, an exhaustive search of all the possible combinations of
the 11 nets was performed. The results of the best ensembles, and the averaged
results, are shown in Table 4.

From Table 4, it is first of all apparent that ensemble combining did result
in improved performance over the 92% achieved by the best single estimate.
Beyond that it is evident that the best ensemble results on the validation set were
achieved by a combination of either 7 or 9 nets. On the basis of these results, the
best performing ensemble of 9 nets was selected. When that ensemble was tested
on the reserved test set of 500 random locations in the environment, it showed
a generalisation performance of 97.8%. This compares well to the performance
of the best single net, which when tested on this further test set generalised
correctly to 91.2% of the cases.

This second case study provides a further illustration of the test and select
methodology. This study involves the combination of localisation decisions, based
on the output of different SOMs. The domain of application then is quite different
to that of engine fault diagnosis. In addition, in the present case, the small
number of nets made exhaustive testing of all ensembles of a specific size possible.
This contrasts to the approaches taken to testing in the previous case study in
which exhaustive testing was not feasible. Again, it was possible to examine the
results of different ensemble experiments, and to select the best combination
from the available examples.
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6 Conclusions

In the course of this paper, a number of different methods for ensemble con-
struction have been outlined and considered. Some comparisons of the relative
effectiveness can be found in the literature, and whilst there is some progress
here, there is still no general agreement about which methods are the most ap-
propriate for which problems. Whilst there is still a lack of clarity about the best
methods to adopt for particular applications, the “test and select” methodology
advocated here provides a useful approach. Under a test and select approach,
a number of possible ensemble combinations are tested on a validation set, and
the best one selected. This is then tested on a final test set that has not been
implicated in the selection. Two ways of applying the methodology were conside-
red; first, where the pool of nets for ensemble combination is small, exhaustive
testing of all possible ensemble combinations may be possible. Alternatively,
when the pool is larger and exhaustive testing not feasible, a specific number
of ensemble combinations could be generated and tested. This second approach
makes it possible to see whether on average one method of ensemble creation
outperforms another. However, whichever method is applied, it is still possible
to search through the ensemble results, and to select the ensemble that performs
best on the validation set.

In a sense, the “test and select” methodology merely makes explicit a tech-
nique that is commonly used. Several approaches implicitly, or even explicitly,
rely on testing the performance of ensembles, and selection. However, the em-
phasis here on the need for a separate validation set should guard against the
overestimation of ensemble performance that would result if both selection, and
assessment, were based on the same test set. The methodology can be used to
compare different methods of ensemble construction, and to examine the cir-
cumstances under which they are most effective. In addition, another important
advantage of the methodology, as can be seen in the two case studies, is that
it opens the possibility of the accidental (serendipitous) discovery of a more
effective ensemble than those created by design.
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Abstract. Several methods for classifier combination have been explo-
red at CEDAR. A sequential method for combining word recognizers
in handwritten phrase recognition is revisited. The approach is to take
phrase images as concatenations of the constituent words and submit
them to multiple recognizers. An improvement of this method takes ad-
vantage of the spacing between words in a phrase. We describe the impro-
vements to the overall system as a consequence of the second approach.

1 Introduction

Over the years, a number of classifier combination methods have been developed
at our laboratory [1],[2],[3],[4]. These have been devised for character/digit re-
cognition as well as for word and phrase recognition. This paper is an overview
of two approaches to the task of phrase recognition, where a sequential combi-
nation approach is used. The first concatenates word images ignoring gaps, and
the second does use word gaps to advantage.

2 Phrase Recognition Combination

A phrase consists of a sequence of words, such as, for the purposes of this pa-
per, a street name, that appear in a postal address. The Phrase Recognition
Combinator (PRC) will be used for phrase recognition. As described in [3], [5],
the input to the system is a set of phrase images with associated lexicons. Gi-
ven a phrase image and corresponding phrase lexicon PRC produces one of two
possible outputs.

– Reject the image.
– Accept the image and return as output the recognized phrase.

The goal of the system is to maximize accept rate while keeping error rate and
the average processing cost per call within acceptable limits, where these rates
are computed over the entire set.
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Two kinds of error may occur. Classification Error occurs when an incorrect
phrase is selected as the top choice even when the true phrase is present in
the lexicon. Lexicon Hole Error occurs when the true phrase is missing from
the lexicon to begin with. Lexicon holes in a handwritten address interpretation
system may result from incorrect location and/or incorrect recognition of the
street number or the ZIP Code (or both) or from incomplete databases. The
goal is to minimize the frequency of occurrence of either types of errors among
the cases accepted.

2.1 Word Classifiers

Two handwritten word classifiers WMR and CMR were developed at CEDAR
[6],[7]. As input, each of them uses a binary image and an ASCII lexicon; a confi-
dence for each lexicon entry is computed a confidence and ranked by decreasing
confidence. The confidences generated are absolute, i.e., the confidence assigned
to a particular lexicon entry depends only on the image and its ASCII contents
and not on other entries in the lexicon.

WMR (Word Model Recognizer) [6] is a fast, lexicon-driven, analytical clas-
sifier that analyzes on the chain-coded description of the phrase image. After
slant normalization and smoothing, the image is over-segmented at likely charac-
ter segmentation points. The resulting segments are grouped, and the extracted
features matched against letters in each lexicon entry using dynamic program-
ming, and a graph is obtained. However, instead of passing on combination of
segments to a generic OCR (as is done in CMR described next) lexicon is bro-
ught into play early in the process. A combination of adjacent segments (up to a
maximum of 4) are compared by a dynamic programming approach to only those
character choices which are possible at the position in the word being conside-
red. The approach can be viewed as a process of accounting for all the segments
generated by a given lexicon entry. Lexicon entries are ordered according to the
“goodness” of match.

CMR (Character Model Recognizer) [7] uses a different approach. It attempts
to isolate and recognize each character in the word using a character segmenta-
tion/recognition strategy. Correlations between local and distant pairs of strokes
are analyzed. First, a word is segmented at potential character boundaries. Neig-
hboring segments (up to 4) are then grouped together and sent to a OCR which
uses a feature set of Gradient, Structural, and Concavity (GSC) features. The
possible choices of characters with the respective confidence values is returned
by the OCR.

The segmentation points are viewed as nodes of a graph and the correspon-
ding character choices. Finding the word which best matches a lexicon entry is
transformed into a search problem. Each path in the graph has an associated
cost based on character choice confidences. Character strings obtained from the
various paths (ordered by their costs) is matched with the lexicon entries to
finally obtain the word recognition choices.



A Survey of Sequential Combination of Word Recognizers 47

CMR is computationally more intense than WMR. The two recognizers are
sufficiently orthogonal in approach as well as in the features used that they are
useful in a combination strategy.

Training and test data sets were obtained from mail piece images captured
by a postal sorter (MLOCR). Each set consists of street name images and the
corresponding expanded lexicons, e.g., abbreviations and suffixes, as determined
by the system.

The performance of WMR and CMR are 78% correct rate for both, and the
error rates are 2.5% and 6%, respectively.

2.2 Combination Design

To improve overall speed, an important consideration during the design was
that a decision ACCEPT or REJECT be reached as early as possible during
the processing of an image. This observation argues for a hierarchical strategy
for calling classifiers: the slower CMR is called if and only if a decision cannot
be made based on the results of WMR. Similarly an attempt to combine clas-
sifier decisions is undertaken if and only if a decision cannot be made based
solely on the results of CMR. The simpler approach of calling both classifiers
and combining their ranks or scores using parallel combination schemes proves
computationally expensive because of the requirement that both classifiers be
called for every image. In addition, parallel combination schemes are generally
designed for correction of errors by reordering lexicon entries. The majority of
errors in the present scenario is lexicon holes and hence cannot be corrected by
reordering, and they can at best be rejected.

Lexicon Reduction WMR is correct more than 99% of the time when the top
five choices are taken on a lexicon of size 10. Hence, CMR can be called with
the reduced lexicon (5) instead of the complete lexicon.

Lexicon reduction increases efficiency and improves system performance. The
improvement results from enhanced recognition performance of the second-stage
classifier CMR since it deals with fewer confusion possibilities. Such improve-
ments in recognition performance resulting from serial classifier combination
have been empirically demonstrated elsewhere [3].

For the PRC, n = 5, k = 2 was chosen as a compromise between increased
accept and error rates, where n is the size of the original lexicon, and k is the
size of the reduced lexicon [5].

The error rate of the PRC on the postal test set is under 2%, and the CMR
call rate is close to one-third.

Decision Combination The combination strategy is to sequentially cascade
WMR and CMR. Images that either are not rejected or accepted with high
confidence are passed to CMR. There are three issues:



48 S. Srihari

1. Acceptance decision of the PRC can be based on the individual confidences
returned by the classifiers WMR and CMR.

2. When the classifiers agree on the top choice, then it can be accepted with
a high confidence, irrespective of the individual confidences. However, if the
lexicon has a hole, this strategy is flawed.

3. When lexicons are small and classifiers are few, it may happen that all clas-
sifiers vote for the same entry, and all are in error. The confidences of the
top choices must also be considered in the decision whether to accept or
reject the image. The individual probabilities of correctness are combined
using logistic regression, giving the probability that the common top choice
is correct when WMR and CMR agree.

Thresholds Primary among WMR rejects are errors from lexicon holes. Alt-
hough it is true that the rejects would also contain a small number of images
correctly classified by WMR (albeit with low confidence) and some classification
errors which may in theory be recovered by CMR, [3],[5] suggest that WMR
rejects are best rejected as early as possible since there is no way to recover
the truth in these cases (by CMR or by any other means). We also found that
in practice, when WMR confidence is low, the probability that CMR correctly
classified the image with a high confidence was negligible. Thus, there is little
accomplished in terms of performance by not rejecting such cases. On the other
hand, the reduction in calls to CMR by rejecting at this stage are considerable.

As noted in [3],[5], there are two opposing guidelines for selecting a threshold
for WMR rejects: (i) the proportion of errors among the rejects should be high,
and (ii) the number of rejects is related inversely to the number of calls to CMR.
The threshold is chosen empirically.

The accept threshold for CMR is selected as the point at which the CMR
error rate declines to zero. The reject threshold is selected so that the rejects are
replete with errors. In this case, the benefit of rejecting larger numbers is not as
great since the classifier combination is not an intensive operation. In addition,
rejecting fewer correctly classified cases gives the combination a chance to recover
these cases. Therefore, rejection is fairly conservative.

The two classifiers may agree on the top choice and still be wrong. A conser-
vative threshold is computed using the individual confidences of the recognizers
to reject cases where both recognizers may agree but still be in error.

3 Use of Word Gaps in Improving the System

In the second approach, we treat phrases as a group of words, as opposed to
treating them as a single word with no spaces [6]. This has brought some impro-
vement to the overall recognition rates.

The number of characters in an image segment is estimated by counting
the number of times the distance between prime primitives is larger than the
spatial period of estimated prime frequency. We skip the prime primitives whose
distance to the previous neighbor is equal or less than prime period from left to



A Survey of Sequential Combination of Word Recognizers 49

right. But the accuracy of the estimated number strongly depends on the writing
style because of flourishes and non-uniform character size or spacing.

3.1 Hypothesis Generation

If a candidate of word gap is significantly large than others, then we can be
certain that the gap is a valid word break. As another restriction, if anchors are
selected among candidate of word breaks, the matching complexity can be lower.

For the purpose of additional restriction to generate hypotheses, word break
point candidates are categorized into two groups: hard word point and soft word
point. The gap confidence is used for the classification. The combination of image
segments crossing hard word points is not allowed as hypotheses.

To explain the generation of hypotheses, let us assume that the inputs are
images in the application of street name recognition. To overcome missing or
incorrect prefix and suffix, each lexicon entry is expanded in all conceivable
ways. Also, we assume all additional information can be attached at the end of
the street name.

All possible combination of image segments and lexeme are generated within
the restriction of class of word break and boundary of estimated number of
characters.

Lexemes which are out of range of the number of characters in the image
segment are not attempted to be matched.

After generating lexeme hypotheses, phrase (lexicon) hypotheses are gene-
rated as a sequence of lexeme hypotheses index. A phrase can have multiple
hypotheses sharing common lexeme hypotheses.

3.2 Hypothesis Verification

Because the hypotheses consist of word segments and a subset of possible le-
xemes, a lexicon driven word recognizer is preferred for hypotheses verification
rather than character based word recognizer.

Dynamic programming based matching through character segments and cha-
racter array of lexicons is used to find the best match between a word image and
lexicon.

Since the average of an individual character’s matching score is used in the
word recognition confidence value, mismatches between characters and character
segments are compensated by other good matches. Therefore, a longer string has
a better chance of matching.

Finally the best match between the entire group of image segments has an ad-
vantage over individual lexeme based matching in hypothesis verification. Each
possible group of image segments is submitted to word recognizers with eligible
subsets of phrase strings. The word recognition scores are retained as the hypo-
theses confidence.



50 S. Srihari

3.3 Experiment

The phrase recognition method described is applied to street name recognition.
The street name images are collected from live mail pieces and the raw lexicons
are obtained from postal databases. Since the testing set comes from live mail
pieces, the sizes of lexicons are not fixed; they range from 1 to 100. In the
test sets, 9% of images have additional unwanted segments such as apartment
numbers in the input image.

The word segmentation algorithm misses actual word segmentation point in
about 2% of all images, maintaining a perfect word segmentation in 48% and
over segmentation points in 31% of images.

The recognition performance of phrase mode recognition is compared to that
of word mode recognition, described in Section 2. The word mode recognition is
a simplistic approach where a street name image is treated as a single word by
ignoring word spacing.

Phrase mode recognition achieves higher correct ratio maintaining lower or
same error rate. When applied to the handwritten address interpretation sy-
stem, the phrase mode method achieves a 4% increase in finalization (assigning
the ZIP + 4 Code). In the first method, all image components that follow the
street number are treated as a single word, thereby merging apartment classifier
numbers with the street name when the lexicon does not have the apartment
information.

4 Conclusions and Future Directions

We have described two designs for a multi-classifier word recognition engine for a
real-time phrase recognition application. The salient characteristics of the design
are the use of logistic regression and agreement for evidence combination and
lexicon reduction for improved throughput as well as performance.

A theory of combining several word recognizers in both sequential and par-
allel combination is being worked on at CEDAR and will be presented at this
symposium.
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Abstract. In the past decade, many researchers have employed various
methodologies to combine decisions of multiple classifiers in order to
order to improve recognition results. In this article, we will examine
the main combination methods that have been developed for different
levels of classifier outputs - abstract level, ranked list of classes, and
measurements. At the same time, various issues, results, and applications
of these methods will also be considered, and these will illustrate the
diversity and scope of this research area.

1 Introduction

About a decade ago, researchers initiated many methods to combine the deci-
sions of several classifiers in order to produce accurate recognition results. This
approach almost immediately produced promising results as shown in some early
work in this area [7, 34, 39]. From this beginning, research in this domain has in-
creased and grown tremendously, partly as a result of the coincident advances in
the technology itself. These technological developments include the production
of very fast and low cost computers that have made many complex algorithms
practicable, among which are many pattern recognition algorithms.

The combination of multiple classifiers can be considered as a generic pattern
recognition problem in which the input consists of the results of the individual
classifiers, and the output is the combined decision. For this purpose, many de-
veloped classification techniques can be applied; in fact, classification techniques
such as neural networks [28, 33, 41] and polynomial classifiers [5, 6] have served
to combine the results of multiple classifiers.

In this paper, we will examine methodologies for classifier combination that
have been developed so far. This discussion will be organized according to the
types of output that can be produced by the individual classifiers: abstract level
or single class output, ranked list of classes, and measurement level outputs. In
the course of the discussion, results will be presented, and it will also be shown
that combinations of classifiers have been applied to a wide range of applications.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 52−66, 2000.
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2 Combinations of Abstract Level Outputs

In general, the methods that can be used to combine multiple classifier decisions
depend on the types of information produced by the individual classifiers. Some-
times, combination methods utilizing all types of information may be used in
one classification problem, as is the case for determining the layout of documents
by combining results obtained through commercial OCR devices [27].

This section considers combination methods that can be applied when each
classifier (also called an expert) e outputs a unique label or class for each input
pattern. While such outputs are not very informative, this kind of output can
be considered the most general, since all other types of outputs can be easily
converted to this one. For these abstract-level classifiers, combination methods
that have been proposed consist of majority vote [10, 17, 42], weighted majority
vote [31], Bayesian formulation [42], a Dempster-Shafer theory of evidence [34],
the Behavior-Knowledge Space method [14], and a dependency-based framework
for optimal approximation of the product probability distribution [18–20]. All
these methods have been applied to the OCR problem.

2.1 Voting Methods

Among the combination methods for abstract-level classifiers, majority vote is
the simplest to implement, since it requires no prior training, and it has been
used as early as 1974 [38]. The use of this method is especially appropriate in
situations where other quantifiable forms of output cannot be easily obtained
from individual classifiers, or where the use of other accurate combination meth-
ods may be too complex. Obvious examples of the former are some structural
classifiers. For the latter, it may be very demanding to design sophisticated com-
bination methods for up to 20,000 weak classifiers [17]. We can also consider the
problem of differentiating the language used in printed documents [32]. To dif-
ferentiate between Asian and Latin scripts (which is then a binary problem), the
language category of each text-line can be determined from majority vote of its
features, after which the category of each page is decided by majority vote of
the text-lines. The results have been found to be 98.1% and 99.6% correct on
standard and fine resolution images respectively. This combination method has
also been found to be highly effective in determining the language category of
documents in more languages in [29], when majority votes of 2 and 3 long text-
lines have been used to determine the language category of a document page.
The results are shown in Table 1.

From this process of simple majority vote in which the decision of each clas-
sifier carries equal weight, various refinements can be made. This can be done
by assigning different weights to each classifier to optimize the performance of
the combined classifier on the training set, or a Bayesian formulation that takes
into consideration the performance of each classifier on each class of patterns.

For the first refinement, weights can be generated by a genetic algorithm and
assigned to the vote of each classifier to determine the optimal values for an
objective function. This function can incorporate conditions on the recognition
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and error rates; for example, it can be the function F = Recognition−β×Error,
where β can take on different values. Obviously, the value of β varies with the
accuracy or reliability desired for a particular application, and higher values of
β imply higher costs would be imposed on errors. Maximizing this function F is
equivalent to minimizing the precision index Rejection+ (β + 1)×Error. This
approach has been implemented [31], and it has been found that the genetic
algorithm is effective in detecting redundant and weak classifiers (by assigning
low weights to them). The results are presented in Table 2.

Table 1. Results of Language Category Determination [29]

# Text-lines used # Samples Recognition(%) Error(%) Rejection(%)
1 524 97.52 2.48 0.00
2 524 97.71 0.00 2.29
3 523 99.62 0.38 0.00

2.2 Bayesian Combination Rule

The genetic algorithm implemented assigns a weight to the vote of each classi-
fier, and this weight would be applied to all patterns regardless of the decision
made by the expert. Another method of determining the weights is through the
Bayesian decision rule, which takes into consideration the performance of each
expert on the training samples of each class. In particular, the confusion matrix
C of each classifier on a training set of data would be used as indications of its
performance. For a problem with M possible classes plus the reject option, C is
an M × (M + 1) matrix in which the entry Cij denotes the number of patterns
with actual class i that is assigned class j by the classifier when j ≤ M , and
when j =M + 1, it represents the number of patterns that are rejected.

From the matrix C, we can obtain the total number of samples belonging to
class i as the row sum

∑M+1
j=1 Cij , while the column sum

∑M
i=1 Cij represents the

total number of samples that are assigned class j by this expert. When there are
K experts, there would be K confusion matrices C(k), 1 ≤ k ≤ K. Consequently,
the conditional probability that a pattern x actually belongs to class i, given that
expert k assigns it to class j, can be estimated as

P (x ∈ Ci | ek(x) = j) =
C

(k)
ij

∑M
i=1 C

(k)
ij

, (1)

and this term can represent the degree of accuracy when expert k assigns class
i to a sample.

For any pattern x such that the classification results by the K experts are
ek(x) = jk for 1 ≤ k ≤ K, we can define a belief value that x belongs to class i
as

bel(i) = P (x ∈ Ci | e1(x) = j1, ..., eK(x) = jK). (2)
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By applying the Bayes’ formula and assuming independence of the expert deci-
sions [42], bel(i) can be approximated by

bel(i) .=
∏K

k=1 P (x ∈ Ci | ek(x) = jk)∑M
i=1

∏K
k=1 P (x ∈ Ci | ek(x) = jk)

(3)

for 1 ≤ i ≤M .
For any input pattern x, we can assign x to class j if bel(j) > bel(i) for

all i �= j and bel(j) > α for a threshold α. Otherwise x is rejected, and it is
also rejected if ek(x) = M + 1 for all k (i.e., if x is rejected by all classifiers).
The results obtained from this method depend on the value of α chosen. As α
increases, so does the degree of certainty expected of the decision; therefore the
error rate would decrease, but the recognition rate would be also lower.

The methods of majority vote, weighted majority vote, and Bayesian formu-
lation were applied to combine the results of seven classifiers on handwritten
digits. The combinations were trained on 13272 samples and tested on 8752
samples, and the results are shown in Table 2.

Table 2. Performance of Classifiers on Handwritten Numerals

Training Set Test Set
Expert Recognition Error Recognition Error
e1 82.791 3.187 84.004 3.005
e2 91.132 1.982 92.207 1.874
e3 93.264 1.575 93.864 1.165
e4 87.176 1.831 88.425 1.714
e5 94.929 0.799 95.007 0.857
e6 95.999 0.821 96.023 0.697
e7 93.716 5.327 95.212 4.273
Combination
Majority vote 96.233 0.196 96.778 0.160
Bayesian 98.162 0.218 97.784 0.571
Genetic alg. 96.903 0.151 97.075 0.228

For the results shown, the value of α used in the Bayesian method was chosen
to maximize the value of the same objective function F . These results indicate
the following:

(i) The training set probably contains more difficult samples and is not com-
pletely representative, which means algorithms highly fitted to the training
set may not generalize well.

(ii) This training set of 13272 samples is insufficient to establish accurate values
of the belief function for the Bayesian method. This problem is especially
serious due to the product form of bel(i).
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(iii) Despite its simplicity, majority vote still remains a reliable means of com-
bining results from abstract level classifiers. This is true especially when the
reliability factor is considered (reliability = correct

1−rejection ).

2.3 Other Abstract Level Combination Methods

For the Bayesian method described above, the calculation of the belief function
assumes conditional independence of the expert decisions in order to obtain

P (x ∈ Ci, e1(x) = j1, ..., eK(x) = jK)
= P (e1(x) = j1, ..., eK(x) = jK | x ∈ Ci)P (x ∈ Ci) (4)

= P (x ∈ Ci)
K∏

k=1

P (ek(x) = jk | x ∈ Ci),

and in this way the difficulty of calculating the (K + 1)st order probability
distribution had been reduced.

The Behavior-Knowledge Space (BKS) method [14], which can be consid-
ered to be a refinement of the Bayesian method, does not assume conditional
independence, and it establishes this high order probability distribution from the
frequencies of occurrence in the training set. This implies the need for estimating
MK+1 probabilities when M classes and K classifiers are involved, and a huge
volume of training data would be required. It is therefore not surprising that
4000 samples of handwritten digits had been found to be deficient for combining
4 to 6 experts by this method [18–20].

These last references also do not assume independence, and they approxi-
mate a high order probability distributions with a product of low order distribu-
tions by using a dependency-directed approach. Then classifiers are combined by
Bayesian rules through the approximate distributions. These methods reduce the
storage needs of the BKS method, but the computational costs are not negligi-
ble. The new algorithms have been trained and tested on 4000 and 2000 samples
of handwritten digits respectively, and they do produce results superior to those
of the BKS method. However, it is not clear that these results are definitely
better than those obtained from simple majority vote when the reliability factor
is important [19]. To establish their superiority, perhaps it would be desirable to
train and test these methods on larger data sets.

The recognition results of these combination methods are summarized in
Table 3, in which CIAB denotes the Conditional Independence Based Bayesian
method, while ∆FODB and ∆SODB represent respectively the First and Second
Order Dependency-Based methods proposed in [19]. The numbers in parentheses
denote rejection rates.

2.4 Observations on Combining Abstract Level Outputs

For a group of abstract level classifiers each of which outputs only a class label for
each input pattern, the means of obtaining a combined decision is bound to be
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limited to some sort of voting scheme, with or without taking prior performance
into consideration.

When prior performance is not considered, simple majority vote is used. By
nature of its simplicity, its requirements (of time and memory) are negligible. It
has the further advantage that theoretical analyses can be made of this method,
so that certain facets of its behavior can be deduced. For example, we can confi-
dently predict that an even number 2n of classifiers would produce more reliable
combined recognition results than can be obtained by adding another classifier,
or by eliminating one of the classifiers. This conclusion is valid whether the clas-
sifiers are independent or not. For this and other properties of this method, the
reader is referred to [30].

Table 3. Combinations of Classifiers by a Dependency-based Framework

Combination Five classifiers
Voting 97.20 (1.35), 97.50 (1.05), 97.40 (1.60), 97.35 (1.50), 96.55 (2.25), 96.55 (2.40)
BKS 91.15 (8.30), 91.75 (8.00), 92.90 (6.75), 92.20 (7.40), 92.00 (7.35), 90.90 (8.35)
CIAB 96.55 (0.00), 97.10 (0.00), 97.35 (0.00), 97.35 (0.00), 97.55 (0.00), 97.20 (0.00)
∆FODB 97.65 (0.00), 97.70 (0.00), 98.25 (0.00), 97.80 (0.00), 97.65 (0.00), 97.65 (0.00)
∆SODB 97.75 (0.00), 97.90 (0.00), 97.90 (0.00), 98.05 (0.00), 97.60 (0.00), 97.90 (0.00)
Combination Six classifiers
Voting 97.60 (1.10)
BKS 89.55 (10.25)
CIAB 97.60 (0.00)
∆FODB 98.00 (0.00)
∆SODB 98.05 (0.00)

Recently, an experimental study has been conducted to evaluate the results
of simple majority vote and Dempster-Shafer combination method in relation to
the degree of correlation among the experts [15]. This work assumes that all clas-
sifiers have the same recognition rate and no rejections. For a group A of experts,
the Similarity Index ρA is defined to be the average pairwise correlation among
the experts of A. For each value of ρA, 10 sets of experts (having different num-
bers of experts and different recognition rates) have been considered and tested
over 100 simulated data items. The results are given of the combined recognition
rate as a function of ρA for the various groups. One main finding of this work is
that majority vote achieves higher reliability than the Dempster-Shafer method,
while the second combination method usually has higher recognition rates.

The incorporation of prior performance into the combined decision can as-
sume different forms. In [4], the accuracy of expert k assigning class i to a sample,
viz. P (x ∈ Ci | ek(x) = j) can be used to break ties when decisions of two experts
are combined. For the majority vote of two classifiers (which is actually agree-
ment), the recognition rate cannot exceed that of the lower performing classifier,

57Multiple Classifier Combination Methodologies for Different Output Levels



and any tie breaking procedure will certainly increase the recognition rate, even
though this may involve a trade-off in reliability. In general, this tie-breaking
procedure will increase the recognition rate when even numbers of classifiers are
combined. However, it would not be useful in improving recognition rates when
odd numbers of experts are combined, because it is highly unlikely that the
quantities would be large enough to change the results of simple majority vote
in these cases.

As we refine this voting process through increasingly specific knowledge ac-
quisition and modeling, we consider (in that order) weighted majority vote,
Bayesian formulation, and the BKS method. The demands on memory also in-
crease in that order, until we arrive at the exponential requirements of the BKS
method. More importantly, these methods also impose heavy demands on the
quality and size of the training set. Highly specific modeling requires large vol-
umes of representative data; otherwise overfitting may occur, and the general-
ization capability would diminish. In an effort to reduce the requirements of the
BKS method, statistical approaches have been used to approximate a high order
probability distribution with a product of lower order distributions [18–20], and
that is the current state of the art on this aspect of the subject.

3 Combinations of Ranked Lists

Some classifiers can output a list of possible classes with rankings attached to
them. These rankings can be simply an order, or they can be represented by
confidence values or distances, which are considered to be measurement level
outputs. These measurements represent the most informative outputs that can
be provided by classifiers, and the methods for combining these outputs also
have the greatest variety. In this section, we consider combinations of only the
rankings.

Rankings can be the preferable parameters for use in combination because
there may be a lack of consistency in the measurements produced by different
classifiers. Advantages of using rankings have been described in detail in [11].
Compared to majority vote, combinations of rankings are suitable for pattern
recognition problems with many classes, so that the correct class may not appear
as the class designated by a classifier, but the occurrence of a class near the top
of the list should be significant. For this reason, ranked lists are used more often
in word recognition problems with a sizeable lexicon (as opposed to the set of
digits).

Borda counts have been used to determine the ranking of a group of experts
[11]. This method is equivalent to majority vote in that it requires no training
and is very simple to compute. As with majority vote, it does not take into
consideration the different abilities of the individual classifiers. However, unlike
majority vote, this method is not supported by theoretical underpinnings; on
the contrary, the outcomes of using Borda counts are well known to depend on
the scale of numbers assigned to the choices.
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In order to account for different levels of performance, the Borda count can
be modified by the assignment of weights to the rank scores produced by each
classifier to denote the relative importance of the ranking made by each classi-
fier. This procedure involves a training process, and it can be considered to be
analogous to weighted majority vote. Using this method, the log-odds or logit is
approximated by a linear combination of the rank scores output by the classifiers
as

log π(x)
1 − π(x) = α+ β1x1 + β2x2 + ...+ βKxK , (5)

where x = (x1, x2, ..., xK) is the vector of rank scores assigned by the K experts,
and α, β1, β2, ..., βK are model parameters that can be determined from the
training set. In [11], the parameters are estimated by linear regression analysis
for four classifiers in a word recognition problem. For a fingerprint verification
system [16] in which three matching algorithms are used, the parameters are es-
timated to minimize the Type I Error at each level of Type II Error by numerical
algorithms.

As a further refinement in the use of rank scores, the distribution of rankings
produced by the classifiers can be used to denote the quality of the input pattern.
For example, a high degree of agreement among the top choices can indicate
an easily recognizable pattern. In the training process, the training set can be
partitioned according to this state of agreement and a regression model estimated
separately for each subset of the partition. In the test stage, an input pattern
can be mapped to an appropriate partition by the state of agreement among
classifier outputs, and the corresponding regression model applied to produce
the recognition result. This dynamic selection approach was implemented in
[11], and it was found to have the highest performance among all combination
methods for the top three choices. The results of these methods are summarized
in Table 4.

Table 4. Word Recognition Results [11]

% Correct in Top N Choices
Combination N = 1 2 3 5 10
Borda count 87.4 95.8 97.2 98.2 99.0
Linear regression 90.7 96.2 97.5 98.5 99.0
Dynamic selection 93.9 97.2 97.9 98.3 99.0

Another method in which rank scores can be used in the combination of clas-
sifiers is by a serial architecture, in which the rankings assigned by one recognizer
can be used to reduce the number of target classes for subsequent classification(s)
by other recognizers. This approach has been implemented in [9], for processing
the legal amount written on bank cheques. For each word to be processed, a
KNN wholistic word recognizer is used to reduce the lexicon size from about
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30 classes down to 10, from which an HMM recognizer determines the target
classes. This combination has produced a 2% increase in recognition rate of the
top choice, as shown in Table 5.

From the two preceding sets of results, it can be noted that the effectiveness
of a combination method may be best seen in the results of the top choice
(rather than the top N choices for N > 1). Perhaps this exemplifies the Law
of Diminishing Returns - when classifiers have higher levels of performance (as
is the case when more choices are included), it becomes much more difficult to
improve on their performance.

In general, rank scores have been used less often for combination purposes,
probably because few classifiers are devoted to producing only rank scores for
output. If measurements are produced for output, these would provide a poten-
tially richer source of information on the data than the resultant rank scores
derived from them, and there are more ways of combining these measurements
to advantage. Even when the measurements produced by different classifiers may
not be consistent in magnitude, various normalization procedures and functions
have been devised to make these measurements more comparable. On the other
hand, classifiers that do not provide output information in the form of confidence
values or distances would have difficulty ranking the classes in an effective man-
ner. Perhaps for these reasons, less research has been published on this aspect
of the subject.

Table 5. Recognition Results of French Legal Amount Words [9]

% Correct in Top N Choices
Classifier N = 1 2 5 10
KNN 78.3 91.8 98.9 99.9
HMM 84.7 92.9 97.9 99.4
KNN + HMM 86.7 94.6 98.7 99.9

4 Combinations of Measurement Level Outputs

In recent years, much attention has been devoted to the development of classifiers
that can output confidence values or distance measures for each input sample,
for each target class. This includes in particular the many neural network clas-
sifiers that have been designed and implemented for various pattern recognition
tasks. These measurements can denote the likelihood of a sample belonging to
a class, and also provide information relative to other classes. These numeri-
cal measurements can be transformed through various functions to yield new
representations. With this potentially rich source of information available, it is
natural for combination strategies to make use of these measurements experi-
mentally, and many such combination strategies have been developed. These will
be discussed in this section. As in the consideration of other kinds of outputs,
we will begin with methods that do not require prior training.
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4.1 Basic Combination Operators

When there are K classifiers each producing M measurements (one for each of
M classes) for each sample pattern, the simplest means of combining them to
obtain a decision are the Max, Min, Sum, and Median rules. The Ave rule is
equivalent to the Sum rule.

These rules have often been used to combine recognition results. For example,
in [2] three neural networks using different feature sets have been trained and
tested on the NIST SD3 database, with very high recognition rates of 99.3%,
99.14%, and 99.21%. A recognition rate of 99.59% was achieved when the con-
fidence values of the classifiers were combined using the Sum operator.

The Min, Ave and Bayes rules have been used in [13] to combine confidence
outputs of operators from isolated digit classification. Pairwise combinations of
four digit recognizers (two hardware- and two software-based) were made. The
Bayes operator considers the confidences as probabilities and combines them
using Bayes’ Rule. If CA and CB represent the confidences assigned to a given
character by recognizers A and B, then the combined confidence is given by

CAB =
CACB

CACB + (1−CA)(1−CB)
M−1

, (6)

where M is the number of classes. Among the operators used, the authors have
found the Ave operator to be the most robust against peculiarities of individual
classifiers. A similar result has been observed in a sensitivity analysis conducted
in [24], where the Sum rule is shown to be most resilient to estimation errors.
This work also reports on an experimental comparison of various combination
schemes, for four classifiers applied to the recognition of the database of hand-
written digits in the CEDAR CDROM. The results are shown in Table 6.

Table 6. Results on Handwritten Digits in the CEDAR Database [24]

Individual classifier Recognition rate %
Structural 90.85
Gaussian 93.93
Neural Net 93.20
HMM 94.77
Combining rule Recognition rate %
Majority vote 97.76
Sum 98.05
Max 93.93
Min 86.00
Product 84.69
Median 98.19

Another experiment was conducted to investigate these basic combination
rules by simulation [1]. Tests were conducted for a single point in the a posteriori
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space one at a time, and this point has a fixed value. For each such point, experts’
estimates are considered to be this posterior probability plus noise. Noise can be
added by uniform or Gaussian noise generators at different levels. The simulated
outputs of experts are combined using the different rules, and the combined
results noted for different kinds and levels of noise. In general, it was found that
the combinations (especially Sum and Median) produced better results than the
single expert. However, the single expert may be preferable over the Product,
Min and Max operators under Gaussian noise with high standard deviations.
This conclusion also supports the findings of [13] and [24].

A common theoretical framework for these combination rules has been estab-
lished in [22–26]. These works establish that when multiple experts use different
representations, the calculation of the a posteriori probability for the combined
decision can be simplified with certain assumptions to result in the basic com-
bination rules mentioned in this section. The Product and Min rules can be ob-
tained by assuming the classifiers to be conditionally statistically independent.
The Sum, Max, Median and Majority Vote rules can follow from the additional
assumption that the a posteriori probabilities computed by the respective clas-
sifiers will not deviate significantly from the prior probabilities. While these
assumptions may appear to be strong (especially the latter one), the conditional
independence assumption is often made for ease of computation. As indicated
already, the basic combination rules are often used, and have been found to be
effective in improving classification results. The theoretical derivation given in
the works cited here represents one possible avenue of providing a theoretical
basis for them.

4.2 Weighted Operators on Measurement Level Outputs

The basic operators discussed in the last section are the most immediate means
of combining measurement level outputs from individual classifiers, and they do
not require prior training. It is logical to broaden the combination methodologies
and include information on prior performances of the individual classifiers to
obtain better informed combined decisions.

As is the case with combinations of outputs at other levels, one natural
extension would be the introduction of weights to the outputs of classifiers. These
weights should be indicative of the performance of each classifier, and they have
been introduced through various means. In [21], the outputs of two classifiers
(an HMM and a multi-layer perceptron) are assigned weights of 1 and 2 simply
according to their performance ranking, with the better performer assigned the
weight of 2. The weights are then used either as factors (LCA method) or as
exponents of the outputs (weighted multiplication). The weighted outputs for
each class are summed for the LCA method and multiplied together for the
second method, after which the combined decision is obtained by the Max rule.
This method is applied to the recognition of the words and abbreviations used
to represent the month on handwritten bank cheques, with the results shown in
Table 7.

62 C.Y. Suen and L. Lam



Other means of assigning weights to measurements consist of using linear re-
gression to approximate log odds as discussed in the section on ranked lists. This
approach had been used for pairwise combinations in [13] for the recognition of
isolated digits, and in [28] for the recognition of digits and words. Several in-
teresting observations have been made in these articles. The former work stated
that none of the combination operators had shown a clear advantage over the
others, and that by far the best predictor of the outcome of a pairwise com-
bination was the performance of the individual classifiers. It is reasonable to
suppose that this statement would apply to combinations of small numbers of
classifiers. When larger numbers of classifiers are involved, the contributions of
each classifier to the combination may be less clear, and the interaction between
classifiers would assume more significance. For this consideration, it is worth
noting [28] that redundant classifiers can be detected in the process of determin-
ing the weights when four classifiers are combined using the log-linear rule for
the combination of candidate lists [8]. When the number of classifiers should be
reduced for practical implementation, this can become a useful process.

Table 7. Recognition Results of Month Words [21]

% Correct in Top N Choices
Classifier N = 1 2 3 4 5
HMM 76.6 86.2 90.4 93.4 95.3
MLP 80.0 90.5 94.0 95.5 96.9
Combination
Voting 84.1 92.2 95.3 96.9 98.3
LCA 84.9 92.8 95.4 97.0 98.2
Multiplication 87.3 94.1 96.3 97.0 97.7

4.3 Other Combinations of Measurement Level Outputs

In the Introduction section of this article, it has been stated that the combi-
nation of multiple classifiers can be considered as a generic pattern recognition
problem in which the input consists of the results of the individual classifiers,
and the output is the combined decision. The combination operator also func-
tions as a classifier in this respect; conversely, standard classification techniques
can be made to function as combinators. This is clearly evident in the use of
neural networks for combining the confidence values of classifiers to produce, in
turn, new confidence values. This method has been widely applied to different
recognition problems.

For example, this method had been used in [33] for handwritten digits, [28]
for words, and [41] for the classification of documents. This last article reports
on a content-based text categorization of printed German business letters into
pre-defined message types such as order, invoice, etc. using a combination of two
classifiers by a neural network.
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The use of neural networks for combination usually increases significantly the
need for a large amount of representative data, as this is necessary for training
the network so that it will generalize well. When we add to this the need for data
with which to train the individual classifiers, the requirement increases steeply.

As a further example of other combination methods, a fuzzy integral has
been implemented to combine three neural network classifiers for recognition
of bacteria [40]. As pattern recognition methodologies develop, it can safely be
predicted that combination strategies will be developed in conjunction.

5 Concluding Remarks

In this article, we have described methods for combining the decisions of classi-
fiers for different types of outputs. The combination methods can be applied by
various architectures [3, 12, 35–37]. For each type of output, combination meth-
ods have been developed from simple operations requiring no prior training, to
complex and highly tailored methods that can produce higher recognition rates.
However, these better recognition rates may be accompanied by higher costs in
terms of computation requirements, quantity of training data, and difficulty of
theoretical analysis.
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Abstract. This paper consists of two parts, one theoretical, and one
experimental. And while its primary focus is the development of a ma-
thematically rigorous, theoretical foundation for the field of supervised
learning, including a discussion of what constitutes a “solvable pattern
recognition problem”, it will also provide some algorithmic detail for im-
plementing the general classification method derived from the theory, a
method based on classifier combination, and will discuss experimental
results comparing its performance to other well-known methods on stan-
dard benchmark problems from the U.C. Irvine, and Statlog, collections.
The practical consequences of this work are consistent with the mathe-
matical predictions. Comparing our experimental results on 24 standard
benchmark problems taken from the U.C. Irvine, and Statlog, collections,
with those reported in the literature for other well-known methods, our
method placed 1st on 19 problems, 2nd on 2 others, 4th on another, and
5th on the remaining 2.

Keywords: machine learning, pattern recognition, classification algori-
thms, stochastic discrimination, SD, boosting.

1 Introduction

We are about to develop the ideas behind a particular approach to solving pro-
blems in supervised learning. The method derived from this approach is very
general, and algorithmic implementations have produced results which, in most
observed cases, are superior to those produced by any other method of which
we are aware. And while this should certainly be an important consideration
for interest here, we feel that it is the underlying mathematical theory, and the
implications of this theory providing a perspective underlying existing work in
the field in general, as well as a basis for future work, which merits the grea-
test attention. As one example of this, we might note that the mathematics we
are about to develop provides a complete theoretical explanation for the expe-
rimentally observed success of the method of boosting, including the ability of
boosting to generalize to unseen data; and, based on this theoretical understan-
ding, provides a clear direction for improvement for future boosting algorithms
(see [7,8]).
� This work uses software copyrighted by K Square Inc
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Although we will not present explicit pseudo-code for an algorithmic imple-
mentation of our method, we will provide a description sufficient for creating
such an implementation. As motivation for the mathematics which will be pre-
sented in later sections of this paper, we begin with a discussion of experimental
results, comparing our particular algorithmic implementation of the method,
henceforth referred to as SDK, to other well-know pattern recognition methods.
Our use of the word “motivation” here is somewhat nonstandard. It is our hope
that readers will find the experimental results for SDK sufficiently promising
that they are motivated to thoroughly read the mathematical theory which fol-
lows, and use their understanding of it to create their own, hopefully superior,
implementations.

Detail concerning our implementation, SDK, can be found in [7]. However,
we feel that it might be useful, at this time, to point out the following: SDK
operates by first (pseudo) randomly sampling (with replacement) from a space
of subsets of the feature space underlying a given problem, and then combining
these subsets to form a final classifier. There are many ways to contrast this
approach with other classification methods, but perhaps the most striking deals
with the perspective from which one attacks the problem of establishing theo-
retical bounds on classifier performance. For when proving theorems concerning
the accuracy of classifiers built using SDK, we initially consider probabilities
with respect to the sample space of subsets of the given feature space, rather
than with respect to the feature space itself. It is only by appealing to some-
thing know as the duality lemma (see [6]), that one can translate these accuracy
estimates into standard error rates over the feature space.

2 Experimental Results

The Datasets We worked with datasets from two major sites containing sets of
standardized problems in machine learning, the repository at the University of
California at Irvine, and the repository (of Statlog problems) at the University
of Porto in Portugal.

We carried out experiments with 17 datasets from the Irvine collection, da-
tasets which seemed to be the most popular appearing in the recent litera-
ture dealing with comparative studies of pattern recognition methods. The sets
we used were, Australian credit (henceforth abbreviated “crx”), Pima diabe-
tes (dia), glass (gls), Cleveland heart (hrt), hepatitis (hep), ionosphere (ion), iris
(iri), labor (lab), letter (let), satimage (sat), segment (seg), sonar (son), soybean-
large (soy), splice (spl), vehicle (veh), vote (vot), and Wisconsin breast cancer
(wsc). In [3], Freund and Schapire report on experimental results they derived
for these problems using 9 different classification methods, namely, three un-
derlying “weak learning algorithms” FindAttrTest (henceforth denoted, “FIA”),
FindDecRule (FID), and Quinlan’s C4.5 (C45) (see [10]), the boosted ([3]) ver-
sions of these algorithms, denoted ABO, DBO, and 5BO, respectively, and the
bagged ([1]) versions, denoted ABA, DBA, and 5BA, respectively. Our learning
runs on these datasets used the same study methodologies (either 10-fold cross
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validation, or training/test set, depending on the dataset) as used by Freund
and Schapire, with the sole change (due to time constraints) of running two of
the training/test problems (letter and splice) only once, using the default seed
of 1 in each case.

Of the 10 Statlog sets publicly available from Porto, we eliminated two from
consideration (heart and German credit) since they involved nontrivial cost ma-
trices, something SDK is not designed to deal with, and eliminated a third
(shuttle) since it was extremely underrepresented in some classes (class seven
contained 2 test points out of a sample containing 58,000 training and test ex-
amples). On the remaining 7 sets, we carried out training runs using the same
study methodologies (either a cross validation, or a training/test set, depending
on the dataset) as [9].

The Results We compare our results on the Irvine problems with those reported
in [3] in Figures 1 and 2. The table shows error rates for each method on each
problem, with the italicized entry in each row belonging to the method which
produced the lowest error rate. And in the graph, we produce for each method,
a bar ranging from the best rank to the worst rank for that method across all
problems, and place a left tic at the method’s average rank, and a right tic at
the method’s mode. The methods are listed in order of average rank, and we
superimpose a line graph showing these average ranks.

In Figures 3 and 4, we basically do the same thing, as we compare our
results on the Statlog datasets from Porto with those reported in [9]. (Note the
row/column switch in the table.)

Note that the data in Figures 1 and 3 shows that SDK was the best perfor-
ming method in 14 of the 17 U.C. Irvine experiments, and in 5 of the 7 Statlog
experiments.

3 The Theory

The Prototypical Problem Our first goal is to try to formalize from a foundational
mathematical point of view the notion of “building classifiers based on the study
of training data”. We assume we are at a point in the process where data has
already passed through an initial feature extraction stage and that there exists
a fixed positive integer n such that the objects among which we are interested in
discriminating have all been reduced to numeric records of length n. Conforming
to standard practice, we refer to the subspace of Euclidean n-space in which these
records reside as the “feature space” of the problem.

The prototypical supervised learning problem in pattern recognition asks one
to build a classifier from “representative” examples. From a mathematical per-
spective, what does “representative” mean here? Clearly, it would be impossible
to proceed with any rigorous development of the theory underlying supervised
learning without first answering this question.
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FIA ABO ABA FID DBO DBA C45 5BO 5BA SDK

crx 14.5 14.4 14.5 14.5 13.5 14.5 15.8 13.8 13.6 12.4

dia 26.1 24.4 26.1 27.8 25.3 26.4 28.4 25.7 24.4 25.5

gls 51.5 51.1 50.9 49.7 48.5 47.2 31.7 22.7 25.7 20.3

hrt 27.8 18.8 22.4 27.4 19.7 20.3 26.6 21.7 20.9 17.4

hep 19.7 18.6 16.8 21.6 18.0 20.1 21.2 16.3 17.5 16.2

ion 17.8 8.5 17.3 10.3 6.6 9.3 8.9 5.8 6.2 6.2

iri 35.2 4.7 28.4 38.3 4.3 18.8 5.9 5.0 5.0 4.2

lab 25.1 8.8 19.1 24.0 7.3 14.6 15.8 13.1 11.3 6.1

let 92.9 92.9 91.9 92.3 91.8 91.8 13.8 3.3 6.8 3.3

sat 58.3 58.3 58.3 57.6 56.5 56.7 14.8 8.9 10.6 8.7

seg 75.8 75.8 54.5 73.7 53.3 54.3 3.6 1.4 2.7 1.9

son 25.9 16.5 25.9 31.4 15.2 26.1 28.9 19.0 24.3 10.6

soy 64.8 64.5 59.0 73.6 73.6 73.6 13.3 6.8 12.2 5.9

spl 37.0 9.2 35.6 29.5 8.0 29.5 5.8 4.9 5.2 4.9

veh 64.3 64.4 57.6 61.3 61.2 61.0 29.9 22.6 26.1 22.1

vot 4.4 3.7 4.4 4.0 4.4 4.4 3.5 5.1 3.6 3.5

wsc 8.4 4.4 6.7 8.1 4.1 5.3 5.0 3.3 3.2 2.6

Fig 1. Experimental Results - Error Rates on Irvine Problems
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crx dia dna let sat seg veh

Ac2 0.181 0.276 0.245 0.245 0.157 0.031 0.296

Alloc80 0.201 0.301 0.064 0.064 0.132 0.030 0.173

BackProp 0.154 0.248 0.327 0.327 0.139 0.054 0.207

BayTree 0.171 0.271 0.124 0.124 0.147 0.033 0.271

Bayes 0.151 0.262 0.529 0.529 0.287 0.265 0.558

C4.5 0.155 0.270 0.132 0.132 0.150 0.040 0.266

Cal5 0.131 0.250 0.253 0.253 0.151 0.062 0.279

Cart 0.145 0.255 NA NA 0.138 0.040 0.235

Castle 0.148 0.258 0.245 0.245 0.194 0.112 0.505

Cn2 0.204 0.289 0.115 0.115 0.150 0.043 0.314

Default 0.440 0.350 0.960 0.960 0.769 0.760 0.750

Dipol92 0.141 0.224 0.176 0.176 0.111 0.039 0.151

crx dia dna let sat seg veh

Discrim 0.141 0.225 0.302 0.302 0.171 0.116 0.216

IndCart 0.152 0.271 0.130 0.130 0.138 0.045 0.298

Itrule 0.137 0.245 0.594 0.594 NA 0.455 0.324

KNN 0.181 0.324 0.068 0.068 0.094 0.077 0.275

Kohonen NA 0.273 0.252 0.252 0.179 0.067 0.340

LVQ 0.197 0.272 0.079 0.079 0.105 0.046 0.287

LogDisc 0.141 0.223 0.234 0.234 0.163 0.109 0.192

NewId 0.181 0.289 0.128 0.128 0.150 0.034 0.298

QuaDisc 0.207 0.262 0.113 0.113 0.155 0.157 0.150

Radial 0.145 0.243 0.233 0.233 0.121 0.069 0.307

SDK 0.126 0.233 0.033 0.038 0.0865 0.021 0.201

Smart 0.158 0.232 0.295 0.295 0.159 0.052 0.217

Fig 3. Experimental Results - Error Rates on Statlog Problems

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

S
D

K

D
ip

ol
92

A
llo

c8
0

C
ar

t

R
ad

ia
l

Lo
gD

is
c

B
ay

Tr
ee

C
4.

5

In
dC

ar
t

D
is

cr
im

B
ac

kP
ro

p

Q
ua

D
is

c

C
al

LV
Q

S
m

ar
t

K
N

N

N
ew

Id

A
c2

C
n2

C
as

tle

Itr
ul

e

B
ay

es

K
oh

on
en

D
ef

au
lt

R
an

ki
ng

 o
f P

er
fo

rm
an

ce

Relative Performances of Classification Methods on Statlog Datasets

Fig 4. Relative Performance Ranks - Statlog Problems

In practice, a set A is usually viewed as being representative of a set B if it is
spatially distributed throughout the region of the feature space occupied by B.
This is a simple, pragmatic, derivative thesis which tends to work to greater or
lesser extents based on the specifics of any particular problem being considered.
But it is not really what one means by the notion “representative”. Most people
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would agree that, from a more fundamental perspective, the intuition is that a
set A is representative of a set B if given any classifier C, the error rate of C (for
its task of recognition) when measured on members of A is equal to, or at least
close to, its error rate when measured on members of B. Another way to express
this intuition in a more operational, but less precise, way is to simply say that
a set A is representative of a set B if any classifier C built using A generalizes
to B.

Needless to say this description has serious flaws. For if C were the classifier
which simply cataloged the points in A, and then classified any (new) point
based on whether or not it sat in this list, then the error rate of that classifier
when measured on A would be 0, yet, assuming A were substantially smaller
than B, would be substantially larger than 0 when measured on B.

Thus the notion “A is representative of B” must be dependent on both the
sets A and B, and on some expectation concerning the nature of the classifier
itself. In other words, the notion “representative” can never be an absolute; when
one is given a particular pattern recognition problem through a training set of
examples which are declared to be “representative”, the understanding must
be that the examples are “representative” only so long as possible classifiers
derived as solutions to the problem are restricted to satisfy certain additional
requirements.

In most practical applications, there is an implicit assumption that if training
sets are sufficiently densely distributed throughout class regions in the feature
space, then by seeking classifiers which are restricted to carve out sufficiently
“thick” subsets of the feature, such training sets are “representative”. In effect,
the assumption is one of spatial proximity of like points between training and
test sets.

However, given our desire for generality, we feel that there is a far more ele-
gant, and natural, way to formalize the notion “representative”. We will simply
define what it means, given some collection M of subsets of the feature space,
(intuitively, the building blocks of allowed, possible classifiers) for a subset A
of the feature space to be M-representative of another subset B of the feature
space. In this way, although we can encompass the usual proximity-based ap-
proach as a special case, we don’t require any topological relationship between
training and test sets, and as such allow for a number of interesting alternative
possibilities. Most important we feel that this definition constitutes the minimal
requirement for “representativeness”.

The underlying idea is very simple. In order for a set A to beM-representative
of a set B, it must be impossible to tell the difference between points in A and
points in B using the expressive power inherent in the sets of M. There is a
slight irony here. In pattern recognition one tries to find a solution which must
succeed in discriminating between points of different classes, yet one which must
simultaneously fail to discriminate between training and test subsets of a given
class.

It is this “indiscernibility” between training and test sets modulo the expres-
sive power of sets in M which serves as the basis for our development here.
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Indiscernibility and Representativeness Let n be a fixed positive integer, and
assume that our feature space F is some fixed, finite subset of Euclidean n-
space. Since F is finite we can consider it to be a measure space under the
counting measure µ.

Let us denote by F, the power set of F , that is, the collection of all subsets
of F .

Definition 1. For a given collection M of subsets of F , we define a binary
relation ∼M on the collection of nonempty subsets of F as follows: for any sets
A and B contained in F , A ∼M B iff for every M in M, Pr(M |A) = Pr(M |B)

(Viewing F as a sample space, Pr(M |A) denotes the probability of M given
A.)

Having A ∼M B would certainly appear to be a necessary condition for B
being M-indiscernible from A. But it is easy to construct examples showing that
it is not sufficient, that is, examples where A ∼M B for distinct sets A and B,
yet M contains information capable of showing A �=B.

In order to have true M-indiscernibility, it must be the case that any “profile”
of A which can be deduced using information from M is identical with a similarly
deduced “profile” of B. Thus consider the following function fM,x,A, defined for
any subset M of F, any nonempty subset A of F , and any real x for which there
exist M in M such that Pr(M |A) = x, which maps A into the reals: given any
member q of A,

fM,x,A(q) = PrM(q ∈ M |Pr(M |A) = x).

(Since we will be dealing with several different probability spaces in what
follows, there might be times when confusion could arise as to just which space
we are taking probabilities with respect to. At times of such potential ambiguity,
we will use PrT to denote probabilities taken with respect to the space T .)

In some sense, the random variable fM,x,A defines a profile of the coverage
of points in A by those members M of M such that Pr(M |A) = x. We restrict
to those M such that Pr(M |A) = x for the sake of simplicity, for there is often
a clear expectation of coverage for such M . For example, if M were equal to the
full power set of F , it is fairly easy to see that for any q in A, fM,x,A(q) = x for
any x.

Using this notation, we are now in a position to precisely define the notion
of indiscernibility:

Definition 2. Given sets A and B contained in F , and given a collection M of
subsets of F , we say that A is M-indiscernible from B if

(a) A ∼M B;
(b) for every x, the random variables fM,x,A and fM,x,B have the same proba-

bility mass functions.

Let us now rigorously define the notion “representative”. Since, in a typical
pattern recognition problem, we are given, for some positive integer m (the
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number of classes), training subsets TR1, TR2, ... TRm which are supposed to
be “representative” of the available sets A1, A2, ... , Am, we wish to define,
in general, what it means for a sequence of subsets C = (C1, C2, ...Cm) of a
feature space F to be M-representative of another sequence of subsets D =
(D1, D2, ...Dm). We start with natural generalizations of concepts given above.

Definition 3. Given a positive integer m, a sequence C = (C1, C2, ...Cm) of
subsets of F , and a sequence x = (x1, x2, ...xm) of reals, Mx,C denotes the set
of those M in M such that for each j, 1 ≤ j ≤ m, Pr(M |Cj) = xj.

Definition 4. Given any subset M of F, any positive integer m, any sequence
C = (C1, C2, ...Cm) of subsets of F , and any sequence x = (x1, x2, ...xm) of
reals such that Mx,C is nonempty, for any j, 1 ≤ j ≤ m, f j

M,x,C is the random
variable defined on Cj whose value at any q (in Cj) is given by

f j
M,x,C(q) = PrM(q ∈ M |M ∈ Mx,C).

The definition of “representative” is now completely natural.

Definition 5. Given any subset M of F, any positive integer m, and any two
sequences D = (D1, D2, ...Dm) and C = (C1, C2, ...Cm) of subsets of F , we say
that C is M-representative of D if

(a) for any j, 1 ≤ j ≤ m, Cj ⊆ Dj,
(b) for any j, 1 ≤ j ≤ m, Cj ∼M Dj,
(c) for any sequence x = (x1, x2, ...xm) of reals, and for any j, 1 ≤ j ≤ m,

the random variables f j
M,x,C and f j

M,x,D have the same probability density
functions.

Enrichment and Uniformity Simply having an M-representative set of training
examples could not possibly guarantee one’s ability to find a classifier which
accurately solved the given problem. For example, if M consisted of the single
set F , the feature space itself, then given any two sequences D = (D1, D2, ...Dm)
and C = (C1, C2, ...Cm) of subsets of F such that for any j, 1 ≤ j ≤ m, Cj ⊆ Dj ,
C is M-representative of D.

There are actually two, natural requirements a collection M must satisfy
in order to have any chance of building a reasonable classifier from an M-
representative set of training examples.

The first of these, called uniformity, whose formal definition will be given
shortly, basically requires that the members of M uniformly cover all regions
of the feature space where training examples are present. This is clearly an
essential requirement, for otherwise M-representative would really amount to
“representative in this region of the feature space but not in this other region”.
Trivially, since {F} uniformly covers F , if M were equal to {F}, M would be
uniform.

The second requirement, called enrichment, would not be satisfied were M
equal to {F}. Here we basically require that the different (training) classes con-
stituting the given problem not be M-indiscernible from one another. Again,
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this requirement, whose formal definition will be given shortly, is both reason-
able and essential. For if we created a problem by distributing all points in a
sufficiently complex feature space among two classes at random, and then spe-
cified training sets by random sampling, the training sets would certainly be
{F}-representative, and {F} would be uniform, but the classification problem
would (and should), by any reasonable standard, be unsolvable.

Motivated by this discussion, we now present the formal definitions:

Definition 6. For a given sequence of subsets C = (C1, C2, ...Cm) of F , M is
said to be C-uniform if for every j, 1 ≤ j ≤ m, every member q of Cj, and every
sequence x = (x1,x2, ..., xm) of real numbers such that Mx,C is nonempty,

PrM(q ∈ M |M ∈ Mx,C) = xj .

While it may not be apparent that this definition formalizes the intuitive
description of uniformity given above, in [6] we prove, mathematically, that it
does.

Now for the issue of enrichment.

Definition 7. Given a sequence C = (C1, C2, ..., Cm), the C-enrichment degree
of M (written e(C,M)) is defined to be

inf{|Pr(M |Ci) − Pr(M |Cj)| |M ∈ M, 1 ≤ i ≤ m, 1 ≤ j ≤ m}.

M is said to be C-enriched if e(C,M)> 0.

This definition clearly does formalize the intuitive description of enrichment
given above.

The Solvability Theorem We are now in a position to give the central definition
of this paper. In light of the development above, this definition is completely na-
tural, and seems to constitute the minimal condition appropriate to the concept
of solvability.

Definition 8. An m-class problem in supervised learning, presented as two fi-
nite sequences E = (E1, E2, ...Em) and T = (T1, T2, ...Tm) of classes in a finite
feature space (intuitively, the examples and the training examples, respectively),
is said to be solvable if there exists a collection M of subsets of the feature
space such that T is M-representative of E, and such that M is T-enriched and
T-uniform.

The following theorem says, in essence, that any solvable problem in super-
vised learning can actually be solved:

Theorem 1. There exists an algorithm A with the following property: given any
solvable problem, E, T, in supervised learning, if M is a collection of subsets of
the feature space such that T is M-representative of E, and if M is T-enriched
and T-uniform, then given any desired upper bound u on error rate, A will
output, within time proportional to 1/u and inversely proportional to the square
of e(T,M), a classifier whose expected error rate on E is less than u.



76 E.M. Kleinberg

The algorithm A builds classifiers by sampling, with replacement, from the
set M, and then combining the “weak classifiers” in the resulting sample. We
reduce n-class problems to n-many 2-class problems; given a training pair (T1, T2)
for any such 2-class problem, a sample S of size t produces the classifier which
assigns any given example q to class 1 if

1
t

∑

S∈S

χS(q) − Pr(S|T2)
Pr(S|T1) − Pr(S|T2) > 0.5

(where χS is the characteristic function of S). For a rigorous proof of this theo-
rem, and related results, see [5,6,7].

Let us also note that the estimate given in the statement of the theorem for
run time of the algorithm A is intentionally crude, and is provided solely for
the purpose of indicating computational feasibility. For more useful statistical
estimates, we refer the reader to [2].

4 Conclusions

Our intention in this paper was to examine, from a purely mathematical per-
spective, fundamental issues in the field of supervised learning; and to then
explore the usefulness of such a perspective in practical application. The results
we derived show a good deal of promise for the general approach, and our hope
is that as new algorithmic implementations are developed, results will improve
even further.
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Abstract. Much work has been done in the past decade to combine
decisions of multiple classifiers in order to obtain improved recognition
results. Many methodologies have been designed and implemented for
this purpose. This article considers some of the current developments ac-
cording to the structure of the combination process, and discusses some
issues involved in each structure. In addition, theoretical investigations
that have been performed in this area are also examined, and some re-
lated issues are discussed.

1 Introduction

In the domain of pattern recognition, there has been a very significant movement
during the past decade to combine the decisions of classifiers. This trend, which
had originated from empirical experimentation due to a practical need for higher
recognition performances, has developed widely in methodology and has led to
some theoretical considerations. A significant body of literature on the topic has
been produced, some of which are included in the references of this article.

In general, combination methods seem to have progressed in different direc-
tions recently. As various implementations have been attempted and reported,
some researchers have been involved with progressively specialized and task-
oriented, tailored methods for solving particular problems. At the same time,
there has been interest in the development, understanding and implementation
of formal and theoretical issues of various combination processes. This article
attempts to broadly categorize various combination structures that have been
developed and implemented, and to consider some of the theoretical issues un-
derlying these developments.

2 Categorization of Combination Methods

Combination of multiple classifiers is a fascinating problem that can be consid-
ered from many broad perspectives, and combination techniques can be grouped

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 77−86, 2000.
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and analyzed in different ways. On a theoretical level, one can consider that there
are basically two classifier combination scenarios: all classifiers use the same rep-
resentation of the input pattern, or different representations [12–15]. Examples
of the former are classifiers using the same feature set but different classification
parameters, or neural networks using the same architecture. In such cases, each
classifier can be considered to produce an estimation of the same a posteriori
class probability. However, for most combination methods reported in the liter-
ature, the classifiers make use of different representations in the form of feature
vectors or recognition methods.

In terms of implementation, categorization of combination methods can be
made by considering the combination topologies or structures employed, as de-
scribed in [23] and [24]. These topologies can be broadly classified as multiple,
conditional, hierarchical, or hybrid.

2.1 Conditional Topology

Under this structure, a primary classifier is first used. When it rejects a pattern
due to inability to give a classification, or when the classification is made with low
confidence, a secondary classifier is deployed. This structure has the advantage of
computational efficiency when the primary classifier is a fast one, as it processes
most of the easily recognizable patterns. Then the secondary classifier, which
can be more elaborate and time-consuming, is invoked only for more difficult
patterns. Examples of this strategy can be found in [2, 19, 26].

In [19], a fast tree classifier was used to classify about 80% of handwritten
numerals, while a robust but computationally demanding method of relaxation
matching was used to process the rejected samples. The same database was
processed for the structure of [26], in which a neural network is the primary
recognizer that processes most samples. When the output confidence levels in-
dicate a possible confusion between the top choices, an expert system is invoked
to resolve the conflict. This expert system makes use of a knowledge base of the
samples belonging to the conflicting classes for its decision. In [2], two classifiers
use different sets of features and the Radial Basis Function network for classifi-
cation, with one network processing the samples rejected by the other, and vice
versa. Experimental results of this last reference indicate that the performance
of the primary classifier plays a more prominent role in the combined results,
which is reasonable since the primary classifier processes most of the patterns.

For this topology, an interesting question is the following: if computational
resources required of the two classifiers is not a matter of consequence, then
should the classifier of better performance be the primary one? This is worth
considering, because while the primary classifier processes most of the patterns,
the more difficult ones are left to the other, which would imply some trade-off
between the recognition and error rates is involved in the decision for such cases.
This aspect of the problem may be worth further exploration.

When more than two classifiers are available, more configurations exist for
the conditional topology. Suppose we have three classifiers A, B, and C, with
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computational speeds in the same order, classifier A being the fastest. Then it
is possible to apply them conditionally in the following orders:

– Classifier A, then B, followed by C, with rejects of each classifier processed
by the next;

– Classifier A and B in parallel first. The samples on which they agree would
have the common class as its label, and C is used to classify the rest. The
decision of C can be further combined with those of A and B by majority
vote. Doing this would produce a more reliable combined classifier, because
agreement of two classifiers does produce lower error rates [20].

When the number of available classifiers increases, more different configura-
tions are possible, and one can also exploit the results proved in [20] that ma-
jority vote of odd numbers of classifiers produce higher recognition rates than
even numbers, while the latter would have lower error rates.

A different perspective on this structure is provided in [8], in which the dy-
namic selection of classifiers is considered. If it were possible to select a classifier
for the input pattern based on some parameters of the pattern or its extracted
features, then one can use the least expensive classifier that can achieve a de-
sired level of accuracy. However, the estimation of such parameters is not an
easy task unless a large collection of samples are derived from the same source,
in which case one may form some conclusions on the image quality. Otherwise
the dynamic selection of classifiers requires an appropriate mapping of a pattern
to a classifier, which may be more difficult than the classification task itself.

2.2 Hierarchical (Serial) Topology

Using this topology, classifiers are applied in succession, with each classifier pro-
ducing a reduced set of possible classes for each pattern, so that the individual
classifiers or experts can become increasingly focused. Through this process, a
complicated problem is progressively reduced to simpler ones. An example of
this approach is shown in [25], which presents a comprehensive discussion of the
concept, considerations, and implementations of serial combinations of multi-
ple experts, with detailed experimental results and analyses. Its implementation
involves four experts, and each expert is used to reduce the set of classes for
the next one. The experts are deployed in the order of decreasing error rates,
so that the expert with the highest error rate is applied first. The individual
and combined results on 3 databases of alphanumerics are given (two of the sets
consist of handwritten characters, while the other is machine printed). Detailed
discussions are also presented of the relation of performance to the size of the
subset of classes output by the previous expert. In particular, the experimental
results show that the performance of an expert improves when the number of
classes output by the preceding expert decreases.

This approach has also been implemented in [5], which presents a serial appli-
cation of two recognizers for the processing of the legal amount on bank cheques.
For this problem, a lexicon of about 30 words is involved. A wholistic K nearest
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neighbor classifier is used to output the top 10 classes for each word, after which
an HMM classifier is applied to the reduced lexicon.

Naturally, an important consideration must be that the true class of a pattern
must be among the subset produced by the preceding expert if the subsequent
classification is to be correct. Therefore a theoretical question must follow as to
whether there exists requirements on the performance of the experts (especially
when deployed in the reverse order according to performance) if class reduction
is to improve performance.

When individual classifiers output a ranked list of classes for each pattern,
two methods of class set reduction have been proposed by [7] to determine the
intersection of large neighborhoods and the union of small neighborhoods. These
methods have the effect of determining minimum numbers of classes that should
be passed to the next classifier if the training set is to be correctly classified.
The minimum number can then be applied in the testing process.

2.3 Hybrid Topology

Since certain recognition approaches may perform better on particular types of
patterns, this information could be used to select the recognizer(s) to run in a
multiple classifier system when certain features or parameters of the pattern have
been extracted. Such an approach is discussed in [23], in which the choice between
the application of wholistic and segmentation-based word recognizers is based
on the estimated length of the word to be processed. Longer words are classified
by the wholistic recognizer as they contain more word-shape information, while
a segmentation-based approach would be less effective on longer words due to
the need to correctly segment and recognize more characters in such cases.

Other strategies to coordinate and combine classifiers are proposed in [8]
that may be adaptive to image quality, probability of confusion between classes,
agreement of decisions by selected classifiers, or a mix of these factors. While
direct estimation of image quality is difficult, selection strategies driven by re-
liability or classifier agreement (obtained from results on a training set) can be
easily used. Using the last strategy, the sample space can be partitioned ac-
cording to the reliability of agreement among the classifiers on the training set;
based on the agreement obtained on a test pattern, an appropriate classifier (or
classifiers) can be selected to provide the identity of the pattern.

This partition of the pattern space according to classifier agreement has been
applied to one extremity in the Behavior-Knowledge Space (BKS) method [10],
where this agreement actually provides the classification. Under this method, the
training data is partitioned into cells, each cell being defined by the complete
set of classes output by the classifiers. When a test pattern is processed, the
set of classes assigned by the recognizers is determined, so the pattern can be
mapped to the appropriate cell. Then it is assigned to the class having the
highest probability of being in that cell (according to the training set). This
method requires a very fine partition of the training set into a large number of
cells ((m + 1)k cells each containing m + 2 items of information for an m-class
problem with k classifiers). Consequently, a very sizeable training set would be
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required to cover the cells to sufficient density for providing reliable statistical
data.

2.4 Multiple (Parallel) Topology

For this topology, multiple classifiers first operate in parallel to produce clas-
sifications of a pattern, after which the decisions are combined to yield a final
decision. This structure has the disadvantage that it incurs additional compu-
tational costs, since several classifiers have to be operated first, after which a
fusion operation would be performed. However, the operation of individual clas-
sifiers can run under parallel hardware architectures. In addition, the individual
operation of classifiers allows for development and introduction of new classifiers
without requiring major modifications to the fusion process.

Parallel combinations can be implemented using different strategies, and the
combination method depends on the types of information produced by the clas-
sifiers. This output information can be provided at the abstract level in the form
of a class label, as a ranked list of possible classes, or at the measurement level,
where the classifier produces a measurement value for each label.

For abstract-level classifiers, where each classifier outputs only a label, he
simplest combination method is by majority vote, which requires no prior train-
ing [4, 28, 29]. This procedure of assigning equal weights to the decision of each
recognizer can be refined by assigning weights according to the overall perfor-
mance of each classifier on the training set [21]. As a further refinement, different
weights in the form of posterior probabilities can be obtained for each class from
the confusion matrix of each classifier on the training data. These posterior
probabilities are then combined by a product rule under an assumption of inde-
pendence [30]. Of course, a product rule is particularly vulnerable to a near-zero
value in one of the terms forming the product.

For classification problems involving a large number of classes, the probability
that a classifier can correctly identify the class of each pattern tends to decrease.
For such cases, it becomes important that each classifier should produce a num-
ber of choices in the form of a ranked list of classes, because secondary choices
may include the true class of a pattern when there is no agreement on the top
choices. An example of such a problem would be word recognition with a size-
able lexicon. For such problems, rankings produced by individual classifiers can
be used to derive combined decisions by the highest rank, Borda count, logistic
regression, and dynamic classifier selection methods [7].

When classifiers return measurements for each class, more information is pro-
vided. Whether these measurements are confidence levels or distances, simple
operators such as Max, Min, Sum, Median, and Product can be used to combine
the outcomes [9, 13]. Experimental results in [9] show the Ave operator to be
the most robust against classifier peculiarities. Similarly, [13] finds that the Sum
operator outperforms the other operators mentioned above, and it shows theo-
retically that the Sum rule is most resilient to estimation errors. Other means
of combining measurements output by classifiers include the use of neural net-
works ([18, 22] for example) and fuzzy integrals [29]. The former approach uses
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the output from individual classifiers as input for a neural network, and the
latter method uses the recognition rates of the classifiers on the training set as
densities of the fuzzy measures.

3 Theoretical Issues in Classifier Combinations

Much of the work on classifier combinations has been experimental in nature.
Very specialized and domain-specific methods have also been designed. In all
these cases, using a combination of classifiers has resulted in (sometimes re-
markable) improvements in the recognition results. Alongside these empirical
developments, there has been a parallel attempt to establish theoretical frame-
works for classifier combinations. The idea of developing such foundations is
an attractive one; however, the more specially tailored methods do not lend
themselves easily to theoretical analysis. On the other hand, the simplest of
combination methods – majority vote, has yielded a significant body of results
in this direction because of the clarity of the assumptions and the possibility
of applying mathematical analysis. The theoretical foundations and behavior of
majority vote have been analyzed in [20]. In this section we will consider some
of these results, and conclude with some issues related to other combination
topologies.

3.1 Theoretical Aspects of Majority Vote

Majority vote has been a much studied subject among mathematicians and so-
cial scientists since its origin in the Condorcet Jury Theorem (CJT) [3], which
provided validity to the belief that the judgment of a group is superior to those
of individuals, provided the individuals have reasonable competence. If we as-
sume that n independent experts have the same probability p of being correct,
then the probability of the majority being correct, denoted by PC(n), can be
computed using the binomial distribution, and CJT states the following:

Theorem (CJT): Suppose n is odd and n ≥ 3. Then the following are true:
(a) If p > 0.5, then PC(n) is monotonically increasing in n and PC(n) → 1 as

n → ∞.
(b) If p < 0.5, then PC(n) is monotonically decreasing in n and PC(n) → 0 as

n → ∞.
(c) If p = 0.5, then PC(n) = 0.5 for all n.

The convergence stipulated in the CJT is actually quite rapid; for example,
when p = 0.75 (which would be much below the performance of any acceptable
classifier today) and n = 9, then PC(n) > 0.95. It is notable the CJT has
been reflected in some recent literature on the combinations of large numbers
of easily generated classifiers (described as stochastic discrimination in [16, 17],
random decision forests in [6], and “weak” classifiers in [11]). In these articles, the
emphasis is on randomly generating a large number of classifiers for combination.
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As opposed to highly specialized classifiers, the classifiers under discussion should
be computationally cheap and easy to generate by random processes.

The stochastic modeling method in [16, 17] makes use of large numbers of
weak models which are subsets of the feature space. For each input pattern
(represented as a point in the feature space) and each class, a random variable
incorporating information from the training set is defined on the set of weak
models. An input pattern would be assigned to the class having the maximum
average value of the random variable. One fundamental aspect of this method
is that it is based on random sampling from the collection of weak models; as
the number of sampled weak models increases, recognition rates also increase.
This method is resistant to the phenomenon of overtraining because the use of
simple, weak models made the process highly generalizable. When 7634 weak
models and a training set of size 4997 were used, this method was found to
outperform the nearest neighbor classifier and at many times its speed [16].

In [11], weak classifiers are linear classifiers with recognition rates slightly
higher than 0.5 on the training set, and they are generated by random selec-
tions of hyperplanes. An additional weak classifier’s performance is determined
mainly on the set of training samples incorrectly classified by the combination of
classifiers already selected, and results of combining up to 20,000 such classifiers
by majority vote have been found to be comparable to the method of [17] on the
NIST database of handwritten digits, with 4.23% error rate. While the results
may not be state-of-the-art ([27] reports recognition rates of up to 99.07% for
the NIST TD1 database, while [1] presents a 99.59% recognition rate for NIST
SD3), this article also establishes a bound for the generalization error of the
combined classifier. It establishes a polynomial rate at which the generalization
error approaches zero as the number of classifiers increases.

For the decision forests of [6], the decision trees are constructed systemati-
cally by pseudorandomly selecting subsets of components of the feature vector,
and each sample would be assigned to a terminal node by each tree. The prob-
ability that the sample belongs to a particular class ω can be estimated by the
fraction of class ω samples over all samples in the training set that are assigned
to the terminal node, and the discriminant function is defined by the average
posterior probability of each class at the leaves. For fully split trees, the decision
is equivalent to a majority vote among the classes decided by the trees. Exper-
imental results of combinations of up to 100 trees on various publicly available
datasets are given in this paper.

The research cited above are theoretically interesting because they represent
a direction diametrically opposite to the development of highly accurate and
specific classifiers. Instead, they rely mainly on the power of numbers as stipu-
lated in the CJT rather than on the performance of individual classifiers. The
classifiers can be easily generated, and the combined results are within accept-
able bounds; however, space and time complexities should be considerations for
this approach.

For combinations of small numbers of classifiers by majority vote, another
factor that merits attention would be the trade-off between recognition and error
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rates. It has been proved theoretically [20] that combinations of even numbers
of experts would produce both lower correct and error rates (and higher reject
rates) than combinations of odd numbers of experts. Adding one classifier to an
even number would increase both the recognition and error rates, while adding
this to an odd number would decrease both rates. This is true regardless of
whether the experts are independent or not. With the assumption of indepen-
dence, it has also been proved that addition of two experts to an even number
would increase the recognition rate, while the change in the error rate would
depend on the performance of the individual experts; on the other hand, the
addition of two experts to an odd number would tend to reduce the error rate.
Other strategies such as doubling the vote of the best expert while eliminat-
ing the weakest one are also considered in the paper cited. The conclusions are
theoretically proved to depend on the familiar notion of the odds ratio, and the
conclusions have also been seen in experimental results, even when independence
of classifiers cannot be guaranteed.

3.2 Independence of Classifiers

In combining classifiers, several terms have often been mentioned as being desir-
able qualities in classifiers to be combined; among these are orthogonality, com-
plementarity, and independence. Orthogonality is used to denote classifiers’ ten-
dency to make different decisions. Since classifiers may have different strengths
and weaknesses, combining them is assumed to have a compensatory or com-
plementary effect. However, it must be admitted that these terms lack precise
definitions and means of measurement.

Independence is better understood, because of its frequent use in probability
theory, and the assumption of independence among the classifiers has allowed
for theoretical analysis of the behavior of their combinations. For example, [15]
establishes that when multiple experts using different representations, the calcu-
lation of the a posteriori probability for the combined decision can be simplified
with certain assumptions to derive some commonly used methods of classifier
combination. The Product and Min rules can be obtained by assuming the clas-
sifiers to be conditionally statistically independent. The Sum, Max, Median and
Majority Vote rules can follow from the additional assumption that the a pos-
teriori probabilities computed by the respective classifiers will not deviate sig-
nificantly from the prior probabilities. While these assumptions may appear to
be strong (especially the latter one), the resulting rules are often used, and
have been found to be effective in improving classification results, as has been
mentioned in this article.

In general, the qualities of orthogonality, complementarity, and independence
need to be better understood, and means to quantify them to be devised. Since
the significance of these qualities may depend on the combination methods used,
perhaps these could be studied in conjunction with combination methods. (In
[9], orthogonality of errors between pairs of classifiers has been found to be a
poor predictor of pairwise accuracy for the combination methods used, which is
a rather striking conclusion).
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4 Concluding Remarks

Combination of classifiers is a rich research area that can be considered from
many different perspectives, as it encompasses the areas of feature extraction,
classifier methodologies, and the fusion process. In this article, the current trends
in classifier combinations have been categorized and considered according to the
topologies employed, and some issues related to the various methods have been
discussed. It is clear that a profusion of work has been done in this area to de-
velop highly specialized systems for practical applications, using many different
methods. At the same time, there is a need for this work to be examined by
analysis based on sound foundations. Some work has already been done in this
direction, and it is hoped that further investigations can be initiated.
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Some Results on Weakly Accurate Base Learners
for Boosting Regression and Classification

Wenxin Jiang

Northwestern University, Evanston, IL 60208, USA

Abstract. One basic property of the boosting algorithm is its ability
to reduce the training error, subject to the critical assumption that the
base learners generate ‘weak’ (or more appropriately, ‘weakly accurate’)
hypotheses that are better that random guessing. We exploit analogies
between regression and classification to give a characterization on what
base learners generate weak hypotheses, by introducing a geometric con-
cept called the angular span for the base hypothesis space. The exponen-
tial convergence rates of boosting algorithms are shown to be bounded
below by essentially the angular spans. Sufficient conditions for nonzero
angular span are also given and validated for a wide class of regression
and classification systems.

1 Introduction

Boosting, as a very useful tool for constructing multiple classifier systems, has
become increasingly popular during the past decade [Schapire (1990), Freund
and Schapire (1997)]. One basic theoretical property of boosting is its ability to
reduce the training error, or roughly speaking that it boosts a weak learner to
be strong. How this works is relatively well understood, subject to the major
assumption of a weak base learner, that the hypotheses generated by the base
learner in boosting are ‘weak’, or are capable of beating a random guesser for a
finite amount [see Schapire (1999)].

Our goal is to investigate this assumption based on an analogy of boosting in
least squares regression. We will see that the weak learner assumption does not
always hold, and that it does hold for a large class of base hypothesis spaces. For
this purpose we introduce a geometric concept called the angular span for the
base hypothesis space. We show that the weak learner is implied by a nonzero
angular span, which also gives a bound on the exponential convergence rate of
boosting. This concept is later adapted to the case of classification where the
boosting method originated, and provides a similar characterization of the weak
learner. In this formalism we also provide primitive conditions and examples of
the base hypothesis space that accommodates a weak learner, for both regression
and classification.

It is noted that, for classification problems, the conditions under which a
weak edge needed by boosting algorithms can always be achieved were explo-
red by Freund (1995), as well as Goldmann, Hastad and Razborov (1992). See
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also Freund and Schapire (1996) and especially Breiman (1997a,b). As a referee
pointed out, the difference between these works and the current paper is that
in these other works, the infemum in the definition of the classification angular
span (Section 4) would not be taken over the example labels. Instead these labels
would be fixed. It may be more natural for the labels to be fixed rather than
part of the infemum since a boosting algorithm is not permitted to change the
example labels. A disadvantage of guarding against all possible labels is that the
resulting bound on the convergence rate may be too pessimistic as compared to
the actual performance on a particular data set. For example, in the formalism
of the current paper, the angular span typically decreases towards zero as the
size of the data set increases. The current approach, however, guards against the
worst possible data sets, and enables one to relate the assumption of weak hy-
potheses directly to the richness of the base hypothesis space. Such a treatment
also provides an analogous characterization in the case of regression boosting.

The ideas in this paper are related to other work in this area. In particular,
we benefited much from Schapire (1999) for the idea of achieving strong learners
by recursive applications of weak learners; from Friedman, Hastie and Tibshirani
(1999) for the idea of considering boosting as sequential regression; from Mason,
Baxter, Bartlett and Frean (1999) for the idea of considering inner product
spaces with general cost functions; and from Breiman (1998) who pointed out
the limitation of the original formulation of weak PAC-learnability in the context
of learning with noisy data.

Below we first provide a description of the set-up of statistical learning with
noisy data, and define some relevant concepts and useful results. Then we con-
sider the set-up of boosting or sequential learning, and provide a survey of the
main results, from regression to classification. For convenience, we will formu-
late everything for predictors valued in [0, 1], although everything can be easily
extended to more general domains that may be multi-dimensional. More details
and proofs are contained in an unpublished technical report (Jiang 2000).

2 Some Useful Concepts

In statistical learning, we are faced with an observed data set (Xi, Yi)n1 , where
Xn
1 are predictors, which can either be fixed or random, and are valued in [0, 1],

take m(≤ n) distinct values {xm1 } with multiplicity {νm1 } ∈ {1, 2, 3, . . .}m. The
locations of these m distinct values are called the design points, with the name
borrowed from the context of fixed-predictor regression. We allow the responses
Y n
1 to be random for potential noises of the data. Sometimes we relabel (Yi)n1 to

have two indices as (Yjk)
m,νj

1,1 or {Yk(xj)}νj ,m
1,1 , to highlight the x-locations. It is

noted that in the machine learning literature the Yi’s are usually fixed and the
Xi’s are random with no multiplicity; while in statistics the Yi’s are invariably
random, and the Xi’s can be sometimes fixed and chosen by the researcher who
collects the data. In this case, as well as in the case of random but discrete Xi’s,
the concept of multiplicity is useful. We call n and m respectively the sample
size and the number of design points. The Yi’s are real for regression problems
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and are {0, 1} valued in the classification problem, where a useful transform
Zi = 2Yi − 1 valued in {−1,+1} is often used.

In learning, we usually have a hypothesis space of real regression functions Hr

or a hypothesis space of {±1} valued classification functions Hc to fit the data.
A hypothesis space called the base hypothesis space or base system Hr,c can
be made more complex by linear combinations of t members as the t-combined
system or t-combined hypothesis space denoted as lint(Hr,c). Formally, lint(H) =
{∑t

1 αsfs : (αs, fs) ∈ �×H}. A regression space Hr is said to induce a classifier
space Hc, if Hc = sgn(Hr) = {sgn(f) : f ∈ Hr}.

We now introduce a concept for describing the capacity or powerfulness of
a hypothesis space Hr, called the angular span or a-span. [Its relations to some
(‘smaller’) analogs of the VC dimension and the pseudo-dimension are investiga-
ted in Jiang (1999).] We first define the angular span for a general set of vectors
A in an inner product space with inner product ( , )norm and squared norm
||v||2 = (v, v)norm, which is denoted as

asp(A; norm) = inf
ε�=0

sup
v∈A

(ε/||ε||, v/||v||)2norm,

and is a quantity valued in [0, 1]. The smaller this quantity, the less well distribu-
ted the vectors in A. If A spans the vector space then the asp is nonzero. We later
will see that the nonzeroness of the a-span is crucial for validating the weak lear-
ner assumption for regression problems, and will define a similar quantity for the
classification problems. Now consider a regression hypothesis space Hr, and an
inner product space associated with a set of distinct points xm1 with multiplicity
νm1 , with the inner product defined by (f, g)xm

1 ,νm
1

=
∑m

1 νjf(xj)g(xj)/
∑m

1 νj
for f, g ∈ Hr. The regression a-span for Hr with this particular norm is now
defined as

asp(Hr; xm1 , νm1 ) = inf
ε∈�m, ||ε||=1

sup
f∈Hr

(ε, f/||f ||)2xm
1 ,νm

1
,

with the obvious extension of the inner product acting on any two m-vectors
am1 and bm1 : (a, b)xm

1 ,νm
1

=
∑m

1 νjajbj/
∑m

1 νj , such that for a function f the
corresponding m-vector is fm1 = f(xj)m1 . By definition the regression a-span has
the following monotone properties with respect to the hypothesis space and with
respect to the number of design points:
(i). Hr ⊂ H′

r implies that asp(Hr; xm1 , νm1 ) ≤ asp(H′
r; xm1 , νm1 );

(ii). asp(Hr; xm+1
1 , νm+1

1 ) ≤ asp(Hr; xm1 , νm1 ).
Some examples of the regression a-span are given below, for the case without

multiplicity (νm1 = 1m1 ).

1. If the hypothesis is the (p− 1)th order regression H = {∑p−1
0 akx

k : ap−1
0 ∈

�p}, then asp(H; xm1 , 1m1 ) = I{m ≤ p}. (I.e., asp=1 if m ≤ p and 0 if
m > p.)

2. If the hypothesis contains m orthonormal basis vectors on xm1 , i.e.,
H = {φk(·)m1 : [φk(xj)]

m,m
1,1 is an orthogonal matrix}, then asp = 1/m. This

is because, in this case, the asp is the squared cosine of the angle between
the major diagonal of an m-dimensional cube and any of its edges.
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3. If H = {xk : k = 0, . . . ,m} then 0 < asp ≤ 1/m.
4. If H = {cos(ax) : a ∈ �}, m = 2 and xm1 = (0, 1), then the asp is cos2(π/4)

or 0.5.
5. If H = {sin(ax) : a ∈ �}, m = 2 and xm1 = (0, 1), then the asp is zero.

The following two lemmas relate the condition of nonzero a-span to more pri-
mitive conditions that are easy to validate. The first lemma was proved from the
definition of a-span, and the second by constructing a sequence of m functions,
which, when evaluated at the design points, produce a sequence of matrices with
a nonzero limiting determinant.

Lemma 1 If, for any set of distinct design points xm1 , we can find m functions
fm1 from a hypothesis space Hr which produces a nonsingular matrix [fk(xj)]

m,m
1,1 ,

then we have asp(Hr; xm1 , νm1 ) > 0 for all possible multiplicities νm1 .

Lemma 2 Suppose the closure of Hr contains the set of all sign functions. More
formally, suppose Hr contains, for any real number a, a sequence of functions
{f (i),a}∞

i=1 such that f (i),a converges to the function sgn(x − a) at all points
x 
=a. Then, for any set of distinct design points xm1 , we can find m functions
fm1 from Hr or m functions fm1 from sgn(Hr) which produce a nonsingular
matrix [fk(xj)]

m,m
1,1 .

Remark 1 The condition of this last lemma is satisfied by many base hypothesis
spaces. They include all base systems that contain a family of ‘shifted’ cumulative
distributing functions (cdf) {2F{(·−µ)/σ}−1 : σ > 0, µ ∈ �}. Examples include
the case when F is the logistic cdf, when the q-combined system is the usual
neural nets with q (tanh) nodes; the case when F is the normal cdf; the threshold
base system with a Heaviside cdf; the base system of mixtures of two experts
[Jacobs, Jordan, Nowlan and Hinton (1991)]; and any more complicated base
systems that include these base systems as submodels — for example the base
system of a neural net, or the base system of a CART tree. By the consequences
of the previous lemmas and the later ones, we see that all these base systems
accommodate weak learners that can be boosted to be ‘strong’ at a nonzero
exponential rate, which is related to the nonzeroness of the angular span of
these base systems.

Now we describe the set up for boosting the least squares regression sequen-
tially.

3 Boosting Regression Base Learners

The least squares cost function for f in a regression hypothesis space Hr, with
respect to a data set (Xi, Yi)n1 , is decomposable into two parts, one does not
depend on f and the other does:

n−1
n∑
i=1

{Yi − f(Xi)}2 =
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n−1
νj∑
k=1

{Yk(xj) − YB(xj)}2 +
m∑
j=1

(
νj∑m
k=1 νk

)
{YB(xj) − f(xj)}2,

where YB(xj) = ν−1
j

∑νj

k=1 Yk(xj), the sample average at the design point xj . We
use subscript B since it is analogous to the optimal Bayes solution in the clas-
sification context. It is then obvious that the least squares approach effectively
minimizes the second part, which is called the reducible error, and conveniently
written as ||YB−f ||2xm

1 ,νm
1

— we will suppress the subscripts of the norm or inner
product here.

We now consider a hypothesis space Hr to be the base hypothesis space,
and first build onto it by attaching a coefficient: αf ∈ � × Hr, and then later
sequentially adding up such terms to form

∑t
1 αsfs ∈ lint(Hr). A base learner or

base learning algorithm is defined to be an algorithm which is capable of mapping
any ‘compressed’ data [such as YB(xj)m1 ] to � × Hr, which can be written as
α̂f̂ : �m �→ � ×Hr. When the fit is obtained by the least squares procedure,
it is typically assumed that α̂f̂ = argminαf∈�×Hr ||YB − αf ||2 achieves the
infemum of the objective function. We slightly relax this assumption and allow
an approximate fit, by introducing a concept called the tolerance (level) of α̂f̂ ,
denoted as

tol(α̂f̂) = sup
ε∈�m, ε�=0

(||ε − α̂f̂ε||2/||ε||2 − inf
αf∈�×Hr

||ε − αf ||2/||ε||2).

(This tolerance level is relative to the best cost function achievable in �×Hr; the
smaller the tolerance the higher the precision. The typical approaches assume
tol = 0 and that the minimizations are fully completed.)

Now we introduce the concept of weak learner similar to Schapire (1999). A
base learner α̂f̂ is δ-weak (δ > 0), with respect to the set of design points xm1
with multiplicities νm1 , if

sup
ε∈�m, ε�=0

||ε − α̂f̂ε||2/||ε||2 ≤ 1 − δ.

Our definition of weak learner differs slightly from that of Schapire in that we
restrict the base learner to handle a specific set of xm1 and νm1 . This is sufficient for
us later to prove the strong learner result. A strong learner related to a hypothesis
space Hr is here defined to be a sequence of learners F̂t : �m �→ Hr, t = 1, 2, . . .,
such that limt→∞ supε∈�m, ε�=0||ε−(F̂t)ε||2/||ε||2 = 0. (We sometimes also use F̂t

to denote the hypothesis in Hr that is chosen by the learning algorithm, which
should be clear from the context.)

The following sequential algorithm, from Friedman (1999), is an analog to
the boosting in the regression context, and we will show that it provides a strong
learner given that the weak learner assumption holds.

Algorithm Boost.Reg:
1. Let F̂0 = 0.
2. For all t = 1, 2, . . . :
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a. Let α̂tf̂t = α̂f̂ |εt−1 be a base hypothesis chosen by a base learner mini-
mizing a cost function ||εt−1−αf ||2 over �×Hr, with perhaps a nonzero
tolerance, where εt−1 = YB − F̂t−1.

b. Let F̂t = F̂t−1 + α̂tf̂t.

The following lemma is similar to Schapire (1999) and says that the assump-
tion of weak base learner implies a strong combined learner, with an exponential
convergence rate.

Lemma 3 If the base learner α̂f̂ used in Step 2a of Boost.Reg is δ-weak, then
for any nonzero YB, ||YB − F̂t||2/||YB ||2 ≤ (1 − δ)t ≤ e−δt.

The next lemma says that if the angular span of the base hypothesis space
is nonzero, then it is always possible to make the weak learner assumption hold,
by using a base learning algorithm that is precise enough in minimizing the least
squares objective function.

Lemma 4 Suppose asp(Hr) > tol(α̂f̂) ≥ 0. Then α̂f̂ : �m �→ � ×Hr is δ-weak
with δ = asp(Hr) − tol(α̂f̂) > 0.

In fact the critical condition of a nonzero a-span for the base system is in
some sense also necessary for weak learners to exist.

Proposition 1 Consider any specified set of design points xm1 with multiplicities
νm1 . A base learner α̂f̂ valued in � × Hr can be made δ-weak for some positive
δ, by using a sufficiently small tolerance, if and only the base hypothesis space
Hr has a nonzero a-span.

These results were proved by applying the definitions of the a-span and the
tolerance.

Remark 2 a. The critical condition asp(Hr) > 0, and consequently the weak
learner assumption, does not always hold. A trivial example is that the linear
regression base system for 3 design points has zero a-span. However, more
primitive conditions given in the previous section show that a large class of
base systems do have nonzero a-spans.

b. It may not be reasonable to define a δ-weak learner uniformly for arbitrary
number of design points, since our previous examples show that the a-spans
of the base hypothesis spaces often decrease towards zero as m increases.

These lemmas immediately lead to the following proposition:

Proposition 2 Suppose the base hypothesis space Hr and the base learning al-
gorithm α̂f̂ satisfies asp(Hr) > tol(α̂f̂) ≥ 0. Then the reducible training error
||YB − F̂t||2 of the sequential hypothesis F̂t in lint(Hr) obtained from Boost.Reg
satisfies, for all t,

||YB − F̂t||2 ≤ ||YB ||2 exp[−t{asp(Hr) − tol(α̂f̂)}].
This result was used in Jiang (1999) to partially understand the overfitting

behavior of Boost.Reg, in the large time (t) limit.
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4 Angular Span for Classification

The response Yi’s are {0, 1} valued in the classification problem, where a useful
transform Zi = 2Yi − 1 valued in {−1,+1} is often used. A hypothesis space Hc

is a set of functions f : [0, 1] �→ {±1}. It can often be induced by a regression
space Hr by Hc = sgn(Hr). For measuring the capacity of Hc, we define the
classification angular span related to a set of design points xm1 (it does not
depend on the multiplicities). Denoting Pm = {wm

1 : wj ≥ 0,
∑m

1 wj = 1}, we
define

aspc(Hc;xm1 ) = inf
wm

1 ∈Pm,zm
1 ∈{±1}m

sup
f∈Hc

∣∣∣∣∣∣
m∑
j=1

wjzjf(xj)

∣∣∣∣∣∣ .
This quantity obviously lies in [0, 1], as the regression a-span. It also has similar
monotone properties: (i). Hc ⊂ H′

c implies that aspc(Hc;xm1 ) ≤ aspc(H′
c;x

m
1 );

(ii). aspc(Hc;xm+1
1 ) ≤ aspc(Hc;xm1 ). On the other hand, unlike the regression

a-span, the classification a-span no longer has the ‘angular’ interpretation.
Some simple examples are:

6. For the hypothesis space of delta-functions [Schapire et al. (1998)] Hc =
{s · δa : s ∈ {±1}, a ∈ �}, where δa(x) = 2I{x = a} − 1, we have
3/m ≥ aspc(Hc) ≥ 1/m for any set of m design points;

7. For the hypothesis space of threshold-functions Hc = {s · sgna : s ∈
{±1}, a ∈ �}, where sgna(x) = 2I{x ≥ a} − 1, we have 2/m ≥ aspc(Hc) ≥
1/m for any set of m design points.

8. Suppose xm1 = {0, 1}, Hc = {sgn[cos{a(x−1/2)}] : a ∈ �}. Then aspc(Hc) =
0, which is easily proved by applying the definition and taking
wm
1 = {1/2, 1/2} and zm1 = {−1, 1}.

The following lemma has been useful for obtaining upper bounds for the
classification a-span, which follows again from the definition.

Lemma 5 (Sign Change.) Suppose all the hypotheses in Hc change signs K
times or less. More formally, let Kf be the number of connected components of
the positive support {x : f(x) = 1}, plus the number of connected components
of the negative support {x : f(x) = −1}, and suppose that supf∈Hc

Kf ≤ K.
Then we have aspc(Hc : xm1 ) ≤ K/m for any set of (distinct) design points xm1 .

Sufficient conditions for aspc > 0 are summarized in the following lemmas
which are analogous to the ones in the regression case.

Lemma 6 Suppose Hc = sgn(Hr) and there exist fm1 ∈ Hr such that the matrix
[fk(xj)]

m,m
1,1 is non-singular, then aspc(Hc; xm1 ) > 0.

By Lemma 2, we therefore also have

Proposition 3 Hc = sgn(Hr) and Hr can approximate any sign function (see
Lemma 2) imply that aspc(Hc; xm1 ) > 0 for any set of (distinct) design points
xm1 .
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(That is, the classification a-span is nonzero if the base classifier space Hc is
induced by a regression space Hr which can approximate any sign function.)

Now we show that, like the regression case, a nonzero a-span of the classifi-
cation base system Hc implies that the (reducible) training error can be made
arbitrarily small by applying the base learners sequentially, and that the usual
assumption of weak learner is reasonable. We now introduce the set-up.

5 Boosting Classification Base Learners

Let S = (Xi, Yi)n1 (Yi ∈ {0, 1}) be the observed data, with a set of design
points xm1 and multiplicities νm1 . Let Ypred(·) ∈ Hc be a prediction based on the
observed data, also taking values from {0, 1}. Then the training error can be
conveniently denoted as PS{Y 
=Ypred(X)} where (X,Y ) is a pair of random
variables following the sample distribution of the observed data S. Like the
training error in the regression case, the training error also contains a reducible
part and a part that is not reducible. Denote YB(·) to be any {0, 1}-valued
function such that YB(xj) = I{ν−1

j

∑νj

k=1 Yk(xj) ≥ 1/2} (the majority prediction
or the Bayes prediction). Specifically, we have

PS{Y 
=YB(X)} ≤ PS{Y 
=Ypred(X)}
≤ PS{Y 
=YB(X)} + PS{Ypred(X) 
=YB(X)}.

The second part is the reducible training error: PS{Ypred(X) 
=YB(X)} =∑m
j=1 πjI{Ypred(xj) 
=YB(xj)} where πj = νj/

∑m
k=1 νk.

Suppose the corresponding sign-valued prediction Zpred = 2Ypred − 1 is in-
duced by a real hypothesis: Zpred = sgn ◦ F for some F ∈ Hr, and denote
ZB = 2YB − 1. Then we have the following inequality

PS{Ypred(X) 
=YB(X)} ≤ D(F ) ≡
m∑
j=1

πje
−F (xj)ZB(xj).

This upper bound D(F ) is the cost function used by boosting. The hypothesis
space Hr of the F ’s is the space of linear combinations of t base hypotheses:
Hr = lint(Hc) at round t. Put in a form that is parallel to the Boost.Reg
algorithm, the boosting algorithm of classification, Boost.Cl, is the following:

Algorithm Boost.Cl:
1. Set F̂0 = 0, Ypred,0 = (1 + sgn ◦ F̂0)/2.
2. For t = 1, 2, . . . :

a. Find some (α, f) = (α̂t, f̂t) ∈ � × Hc which exactly or approximately
minimizes D(F̂t−1 + αf)/D(F̂t−1).

b. Set F̂t = F̂t−1 + α̂tf̂t, Ypred,t = (1 + sgn ◦ F̂t)/2.

Proposition 4 Suppose that tol2 is a nonnegative number such that

{D(F̂t−1 + α̂tf̂t)/D(F̂t−1)}2 − inf
(α,f)∈�×Hc

{D(F̂t−1 + αf)/D(F̂t−1)}2 ≤ tol2



Weakly Accurate Base Learners for Boosting Regression and Classification 95

for all t in Step 2a of Boost.Cl. Suppose asp2 = {aspc(Hc)}2. Then we have, for
all t, the following bound for the reducible training error:

PS{Ypred,t(X) 
=YB(X)} ≤ (1 − asp2 + tol2)t/2 ≤ e−t(asp2−tol2)/2.

The proof is similar to the classical derivation of AdaBoost [such as in Scha-
pire (1999)].

Remark 3 It is noted that in the original AdaBoost, the Step 2a of Boost.Cl
first performs a complete minimization with respect to α. In this context 2a is
reduced to maximizing (ε̂t−1/2)2 where ε̂ =

∑m
j=1 w

(t)
j I{ZB(xj) 
=̂ft(xj)}. The

δ-weak learner approach assumes that |ε̂t − 1/2| ≥ δ for all t for some positive
δ. Our approach shows that this quantity δ can be taken as (1/2)

√
asp2 − tol2,

and can be made positive if the angular span of the base hypothesis space is
nonzero, by achieving a relatively precise optimization in Step 2a. A ‘necessary
and sufficient’ result relating the notion of weak learner and a nonzero a-span is
also available (Jiang 2000), similar to Proposition 1 in the regression case. Even
if the a-span is not always nonzero (see Example 8), the previous lemmas show
that many common base hypothesis spaces Hc do have nonzero a-span; namely
when Hc = sgn(Hr) and Hr can approximate the family of sign functions. This
to a large extent validates the usual assumption that the base learner generates
weak hypotheses in boosting so that the training error decreases exponentially
fast [see Schapire (1999)].

6 Conclusions

This paper investigates some theoretical properties of a regression boosting al-
gorithm [Friedman (1999), Friedman et al. (1999)] and shows that it has similar
properties to classification boosting. The concepts and methodology used in
that context, by analogy, turn out to also be applicable to the original boosting
methods for classification, which allow us to further our understanding of the
well-known weak learner assumption. This approach also provides bounds of pre-
dictive error that are tight in the limit of large time (the rounds of boosting),
for fixed or discrete random predictors in Jiang (1999).
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Abstract. We studied several measures of the complexity of classifica-
tion problems and related them to the comparative advantages of two
methods for creating multiple classifier systems. Using decision trees as
prototypical classifiers and bootstrapping and subspace projection as
classifier generation methods, we studied a collection of 437 two-class pro-
blems from public databases. We observed strong correlations between
classifier accuracies, a measure of class boundary length, and a measure
of class manifold thickness. Also, the bootstrapping method appears to
be better when subsamples yield more variable boundary measures and
the subspace method excels when many features contribute evenly to the
discrimination.

1 Introduction

Since the early 1990’s many methods have been developed for classifier combi-
nation. These methods are results of two parallel lines of study: (1) assume a
given, fixed set of carefully designed and highly specialized classifiers, attempt
to find an optimal combination of their decisions; and (2) assume a fixed decision
combination function, generate a set of mutually complementary, generic classi-
fiers that can be combined to achieve optimal accuracy. We refer to combination
strategies of the first kind as decision optimization methods and the second kind
as coverage optimization methods.

Theoretical claims of optimality for single or combined classifiers are often
dependent on an assumption of infinite sample size. In practice, limits in training
data often mean that models and heuristics are needed to generalize decisions to
unseen samples. Practical systems use specialized classifiers to include domain-
specific heuristics in different ways, and their cooperation is thus desirable to
provide a more balanced coverage of the domain. Such a balance is explicitly
sought after in coverage optimization methods, though a heuristic choice is still
needed to specify a family of component classifiers, such as specific kinds of
kernels or trees. In either case, sparse training samples and the biases of the
heuristics often leave the optimality goals unfulfilled.

Just like with a single classifier, when a combined system performs at subop-
timal accuracy, the reasons are often unclear. Theoretically[4] and empirically,
there is a general understanding that different types of data require different
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kinds of classifiers. Similar arguments can be made for combined systems. Ho-
wever, we believe that it is possible and desirable to make more explicit the
nature of such a dependency on data characteristics. A recent attempt is a step
in this direction [20].

Deeper investigation of methods for creating multiple classifiers and their
behavior points back to many fundamental questions in pattern recognition.
Competence of classifiers is closely related to the sufficiency of the chosen features
and metrics for separating the classes. Generalization ability and independence
of classifiers also closely resemble similar properties of individual features. This
suggests that studies of behavior of combined classifiers will benefit from a better
understanding of the nature of difficulties of a recognition problem. In this paper
we attempt to characterize such difficulties and their effects on classifier behavior.

2 Sources of Error of a Classification Problem

We begin with a brief analysis of the sources of error of a classification problem.
We isolate these sources for convenience of discussion, though we understand
that real world problems often include difficulties from more than one sources.
For simplicity we assume that each problem is on discrimination of two classes.
Multiclass problems are reduced to dichotomies, and we note that it is not tri-
vial to recombine such pairwise decisions to a final decision. We assume that a
problem is defined with a given set of samples described as points in a vector
(feature) space, and each point is labeled with a class from a given set.
Class ambiguity. Some problems are known to have nonzero Bayes error
[9]. That is, samples of two different classes may have identical feature values.
This can happen regardless of the shape of the class boundary and feature space
dimensionality. While certain problems may be intrinsically ambiguous, others
may be so because of poor feature selection. The ambiguity is intrinsic if the
given features are complete for reconstruction of the patterns. Otherwise, it is
possible that the ambiguity can be removed by redefining the features. The Bayes
error is a measure of difficulty in this aspect and it sets a lower bound on the
achievable error rate.
Imperfectly modeled boundary complexity. Some problems have a long,
geometrically or topologically complicated (Bayes) optimal decision boundary.
These problems are complex by Kolmogorov’s notion (the boundary needs a long
description or a long algorithm to reproduce, possibly including an enumeration
of all points of each class) [14]. An example is a set of randomly located points
arbitrarily labeled as one of two classes. Classifiers need to have a matching
capacity to model the boundary, otherwise error will occur. This is independent
of sampling density, class ambiguity, and feature space dimensionality.
Small sample effect and feature space dimensionality. The danger
of having a small training set is that it may not reflect the full complexity
of the underlying problem, so from the available samples the problem appears
deceptively simple. This happens easily in a high dimensional space where the
class boundary can vary with a larger degree of freedom. The representativeness
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of a training set is related to the generalization ability of classifiers, which is a
focus of study in Vapnik’s statistical learning theory [22] and is also discussed
in Kleinberg’s arguments on M-representativeness [12], Berlind’s hierarchy of
indiscernibility [2], and Raudys’ and Jain’s practical considerations [18]. It is
also discussed in many studies of error rate estimation [6] [11] [21].

Imperfect accuracy of classifiers may be due to a combination of these rea-
sons. Attempts to improve classifiers have to deal with each of them in some
way. Among these, class ambiguity is either a nature of the problem or requires
additional discriminatory features, and little can be done using classifiers after
feature extraction. On the other hand, most classifiers are designed with the
goal of finding a good decision boundary. So in this paper we will focus on the
boundary complexity. Our discussion is to be qualified in the context of statisti-
cal estimation, as sample size constrains what can be learned about either class
ambiguity or boundary complexity of a given problem.

3 Measures of Problem Complexity

Practical classification problems involve geometrical characteristics of the classes
in the feature space coupled with probabilistic events in the sampling processes.
Some theoretical studies focus on distribution-free or purely combinatorical ar-
guments without taking into account the geometrical aspects of the problems.
This may lead to unnecessarily weak results. Most classifier designs are based
on simple geometrical heuristics such as proximity, convexity, and globally or lo-
cally linear boundaries. We believe that such elementary geometrical properties
of the data distributions are of central importance in pattern recognition, so we
emphasize these in this study.

We consider a number of measures proposed in the literature for characte-
rizing geometrical complexity. These measures give empirical estimates of the
apparent complexity of a problem, which may or may not be close to the true
complexity depending on the sparsity of training data.

Certain practical problems possess a structure or regularity so that there
exists a transformation with which samples can be mapped to a new space where
class discrimination becomes easier. The existence of such a transformation is
not always obvious for an arbitrary problem (i.e., Kolmogorov complexity is
not effectively computable[15]), so our discussion of problem complexity will be
simplified by refering to a fixed, given feature space.

Length of Class Boundary

To measure the length of the boundary between two classes, we consider
a method proposed by Friedman and Rafsky [5]. Given a metric, a minimum
spanning tree (MST) is constructed that connects all sample points regardless
of class. Thus some edges will connect points belonging to two different classes.
The length of boundary is then given as a count of such edges (Figure 1(a)).
With n points there are n − 1 edges in the MST, so the count can be simply
normalized as a percentage of n.
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This measure is sensitive to both the separability of the classes and the
clustering properties of the points of each class. A linearly separable problem
with wide margins (relative to the intra-class distances) may have only one edge
going across the classes. But another linearly separable problem may have many
such edges if the points of the same class happen to be farther apart than they are
from those of the other class. On the other hand, a problem with a complicated
nonlinear class boundary may still have only one boundary-crossing edge as long
as the points are dense and close within each class.

Space Covering by ε-Neighborhoods

The local clustering properties of a point set can be described by an ε-
neighborhood pretopology [13]. Here we consider a reflexive and symmetrical
binary relation R of two points x and y in a set F . R is defined by xRy ⇔
d(x, y) < ε, where d(x, y) is a given metric and ε is a given nonzero constant.
Define Γ (x) = {y ∈ F |yRx} to be the ε − neighborhood of x, an adherence
mapping ad from the power set P(F ) to P(F ) is such that




ad(φ) = φ
ad({x}) = {x} ∪ Γ (x)
ad(A) =

⋃
x∈A ad({x}) ∀A ⊆ F.

Adherence subsets can be grown from a singleton {x}: {x} = ad0({x}),
ad({x}) = ad1({x}), ..., ad(adn({x})) = adn+1({x}), where j is called the ad-
hesion order in adj({x}). From a point of each class one can grow successive
adherence subsets to the highest order n such that adn({x}) includes only points
of the same class but adn+1({x}) includes points of other classes.

We keep for each point only the highest order n adherence subset such that
all elements of adn({x}) are within the class of x, and eliminate any adherence
subsets that are strictly included in others. Using the ε-neighborhoods with
Euclidean distance as d, each retained adherence subset associated with a point
is the largest hypersphere that contains it and no points from other classes, in
units of the chosen ε (Figure 1(b)). In our experiments we used ε = 0.55δ
where δ is the distance between two closest points of opposite classes. We chose
0.55 arbitrarily just so that it is larger than 0.5 and the lowest adhesion order
is always zero, occurring at the points closest to the class boundary.

A list of such ε-neighborhoods needed to cover the two classes is a composite
description of the shape of the classes. The count and order of the retained adhe-
rence subsets show the extent to which the points are clustered in hyperspheres
or distributed in thinner structures. In a problem where each point is closer to
points of the other class than points of its own class, each adherence subset is
retained and is of a low order. We normalize the count by the total number of
points.

Feature Efficiency

With a high dimensional problem we are concerned about how the discrimi-
natory information is distributed across the features. Here we consider a measure
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Fig. 1. (a) A minimum spanning tree where the thicker edges connect two classes. (b)
Retained adherence subsets for two classes near the boundary.

of efficiency of individual features that describes how much each feature contri-
butes to the separation of the two classes [10].

We consider a local continuity heuristic such that all points of the same class
may have values of each feature falling between the maximum and minimum of
that class. If there is an overlap in the feature values of two classes, we consider
the classes ambiguous in that region along that dimension. Given that, a problem
is easy (i.e. linearly separable) if there exists one feature dimension where the
ranges of values spanned by each class do not overlap. For other problems that
are globally unambiguous, one may progressively remove the ambiguity between
the two classes by separating only those points that lie outside the overlapping
region in each chosen dimension.

We define the individual feature efficiency to be the fraction of all remaining
points separable by that feature. Maximum feature efficiency is the maximum
individual feature efficiency computed using the entire point set. In this proce-
dure we consider only separating hyperplanes perpendicular to the feature axes,
i.e., joint effects of the features are not accounted for.

4 Classifiers and Their Combination

Accuracies of decision optimization methods are limited by the given set of
classifiers, which makes it difficult to discuss the effects of data characteristics
on their behavior. Therefore we focus our study on the coverage optimization
methods. Two typical methods of this category construct a collection of classifiers
systematically by varying either the training samples or the features used. These
are respectively represented by the bootstrapping (or bagging) method [3] and
the random subspace method [7][8]. In bagging, subsets of the training points are
independently and randomly selected with replacement according to a uniform
probability distribution. A classifier is constructed using each selected subset. In
the random subspace method, in each pass all training points are projected onto
a randomly chosen coordinate subspace in which a classifier is derived. Both
methods are known to work well using decision trees as component classifiers,
and the combined classifier is called a decision forest.

A decision forest is the most general form of classifiers since it allows both
serial (at different levels of the tree) and parallel (with different trees) combina-
tions of arbitrary discriminators. Decisions at the internal nodes can be simple
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splits on a single feature or any other linear or nonlinear discriminators. Other
classifiers are special cases of decision forests.

In this study the decision trees use oblique hyperplanes to split the data at
each internal node [16]. The hyperplanes are derived using a simplified Fisher’s
method [7], i.e., by looking for the error minimizing hyperplane perpendicular to
a line connecting the centroids of two classes. Assuming no class ambiguity, the
tree can always be fully split, and trees constructed this way are usually small.

5 The Collection of Problems

We investigated these complexity measures and classifiers’ behavior using two
collections of problems. The first consists of 14 datasets from the UC-Irvine
Machine Learning Depository, selected from those containing at least 500 points
and no missing values: abalone, car, german, kr-vs-kp, letter, lrs, nursery, pima,
segmentation, splice, tic-tac-toe, vehicle, wdbc, and yeast. Categorical features
were all numerically coded. With each dataset, we took every pair of classes
to be a problem. Of the 844 two-class problems, 452 were found to be linearly
separable[1]. We used the remaining 392 problems in this study. The second
collection consists of 10,000 handwritten digit images from the NIST special
database 3. There are 1000 images for each of the 10 digits, and we took each
pair of digits as an individual problem. Each image is represented as gray levels
in [-8,8] in 28 × 28 pixels, so the feature space has 784 dimensions. Despite the
dimensionality, all these 45 problems were found to be linearly separable – recall
that this is an apparent complexity from limited samples.

6 Results and Discussions

Figure 2 shows some pairwise scatter plots of the complexity and accuracy mea-
sures. The measures we studied include:

1. error rate of the 1-nearest-neighbor classifier using Euclidean distance, esti-
mated by the leave-one-out method;

2. error rate of the decision tree classifier, estimated by two-fold cross validation
with 10 random splits;

3. error rate of the subsampling decision forests using 100 trees, estimated by
two-fold cross validation with 10 random splits;

4. error rate of the subspace decision forests using 100 trees, estimated by two-
fold cross validation with 10 random splits;

5. percent improvement of subsampling decision forests over single trees (re-
duction in error rate normalized by the single tree error rate);

6. percent improvement of subspace decision forests over single trees (reduction
in error rate normalized by the single tree error rate);

7. percent points on boundary estimated by the MST method;
8. percent points with associated adherence subsets retained; and
9. maximum (individual) feature efficiency.
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Figure 2 (a)-(d) plot the error rates of 1NN, decision tree, subsampling fo-
rests and subspace forests against % points on boundary estimated by the MST
method. In each plot we see a strong positive correlation and an almost linear
relationship, which suggests that % points on boundary is a good indicator of
problem difficulty. This measure seems to set an accuracy limit on both the indi-
vidual and combined classifiers. Say, if over 50% of the points are on boundary,
none of the classifiers can get to lower than 20% error rate. So no matter how
much gain we may have by combining multiple classifiers of this kind and in
these ways, we should not expect them to get beyond this intrinsic limit deter-
mined by the data. Though, a few off-diagonal points in each plot suggest that
accuracy is affected by some other factors as well.

Figure 2 (e)-(h) plot the same error rates against % points with associated
adherence subsets retained. In these plots, we see that problems with few ad-
herence subsets retained are easier for each classifier. All those problems with
a high error rate have close to 100% points retaining their own highest order
adherence subset, though the converse is not necessarily true. This suggests that
difficult problems tend to have classes forming long and thin structures along the
class boundary. Combining with the plots in Figure 2 (a)-(d), we can see that
those thin structures may still be dense enough that few points are closer to
the opposite class than other members of their own (those problems have many
retained adherence subsets but very few points on cross-boundary edges of the
MST). The classifiers perform well on such cases.

Figure 2 (i)(j) plot the % improvement (reduction in error rate) of the decision
forests over the single tree classifiers against the maximum feature efficiency. We
observe (in (j)) that the subspace method tends to have larger improvement for
those problems when the maximum feature efficiency is lower (an indication that
the contribution to discrimination is more evenly distributed across the feature
dimensions). Plot (i) shows that the subsampling method is better for some cases
with higher maximum feature efficiency, but for other such cases it can also be
worse than the single tree classifier. Notice that these improvement measures
are normalized by the error rate of the single tree classifier, so that a large
percentage (either positive or negative) may happen when the single tree error
rate is small. Plot (k) shows that for most cases that have thicker classes (less
retained adherence subsets), the subsampling method does not offer a substantial
advantage (say, over 20%) and may even be worse. Interestingly, for the same
cases, though the subspace method also yields only minor improvements, it does
not perform worse than the single tree classifier (plot (l)). Both (k) and (l) show
that the combined systems offer significant improvements when the classes are
thin, despite that those cases are hard for a single tree classifier ((g) and (h)).

Figure 2 (m)-(p) compare the single classifiers and combined classifiers
against one another. In (m) we see that the two classifiers 1NN and decision
tree differ by much for some cases (off diagonal points). In (n) we compare the
subsampling method vs. the subspace method in terms of improvement over
single trees, and we observe two off diagonal clusters suggesting that both types
of cases exist for which one method is substantially better than the other. In (o)
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we notice that for many cases when 1NN does not perform well, the subsampling
method can yield an improved classifier. Compared to (p) we see that for those
cases subsampling are also better than the subspace method. These correspond
to the lower cluster in (n).

Finally, we calculate the standard deviation in the boundary measure as
we take subsamples or subspace projections of the training set, and examine
their correlation with the advantages of the decision forests. These are shown in
Figure 2 (q)-(t). In (r) we see that the subspace method is good essentially when
the boundary characteristics are similar in different subsamples (small standard
deviation). For the more variable cases the subsampling method is preferable
(q). When the subspace variation is small, there are more cases for which the
subspace method yields over 40% improvement ((s) and (t)).

7 Conclusions

We presented some empirical observations of the relationship between classifier
and combined classifier accuracies and several measures of problem complexity.
We conclude that there exist obvious dependences of classifiers’ behavior on those
data characteristics. Such dependences may serve as a guide for the expectation
and direction of future efforts for optimizing classifiers and their combinations.

Our main observations are:

– there exist complementary advantages between nearest neighbor and decision
tree classifiers, as well as between subsampling and subspace methods for
generating multiple classifiers;

– intrinsic characteristics of the data set a limit on achievable accuracy of either
single or combined classifiers that are based on these simple geometrical
models;

– classes with long boundaries or thin structures are harder for all these clas-
sifiers;

– when the discrimination power is dispersed across many features, the sub-
space method yields better improvement over single classifiers of the same
type; and

– when the sample is very sparse so that subsamples yield more variable cha-
racteristics, the subsampling method yields better improvements.

We used the number of training samples to normalize many measures. In
most of these problems the sample size is determined by convenience or resource
limitations rather than by a rigorous sampling rule. As a result, the sampling
density may be very different across different problems, which may introduce a
hidden source of variance.

While we have not tried to exclude problems with any special characteristics,
this collection is nevertheless small and may not be representative. It will be
interesting if future studies turn up exceptions to the rules observed from this
collection. Future work will also need to answer methodological questions such
as what is a reasonable collection of problems to study along these lines, and to
what extent can we generalize these conclusions.
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Fig. 2. Pairwise scatter plots of selected complexity and accuracy measures. In each
plot, diamonds mark the 392 UCI problems and crosses mark the 45 NIST problems.



106 T.K. Ho

References

1. Basu, M., Ho, T.K., The learning behavior of single neuron classifiers on linearly
separable or nonseparable input, Proc. of the 1999 Int’l Joint Conf. on Neural
Networks, Washington, DC, July 1999.

2. Berlind, R., An Alternative Method of Stochastic Discrimination with Applications
to Pattern Recognition, Doctoral Dissertation, Dept. of Mathematics, SUNY at
Buffalo, 1994.

3. Breiman, L., Bagging predictors, Machine Learning, 24, 1996, 123-140.
4. Devroye, L., Any discrimination rule can have an arbitrarily bad probability of

error for finite sample size, IEEE Trans. on PAMI, 4, 2, March 1982, 154-157.
5. Friedman, J.H., Rafsky, L.C., Multivariate generalizations of the Wald-Wolfowitz

and Smirnov two-sample tests, Annals of Statistics, 7, 4, 1979, 697-717.
6. Fukunaga, K., Kessell, D.L., Estimation of classification error, IEEE Trans. on

Computers, 20, 12, December 1971, 1521-1527.
7. Ho, T.K., Random decision forests, Proc. of the 3rd Int’l Conf. on Document Ana-

lysis and Recognition, Montreal, August 14-18, 1995, 278-282.
8. Ho, T.K., The random subspace method for constructing decision forests, IEEE

Trans. on PAMI, 20, 8, August 1998, 832-844.
9. Ho, T.K., Baird, H.S., Large-scale simulation studies in image pattern recognition,

IEEE Trans. on PAMI, 19, 10, October 1997, 1067-1079.
10. Ho, T.K., Baird, H.S., Pattern classification with compact distribution maps, Com-

puter Vision and Image Understanding, 70, 1, April 1998, 101-110.
11. Kittler, J., Devijver, P.A., Statistical properties of error estimators in performance

assessment of recognition systems, IEEE Trans. on PAMI, 4, 2, March 1982, 215-
220.

12. Kleinberg, E.M., An overtraining-resistant stochastic modeling method for pattern
recognition, Annals of Statistics, 4, 6, December 1996, 2319-2349.

13. Lebourgeois, F., Emptoz, H., Pretopological approach for supervised learning,
Proc. of the 13th Int’l Conf. on Pattern Recognition, Vienna, 1996, 256–260.

14. Li, M., Vitanyi, P., An Introduction to Kolmogorov Complexity and Its Applicati-
ons, Springer-Verlag, 1993.

15. Maciejowski, J.M., Model discrimination using an algorithmic information crite-
rion, Automatica, 15, 1979, 579-593.

16. Murthy, S., Kasif, S., Salzberg, S., A System for Induction of Oblique Decision
Trees, J. of Artificial Intelligence Research, 2, 1, 1994, 1-32.

17. Raudys, S., On dimensionality, sample size, and classification error of nonpara-
metric linear classification algorithms, IEEE Trans. on PAMI, 19, 6, June 1997,
667-671.

18. Raudys, S., Jain, A.K., Small sample size effects in statistical pattern recognition:
Recommendations for practitioners, IEEE Trans. on PAMI, 13, 3, 1991, 252-264.

19. Raudys, S., Pikelis, V., On dimensionality, sample size, classification error, and
complexity of classification algorithm in pattern recognition, IEEE Trans. on
PAMI, 2, 3, May 1980, 242-252.

20. Sohn, S.Y., Meta analysis of classification algorithms for pattern recognition, IEEE
Trans. on PAMI, 21, 11, 1999, 1137-1144.

21. Toussaint, G.T., Bibliography on estimation of misclassification, IEEE Trans. on
Information Theory, 20, 4, July 1974, 472-479.

22. Vapnik, V., Statistical Learning Theory, John Wiley & Sons, 1998.



Effectiveness of Error Correcting Output Codes
in Multiclass Learning Problems

Francesco Masulli1,2 and Giorgio Valentini1,2

1 Istituto Nazionale per la Fisica della Materia
via Dodecaneso 33, 16146 Genova, Italy

2 DISI - Dipartimento di Informatica e Scienze dell’Informazione
Università di Genova
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Abstract. In the framework of decomposition methods for multiclass
classification problems, error correcting output codes (ECOC) can be
fruitfully used as codewords for coding classes in order to enhance the
generalization capability of learning machines. The effectiveness of er-
ror correcting output codes depends mainly on the independence of co-
deword bits and on the accuracy by which each dichotomy is learned.
Separated and non-linear dichotomizers can improve the independence
among computed codeword bits, thus fully exploiting the error recovering
capabilities of ECOC. In the experimentation presented in this paper we
compare ECOC decomposition methods implemented through monolit-
hic multi-layer perceptrons and sets of linear and non-linear independent
dichotomizers. The most effectiveness of ECOC decomposition scheme is
obtained by Parallel Non-linear Dichotomizers (PND), a learning ma-
chine based on decomposition of polychotomies into dichotomies, using
non linear independent dichotomizers.

1 Introduction

Error correcting output codes (ECOC) [3] can be used in the framework of
decomposition methods for multiclass classification problems to enhance the
generalization capability of learning machines.

In [5,6], Dietterich and Bakiri applied ECOC to multiclass learning problems.
Their work demonstrated that ECOC can be useful used not only in digital trans-
mission problems [12], but also can improve the performances of generalization
of classification methods based on distributed output codes [20]. In fact, using
codewords for coding classes leads to classifiers with error recovering abilities.
The learning machines they proposed are multi-layer perceptrons (MLP) [19] or
decision trees [10] using error correcting output codes and with implicit dicho-
tomizers learning in a way dependent on the others. We will call classifiers of
this kind as monolithic classifiers.

In this paper we outline that on one hand the approach based on monolithic
classifiers reduces the accuracy of the dichotomizers, and on the other hand
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the dependency among codeword bits limits the effectiveness of error correcting
output codes [18]. On the contrary, we show that the correlation among codeword
bits can be lowered using separated and independent learning machines. In fact,
the error recovering capabilities of ECOC can be used in the framework of the
decomposition of polychotomies into dichotomies, associating each codeword bit
to a separated dichotomizer and coming back to the original multiclassification
problem in the reconstruction stage [15,13]. However, in real applications, the
decomposition of a polychotomy gives rise to complex dichotomies that in turn
need complex dichotomizers. Moreover, decompositions based on error correcting
output codes can sometimes produce very complex dichotomies.

For these reasons, in this paper we propose to implement decomposition
schemes generated via error correcting output codes using Parallel Non-linear
Dichotomizers (PND) model [21,14] that is a learning machine based on decom-
position of polychotomies into dichotomies making use of dichotomizers non-
linear and independent on each other. In this way we can combine the error
recovering capabilities of ECOC codes with a high accurate dichotomizers.

In the next section we introduce the application of ECOC to polychotomy
problems. In Sect.s 3 and 4, an experimental comparison of monolithic and
decomposition based classifiers is reported and discussed. Conclusions are given
in Sect. 5.

2 ECOC for Multiclass Learning Problems

In classification problems based on decomposition methods1, usually we code
classes trough binary strings, or codewords. ECOC coding methods can improve
performances of the classification system, as they can recover errors produced
by the classification system [3].

Let be a K classes polychotomy(or K-polychotomy) P : X → {C1, . . . , Ck},
where X is the multidimensional space of attributes and C1, . . . , Ck are the
labels of the classes. The decomposition of the K-polychotomy generates a set of
L dichotomizers f1, ..., fL. Each dichotomizer fi subdivides the input patterns in
two complementary superclasses C+i and C−

i , each of them grouping one or more
classes of the K-polychotomy. Let be also a decomposition matrix D = [dik] of
dimension L×K represents the decomposition, connecting classes C1, . . . , Ck to
the superclasses C+i and C−

i identified by each dichotomizer. An element of D is
defined as:

dik =
{
+1 if Ck ⊆ C+i
−1 if Ck ⊆ C−

i

When a polychotomy is decomposed into dichotomies, the task of each dicho-
tomizer fi : X → {−1, 1} consists in labeling some classes with +1 and others
with −1. Each dichotomizer fi is trained to associate patterns belonging to class
Ck with values dik of the decomposition matrix D. In the decomposition matrix,
1 A more detailed discussion of decomposition methods for classification is presented

in [13].
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rows correspond to dichotomizers tasks and columns to classes. In this way, each
class is univocally determined by its specific codeword. Using ECOC codes as
codewords we can achieve a so-called ECOC decomposition (Fig. 1).




+1 +1 +1 −1
+1 +1 −1 +1
+1 +1 −1 −1
+1 −1 +1 +1
+1 −1 +1 −1
+1 −1 −1 +1
+1 −1 −1 −1




Fig. 1. ECOC decomposition matrix for a 4 classes classification problem.

After the a-priori decomposition, the dichotomizers fi are trained to associate
patterns belonging to class Ck with values dik of the decomposition matrix D,
their outputs are used to reconstruct the polychotomy in order to determine
the class Ci ∈ {C1, . . . , Ck} of the input patterns, using a suitable measure of
similarity. The polychotomizer then chooses the class whose codeword is the
nearest to that computed by the set of dichotomizers:

classout = arg max
1≤i≤K

Sim(F, ci) (1)

where classout is the class computed by the polychotomizer, ci is the codeword
of class Ci, the vector F is the codeword computed by the set of dichotomizers,
and Sim(x, y) is a general similarity measure between two vectors x and y,
e.g. Hamming distance or L1 or L2 norm distances for dichotomizers with are
continuous outputs.

It is worth noting that classifiers based on decomposition methods and clas-
sifiers based on ensemble averaging methods [17,9] share the idea of using a set
of learning machines acting on the same input and recombining their outputs
in order to make decisions; the main difference lies in the fact that in classifiers
based on decomposition methods the task of each learning machine is specific
and different from that of the others.

There are two main approaches to the design of a classifier using ECOC
codes:

– The first codes directly the outputs of a monolithic classifier, such us a MLP,
using ECOC [5,6].
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– The second is based on the usage of ECOC in the framework of decomposi-
tion of polychotomies into dichotomies, and leads to the distribution of the
learning task among separated and independent dichotomizers. In this case,
we call the resulting learning machines Parallel Linear Dichotomizers (PLD)
if the dichotomizers used for implementing the dichotomies are linear (as
in [1]), or Parallel Non-linear Dichotomizers (PND ) if the dichotomizers
are non-linear [21,14].

Parallel Non-linear Dichotomizers (PND) are multiclassifiers based on the
decomposition of polychotomies into dichotomies, using dichotomizers solving
their classification tasks independently from each other [21,14]. Each dichoto-
mizer is implemented by a separate non-linear learning machine, and learns a
different and specific dichotomic task using a training set common to all the
dichotomizers. In the reconstruction stage a L1 norm or another similarity mea-
sure between codewords is used to predict classes of unlabeled patterns.
Parallel Linear Dichotomizers (PLD) are also multiclassifiers based on de-

composition of polychotomies into dichotomies, but each dichotomizer is imple-
mented by a separate linear learning machine (see, e.g., [1]).

Error correcting codes are effective if errors induced by channel noise on
single code bits are independent. In [18], Peterson showed that if errors on diffe-
rent code bits are correlated, the effectiveness of error correcting code is reduced.
Moreover, if a decomposition matrix contains very similar rows (dichotomies),
each error of an assigned dichotomizer will be likely to appear in the most cor-
related dichotomizers, thus reducing the effectiveness of ECOC.

Monolithic ECOC classifiers implemented on MLPs show an higher correla-
tion among codeword bits compared with classifiers implemented using parallel
dichotomizers. In fact, outputs of monolithic ECOC classifiers share the same
hidden layer of the MLP, while PND dichotomizers, implemented with a separa-
ted MLP for each codeword bit, have their own layer of hidden units, specialized
for a specific dichotomic task.

Moreover, concerning decomposition methods implemented as PLD [1], we
point out that this approach reduces the correlation among codeword bits, but
error recovering capabilities induced by ECOC are counter-balanced by higher
error rates of linear dichotomizers.

In next section, we will experimentally test the following hypotheses about
the effectiveness of ECOC:

Hypothesis 1 Error correcting output codes are more effective for PND clas-
sifiers rather than monolithic MLP classifiers.

Hypothesis 2 In PLD error recovering induced by ECOC is counter-balanced
by the higher error rate of the dichotomizers.
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Table 1. Data sets general features. The data sets glass, letter and optdigits data sets
are from the UCI repository [16].

Data set Number of Number of Number of Number of
attributes classes training samples testing samples

p6 3 6 1200 1200
p9 5 9 1800 5-fold cross-val
glass 9 6 214 10-fold cross-val
letter 16 26 16000 4000
optdigits 64 10 3823 1797

3 Experimental Results

In order to verify the hypotheses stated above, we have compared classifica-
tion performances of Parallel Non-linear Dichotomizers (PND), Parallel Linear
Dichotomizers (PLD) and monolithic classifiers implemented by MLP, using
both ECOC and one-per-class (OPC)2 decomposition methods.
PND are implemented by a set of multi-layer perceptrons with a single

hidden layer, acting as dichotomizers, and PLD are implemented by a set of
single layer perceptrons.

Monolithic MLP are built using a single hidden layer and sigmoidal activa-
tion functions, both in hidden and output neurons. The number of neurons of
the hidden layer amounts roughly from ten to one hundred according to the
complexity of the data set to be learned.

The programs used in our experiments have been developed using NEUR-
Objects [22], a C++ library for neural networks development. We have used
different data sets, both real and synthetic, as shown in Tab. 1. The data sets
p6 and p9, are synthetic and composed by normal distributed clusters associa-
ted. p6 contains 6 class with connected regions, while the regions of the 9 classes
of p9 are not connected. glass, letter and optdigits data sets are from the UCI
repository [16].

In the experimentation we used resampling methods, using a single pair of
training and testing data set or the k-fold cross validation [4]. In particular the
first (an simpler) form has been used for the data sets p6, letter, optdigits, and
cross validation for the data sets p9 and glass. For testing the significance of
differences in performances of two different classification systems applied to the
same data set, we have used Mc Nemar’s test [8] and the k-fold cross validated
paired t test [7].

2 In One-Per-Class (OPC) decomposition scheme (see, e.g., [2]), each dichotomizer fi

have to separate a single class from all the others. As a consequence, if we have K
classes, we will use K dichotomizers.
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Fig. 2. Comparisons of classification expected error estimates over different data sets.

Fig. 2, shows the comparison the performances in classification of MLP, PLD
and PND over the considered data sets.

Concerning monolithic MLP standard (OPC) and ECOC MLP, over data
sets p6, p9 and glass does not exist statistically significant difference between,
but over letter and optdigits standard MLP performs better. In other words,
ECOC MLP monolithic classifiers do not outperform standard MLP. This result
is in contrast with Dietterich and Bakiri’s thesis [6] stating that ECOC MLP
outperform standard MLP. Note that, however, Dietterich and Bakiri themsel-
ves, in the experimentation over the same data set letter we have used, obtains
better performances for standard MLP.

Concerning PLD, over data sets p6, p9, and optdigits there is no significant
statistical difference among OPC and ECOC decomposition, while over glass
PLD ECOC outperforms all other types of polychotomizers, but with letter
PLD OPC achieve better results.

Considering PND, for data sets p6 and optdigits no significant differences
among OPC and ECOC PND can be noticed. Over the p9 data set, ECOC
shows expected errors significantly smaller than OPC. Expected errors over glass
and letter data sets are significantly smaller for ECOC compared with OPC. So
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we can see that ECOC PND show expected error rates significantly lower than
OPC PND.

We can remark that, on the whole, expected errors are significantly smaller
for PND compared with direct monolithic MLP classifiers and PLD. Moreover,
PLD shows higher errors over all data sets, and in particular it fails over p9
that is an hard non-linearly separable synthetic data set.

We have seen that ECOC MLP classifiers do not outperform standard MLP;
moreover ECOC PND show expected error rates significantly lower than OPC
PND. Also, ECOC PND largely outperform ECOC PLD. It follows that Error
correcting output codes are more effective for PND classifiers rather than direct
MLP and PLD classifiers. Then hypotheses 1 and 2 have been validated by the
shown experiments.

4 Discussion

In [11], on the basis of geometrical arguments, it has been shown that, using
ECOC codes, decision boundaries among classes are learned several times, and
however at least a number of times equal to the minimal Hamming distance
among codeword of the classes, while standard classifiers learn decision bound-
aries only two times. In this way ECOC classifiers can recover errors made by
some dichotomizers. Moreover, in [5,11] it has been stated that ECOC classifiers
should be preferred to directs standard classifiers, as they reduce error bias and
variance more than standard classifiers and present experimental results confir-
ming these hypotheses, with the exception of some cases over complex data sets
(such us letter from UCI repository) where standard MLP classifiers perform
better than ECOC MLP.

Our experimentation has pointed out that not always ECOC MLP outper-
form standard MLP classifiers, while we found a significant difference between
ECOC and OPC PND performances (fig. 2).

ECOC codes have been originally used to recover errors in serial transmission
of messages coded as bits sequences [3], supposing that channel noise induces
errors in random and not correlated positions of the sequence. On the contrary,
in a classification problem, each codeword bit corresponds to a particular dicho-
tomy, and then similar dichotomizers can induce correlations among codeword
bits. As shown by Peterson [18], the effectiveness of error correcting output codes
decreases, if the errors on different codeword bits are correlated. ECOC algo-
rithms used to recover errors in serial data transmission do not care about any
correlations among codeword bits, and then a transformation of these algorithms
for classification problems must at least provide for a control to avoid the gene-
ration of identical dichotomizers. More specifically, effectiveness of ECOC codes
applied to classification systems depends mainly on the following elements:

1. Error recovering capabilities of ECOC codes.
2. Codeword bits correlation.
3. Accuracy of dichotomizers.
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Error recovering capabilities of ECOC codes depends on the minimal Hamming
distance among codeword of classes, and it is a property of the ECOC algorithm
used. Accuracy of dichotomizers depends on the difficulty of the dichotomization
problems (for example if the dichotomy is linearly separable or not). Accuracy
depends also on the structure and properties of the dichotomizer and on the
cardinality of the data set: A dichotomizer with too parameters with respect
to the data set size will be subjected to overfitting and an high error variance.
Correlation among computed ECOC codeword bits is less for PND compared to
MLP classifiers: in PND each codeword bit is learned and computed by its own
MLP, specialized for its particular dichotomy, while in monolithic classifiers each
codeword bit is learned and computed by linear combinations of hidden layer
outputs pertaining to one and only shared multi-layer perceptron. Hence, inter-
dependence among MLP ECOC outputs lowers the effectiveness of ECOC codes
for this kind of classifiers. Moreover, we point out that a ”blind” ECOC decompo-
sition can in some cases generate complex dichotomies, counter-balancing error
recovering capabilities of error correcting output codes, especially if dichotomi-
zers are too simple for their dichotomization task (with respect to the data set
cardinality), as in the case of PLD. PND, instead, join independence of dichoto-
mizers (low correlation among codeword bits) with a good accuracy of their non
linear dichotomizers. These conditions are both necessary for the effectiveness
of ECOC codes in complex classification tasks.

5 Conclusions

Decomposition methods for multiclass classification problems constitute a po-
werful framework to improve generalization capabilities of a large set of learning
machines. Moreover, a successful technique to improve generalization capabilities
of classification systems is based on Error correcting output codes (ECOC) [5,
6].

Our experimental results show that ECOC is more effective if used in the
framework of decomposition of polychotomies into dichotomies, especially if non
linear dichotomizers, such us multi-layer perceptrons implementing Parallel Non-
linear Dichotomizers [21,14] are used for the individual and separated learning of
each codeword bit coding a class. Moreover, monolithic classifiers does not fully
exploit the potentialities of error correcting output codes, because of the corre-
lation among codeword bits, while Parallel Linear Dichotomizers (see, e.g., [1]),
even though implementing non linear classifiers starting from linear ones, do not
show good performances in case of complex problems, due to the linearity of
their dichotomizers.

Effectiveness of error correcting output codes depends on codeword bits cor-
relation, dichotomizers structure, properties and accuracy, and on the complexity
of the multiclass learning problem.

On the basis of the experimental results and theoretical arguments reported
in this paper we can claim that the most effectiveness of ECOC decomposition
scheme can be obtained with PND, a learning machine based on decomposi-
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tion of polychotomies into dichotomies, that are in turn solved using non linear
independent classifiers implemented by MLP.
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Abstract Investigating a data set of the critical size makes a classifica-
tion task difficult. Studying dissimilarity data refers to such a problem,
since the number of samples equals their dimensionality. In such a case,
a simple classifier is expected to generalize better than the complex one.
Earlier experiments [9,3] confirm that in fact linear decision rules perform
reasonably well on dissimilarity representations.
For the Pseudo-Fisher linear discriminant the situation considered is the
most inconvenient since the generalization error approaches its maximum
when the size of a learning set equals the dimensionality [10]. However,
some improvement is still possible. Combined classifiers may handle this
problem better when a more powerful decision rule is found. In this paper,
the usefulness of bagging and boosting of the Fisher linear discriminant
for dissimilarity data is discussed and a new method based on random
subspaces is proposed. This technique yields only a single linear pattern
recognizer in the end and still significantly improves the accuracy.

1 Introduction

A difficult classification task arises when the training samples are far from being
sufficient for representing the real distribution (the curse of dimensionality [8]).
Simple decision rules, as linear classifiers, are expected to give lower generaliza-
tion errors in such cases, since less parameters are to be estimated.
We are interested in applications in which the data is initially represented

by a n × n dissimilarity matrix, e.g. all distances between a set of curves to
be used for shape recognition. Our goal is to solve the recognition problem by
a linear classifier, i.e. a linear combination of dissimilarities computed between
the testing and training objects. In this representation the dimensionality k
equals the number of samples: k = n and one has to deal with the critical sample
size problem. The Fisher linear discriminant (FLD) fails in such a case [9,3], since
the estimated covariance matrix becomes singular.
The Pseudo-Fisher linear discriminant (PFLD) makes use of the pseudo-

inverse, instead. However, n = k reflects the worst situation for this classifier. It
has been derived [10] and observed in reality [11] that the PFLD learning curve
(generalization error as a function of training set size) is characterized by a peak-
ing behavior exactly for this point (Figure 1), which is of our interest. However,
some improvement is possible, either by using less objects or less features.
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Figure 1. A typical learning curve for the (Pseudo)-Fisher linear discriminant.

Recently, the idea of combining (weak) classifiers has gained more attention.
Combining simple pattern recognizers introduces some flexibility and can result
in a more powerful decision rule in the end. A number of successful methods in
this field exists. In this paper, we concentrate on boosting [4], bagging [1] and
the random subspace method (RSM) [6,7] applied to dissimilarity data.
The paper is organized as follows. Section 2 gives some insight into dissimilari-

ty-based pattern recognition. Boosting and bagging of the FLDs for distance
data are discussed in section 3. A new technique operating in random subspaces
is proposed in section 4. The simulation study on one artificial and two real
datasets, alongside with the experimental set-up, is described in section 5. The
results are discussed in section 6 and the conclusions are summarized in section 7.

2 The FLD for Dissimilarity-Based Pattern Recognition

In the traditional approach to learning from objects classifiers are constructed in
a feature space. Dissimilarity-based pattern recognition offers alternative ways
for building classifiers on dissimilarity (distance) representations. This can be es-
pecially of use, when the original data consist of a large set of attributes. In some
cases it may be also easier or more natural to formulate a dissimilarity measure
between objects than explicitly the features. Such measures differ according to
various datasets or applications. For classification purposes, it is assumed that
distances between two different objects are positive and zero otherwise.
A straightforward way of dealing with such a problem is based on relations

between objects, which leads to the rank-based methods, e.g. the nearest neigh-
bor rule. Another possibility is to treat distances as a description of a specific
feature space, where each dimension corresponds to an object. This does not
essentially change the classical feature-based approach, although a special case
is considered: n = k and each value expresses the magnitude of dissimilarity
between two objects. In general, any arbitrary classifier operating on features
can be used. In the learning process, the pattern recognizers are built on the
n × n distance matrix. The p test objects are classified by using their distances
to the n training samples (the test data consists of p × n dissimilarities).
Our earlier experiments [9] show that the feature-based classifiers operating

on dissimilarity data often outperform the rank-based ones. Linear classifiers
are of interest because of their simplicity. Distances are often built as a sum
of many values and, under general conditions, they are approximately normally
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distributed. Therefore, a normal-based classifier seems to be a reasonable one. Its
simplest representative is the linear decision rule, assuming the same covariance
matrix for all classes. For 2 equally probable classes it is given by [5]:

f(x) = [x − 1
2
(x(1) + x(2))]T S−1 (x(1) − x(2)) = wT x+ w0,

where: w = S−1 (x(1) −x(2)) and w0 = − 1
2 (x(1)+x(2))T w. This is equivalent

to the FLD, obtained by maximizing the ratio of between-scatter to within-
scatter (Fisher criterion [5]). Therefore, we refer to this function as to the FLD.
However, the rank r of the estimated covariance matrix S is smaller than n

and its inverse cannot be found. The PFLD, using a pseudo-inverse operation, is
proposed instead. The pseudo-inverse relies on the singular value decomposition
of the matrix S and it becomes the inverse of S in the subspace spanned by the
eigenvectors corresponding to r non-zero eigenvalues. The classifier is found in
this subspace and to which it is orthogonal in the remaining n − r directions.
A linear classifier can be also found by using the support vector approach [2].

However, in such a sparse distance space most of the objects become support
vectors which means that the classifier is based on a high number of learning sam-
ples. This is not optimal, since the training relies on solving a difficult quadratic
programming problem and the obtained result yields nearly no redundancy.

3 Boosting and Bagging for the PFLD

Boosting [4] is a method designed for combining weak classifiers, which are ob-
tained sequentially during training by using the weighted objects. At each step
the incorrectly classified objects from the previous step are emphasized with
larger weights. Such (misclassified) samples tend to lie close to the class bound-
ary, so they play a major role in building a classifier, indirectly approximating the
support vectors [2]. However, when the learning set is not large enough, nearly
all training objects are correctly classified. As a result, not much variation in
weights is introduced, which makes all constructed classifiers alike. Consequently,
very little can be gained by their combination [12]. Therefore, boosting seems
not to be an appropriate method for our distance representations, where n = k.
Studying the PFLD learning curve (Figure 1) two possible approaches can

improve the situation, when n = k. The first one tries to reduce the number of
objects (going to the left side of the peak), while the second - the number of
features (going to the right side of the peak, by shifting the curve to the left).
The first idea can be put into practice by bagging and the second - by combing
classifiers in random subspaces.
Bagging [1] is based on bootstrapping and aggregating, i.e. on generating

multiple versions of a classifier and obtaining an aggregated (combined) decision
rule. Using bootstrap replicates relates to unstable classifiers, for which a small
change in the learning set causes a large change in their performance. Combining
classifiers and emphasizing those which give better results, may finally lead to
substantial gains in accuracy. Many rules exist for combining linear classifiers,
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such as average (weighted) majority vote or by applying some operation (mean,
product etc) on posterior probabilities of the combined classifiers.
Because of bootstrap characteristics, bagging may be of use in our case. In the

training process the number of different objects is reduced, and we are practically
placed in a situation in which dimensionality is larger then the number of samples
(left side of the peak in Figure 1). This potentially enables us to construct a set
of better performing classifiers and a more powerful decision rule in the end.

4 The FLD in Random Subspaces

It is known that multiple-tree and nearest neighbor classifiers combined in ran-
dom subspaces [6,7] can gain a high accuracy. They outperform the single classi-
fier constructed in the original space. The RSM, as an indeterministic approach,
is based on a stochastic process in which a number of features is randomly se-
lected. A classifier is then constructed in a subspace defined by those features.
Proceeding in this way, a high-dimensional space can be exploited more effec-
tively. The individual classifiers are built in subspaces, in which they are better
defined. They are able to generalize well, although they do not have the full
discrimination power. This stochastic process introduces some independence be-
tween classifiers and by combining them a better performance may be achieved.
This approach seems to be suitable for our problem, since it can profit from

the high-dimensional data by exploring the possibilities in subspaces, thus it does
not suffer from the curse of dimensionality [8]. Hopefully, the chosen dimension-
ality will turn out to be small so that the classifiers can be built in a cheap way.
However, this issue has to be discussed and verified in practice. Another question
refers to the number of subspaces needed to get a high accuracy.
Our proposal is to combine the FLDs in this stochastic way. Since the PFLD

achieves its worst accuracy for n = k, the RSM may improve the performance in
this case. The individual classifiers are built in subspaces of the fixed dimension-
ality and combined by averaging their coefficients, which yields only one linear
classifier in the end. This is the advantage over combining rules based on pos-
terior probabilities of the classifiers, where all of them should be stored for this
purpose. Our RSM algorithm, called PF-RSM1, is briefly presented below:

K - the pre-defined number of selected features
for i=1 to N (the pre-defined number of combined classifiers) do
Select randomly K features: fip(1) , . . . , fip(K);
Build the FLD in a subspace obtaining the coef.: wip(1) , ..., wip(K) , wi0;
Set to zero all coefficients of the ignored dimensions;

end
Determine the final decision rule with the coefficients: w1, ..., wn, w0

by averaging the coefficients of all classifiers (including the
introduced zeros), i.e. w0 = 1

N

∑N
i=1 wi0 and wj = 1

N

∑N
i=1 wij , j = 1, ..., n;

A slightly different version of this algorithm, namely PF-RSM2, is considered
by using a validation set for the FLD trained in a subspace. This set is used to
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determine a scaling factor for the FLD’s coefficients. The scaling is done in such a
way that the classified objects represent as well as possible posterior probabilities
on the validation set. This does not influence the decision boundary itself.
In the proposed way of combining classifiers, although they are designed in

subspaces, they are finally treated in the original space. This is achieved by set-
ting the coefficients of the ignored dimensions to zero. Therefore, the final com-
bination procedure (averaging) addresses them in the original, high-dimensional
distance space. By doing this, the most preferable directions in the original space
are emphasized and by including more and more classifiers all coefficients of the
final decision rule become more accurate. It seems to be also possible to combine
the classifiers explicitly in subspaces, which is an interesting concept for further
research.

5 Datasets and Experiments

One artificial and two real datasets are used in our experimental study. The
first set consists of 200-dimensional correlated Gaussian data [11]. There are two
classes, each represented by 100 samples.
The second set is derived from NIST database [13] and consists of 2000 16×16

images of digits evenly distributed over 10 classes. In our simulations a 2-class
problem was considered, for digits 3 and 5, to which we refer as to Digit35.
Vibration was measured with 5 sensors mounted on a submersible pump

operating in one normal and 3 abnormal states [14]. The data consists of the
wavelet decomposition of the power spectrum. For each sensor the 100 coefficients
with the largest variances were considered. A 2-class problem was studied here
to which we refer as to Pump2. It is described by 500 features and 450 samples
equally distributed over 2 classes: bearing failure and loose foundation.
The squared Euclidean distance was considered for our experiments. For

each dataset, the dissimilarity representation was computed, which became then
our starting point for a recognition problem. Only the 2-class situations were
investigated, since for binary problems the linear classifier is uniquely defined
and our aim is to illustrate the potential of combination such simple pattern
recognizers. This dissimilarity measure was chosen as an example, since our goal
is not to optimize the classification error for the given data with respect to the
distance measure used, but rather present what may be gained by combining
single decisions for such problems.

Table 1. Characteristics of the datasets used in experiments.

Gaussian Digit35 Pump2
Original dimensionality 200 256 500
Number of samples for TR/TE 100 / 100 100 / 300 150 / 300
Distance representation for TR 100× 100 100× 100 150× 150
Distance representation for TE (no valid. set) 100× 100 300× 100 300× 150
Distance representation for TE (a valid. set) 66× 100 266× 100 250× 150



122 E. P ↪ekalska, M. Skurichina, and R.P.W. Duin

A simulation study was done for boosting, bagging and the RSM. All the
experiments were run 25 times. For the artificial dataset, 25 different sets were
randomly drawn from the multi-normal distribution according to the specified
parameters. For the real datasets, they were randomly split into the training
and testing sets 25 times, each time taking care that prior probabilities for two
classes remain equal. Table 1 shows characteristics of the explored sets.

6 Discussion

Boosting (see [12]) performs poorly on the investigated datasets. It does not
improve accuracy of the single PFLD at all. In each run all objects are equally
weighted, so the final decision rule is based on multiple identical discriminants.
Therefore no boosting results are present in Figure 2.
Boosting relies on the weighted majority vote, the RSM is based on the aver-

age, therefore the bagging experiment is conducted for both cases. In Figure 2,
for clarity only, the error bar of bagging based on the average of 250 classifiers is
plotted. For all datasets, the generalization errors reached by this combination
rule and the weighted majority vote are very similar. The differences are how-
ever larger, when the number of combined classifiers is small, in disfavor of the
weighted majority. Bagging seems to work well for the datasets under study; the
accuracy is improved considerably by about 60% − 65%, which is a beneficial
achievement over the PFLD result. The details are shown in Table 2.

Table 2. The averaged generalization error and standard deviation (in %) for bagging.

No. of Gaussian Digit35 Pump
PFLD Average Majority Average Majority Average Majority

5 14.36 (0.67) 14.88 (0.63) 6.43 (0.29) 6.59 (0.25) 8.64 (0.34) 8.92 (0.40)
10 13.68 (0.69) 14.28 (0.66) 5.71 (0.26) 6.05 (0.26) 8.19 (0.38) 9.09 (0.38)
50 13.44 (0.73) 13.88 (0.77) 5.36 (0.24) 5.41 (0.24) 7.87 (0.39) 7.88 (0.38)
100 13.64 (0.74) 13.72 (0.77) 5.37 (0.24) 5.47 (0.24) 7.61 (0.38) 7.67 (0.34)
250 13.32 (0.75) 13.68 (0.80) 5.31 (0.21) 5.24 (0.20) 7.71 (0.37) 7.73 (0.37)

The RSM, as our proposal, is more thoroughly investigated. The dependency
on the number of combined classifiers is studied and the dimensionality of the
subspaces, as well. The results of our experiments are presented in Figure 2. The
left/right pictures represent the situation either without or with a validation set.
Its role is to scale the coefficients of the FLD found in a subspace so that the
classified objects can represent as well as possible posterior probabilities. The
number of samples used for a validation set was about 1/3 of the training set.
It seems to be enough for determination of one scaling factor.
In our experiments, the RSM seems to work very well, accomplishing in its

best case about 90%− 110% improvement over the PFLD result in the original
space, competing the bagging achievements. The curves of the generalization er-
ror versus the subspace dimensionality indicate that in fact a small number of se-
lected dimensions gives good results. This is essential, since in a low-dimensional
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(a) Gaussian data; PF-RSM1.
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(b) Gaussian data; PF-RSM2.
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(c) Digit35 data; PF-RSM1.
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(d) Digit35 data; PF-RSM2.
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(e) Pump2 data; PF-RSM1.
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(f) Pump2 data; PF-RSM2.

Figure 2. The generalization error (in %) of the PFLD compared to its bagging version
and to the RSM. The legend refers to the number of the FLDs combined.
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space, the FLD can be determined in a computationally cheaper way. The sub-
space dimensionality deviates around 7%− 15% of all features. The best result
is observed for the Pump2 case (see Figure 2(e)-(f)), when the gain in accuracy
is more than twice for 5 dimensions.
One notices also that already 5 or 10 combined FLDs decrease the generaliza-

tion error substantially. Considering, e.g. the Digit35 data, it can be seen from
Figure 2(c)-(d), that very small error is achieved in case of 5 combined classifiers
for 15-dimensional subspaces. It gives us not more than 75 dimensions needed in
total. For the Pump2 data (Figure 2(e)-(f)) this is even better, since the perfor-
mance is improved already for 5-dimensional subspaces. So, the method makes
use of not more than 25 features in the end. This is an important observation,
suggesting that in practice a part of information may be skipped (especially of
interest for large distance data), while gaining a high accuracy.

Table 3. The averaged error (in %) for the RSM with different combining rules.

No of. Gaussian
dim. Average Min Mean Median Max Product
5 22.08 18.04 22.60 25.12 18.04 22.08
10 14.36 13.12 14.44 14.56 13.12 14.36
15 11.68 12.36 11.64 11.80 12.36 11.68
20 11.36 11.40 11.56 11.36 11.40 11.36
35 10.96 12.28 10.84 10.96 12.28 11.08
50 12.08 15.36 11.92 11.94 15.36 14.60

Digit35

5 6.11 4.76 6.45 6.71 4.76 6.08
10 4.12 4.81 4.21 4.28 4.81 4.61
15 4.01 6.00 3.97 3.99 6.00 5.47
20 4.15 6.16 3.95 3.97 6.16 6.12
35 4.52 7.12 4.41 4.37 7.12 7.04
50 5.03 7.04 5.01 4.99 7.04 7.04

Pump2

5 5.05 5.29 5.05 5.00 5.29 5.05
10 5.21 5.48 5.21 5.16 5.48 5.21
15 5.41 5.72 5.43 5.41 5.72 5.41
20 5.68 6.00 5.65 5.61 6.00 5.69
35 6.23 6.64 6.21 6.17 6.64 6.53
50 6.70 8.60 6.64 6.60 8.60 8.37

With the growing number of subspace dimensions the generalization error
first decreases, reaches its minimum and then starts to increase. The rule of
thumb says that the classifiers generalize well when the number of training ob-
jects is e.g. 5-10 times larger than the number of features. Therefore, the increase
of generalization error with the dimensionality larger then 5 (the Pump2 data),
15 (the Digit35 data) or 25 − 30 (the Gaussian data) is not surprising. When
the number of features k slowly approaches the number of objects n (k → n),
the FLD is going in the direction of the PFLD. It is then characterized by worse
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performance (we are somewhat to the left of the peak in Figure 1), and their
combination yields a worse decision rule, as well. Using a validation set seems to
improve the results slightly, however one hoped that adjusting the FLD’s coeffi-
cients would give much better improvement. It is possible, however, that another
way of scaling may gain that.
One could argue whether other combing rules are not significantly better

than our average-based RSM. Therefore, some of them were also studied. The
comparison is presented in Table 3. As it can be noticed, the error obtained by
average is very close to that one obtained by the mean rule and similar to that
one gained by the median rule. This proves our point that averaging is useful,
also especially it is computationally more efficient and yields only one classifier.

7 Conclusions

Studying distance representations may become useful when the data is charac-
terized by many features or when experts cannot define the right attributes, but
they are able to provide a dissimilarity measure, instead. The classical approach
to such data is the rank-based one, namely the (condensed) nearest neighbor
rule. We argue [3,9] that the feature-based approach, in which linear classifiers
are built in the distance space can be more beneficial. However, in such a case
one deals with the critical training size problem, since the number of training ob-
jects equals their dimensionality. Therefore, the usefulness of boosting, bagging
and the RSM of the FLDs for dissimilarity representations has been investigated
here. The novelty of our approach is that we concentrate on distance data, which
is specific because of its n×n training size and because of its nature, i.e. relative
information on objects and the structure being given in the data values.
It is also important to emphasize here that the combined classifiers can be

advantageous when the generalization error of the single PFLD is higher than
the overlap between classes. When it approaches the Bayes error, not much
improvement may be gained. As an example, the squared Euclidean distance
was studied as a measure of dissimilarity. Our goal is to investigate what may be
achieved by combining single decisions for distance data. From our experiments
the following conclusions can be drawn:
Firstly, boosting is not advantageous for our problem. It does not improve

accuracy of the the single PFLD at all. No variation in weights is introduced
during the training and the final decision rule is built from multiple identical
discriminants. As suggested in [12], boosting is useful for large learning sizes.
Secondly, bagging, based either on the average or on the majority vote, im-

proves the PFLD performance for all datasets studied. The achievement is about
60% − 65%, which is a considerable value. By using bootstrap replicates, the
number of different samples is reduced, so bagging deals practically with the
situation when n < k. We are then placed on the left side of the peak of the
PFLD learning curve (see Figure (1)).
Finally, we have proposed to combine the FLDs in random subspaces. Our

technique yields a single linear classifier and gives the best improvement in
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accuracy, which is about 100% for our datasets. The method constructs the
FLDs in randomly selected subspaces of a fixed dimensionality and combines
them by averaging their coefficients in the end. The experiments show that the
best results are reached when a validation set was used and when the number
of chosen dimensions deviates between 4% (The Pump2 data) and 30% (the
Digit35 data) of all features. It allows for building classifiers in a cheap way.
Even for a small number of combined classifiers, e.g. 5 or 10, the generalization
error decreases substantially. This suggests that in practice some dimensions can
be skipped, which is important for high-dimensional data.
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Abstract. In this paper, we present a new method of learning a fea-
ture selection dictionary for rough classification. In the learning stage,
both the n-dimensional learning vectors and the n-dimensional reference
vectors are transformed into an m(<n)-dimensional learning vector and
the m-dimensional reference vector, respectively, using a current feature
selection dictionary. The feature selection dictionary is then successively
modified for each learning vector so as to decrease the distance between
the learning vector and the m-dimensional reference vector corresponding
to the correct category. Furthermore, the feature selection dictionary is
modified for each learning vector so as to increase the distance between
the learning vector and the m-dimensional reference vector that is the
nearest incorrect reference vector of the learning vector. The experimen-
tal results showed that our method’s processing time is 9 times faster
than that without rough classification, even if the recognition rates are
the same.

1 Introduction

The number of dimensional features that statistical character recognition me-
thods usually use is in the tens or much higher. As a result, if there are many
categories to be recognized, processing time increases significantly. For exam-
ple, the Japanese language uses more than three thousand characters. In order
to cope with this processing-time problem, a reduction in the dimensionality
is often utilized [1]-[3]. The recognition rate of methods using low-dimensional
features, however, tends to be worse compared with the methods that use the
original features because of loss of information. Therefore, a hierarchical scheme,
which consists of rough classification with lower-dimensional features and fine
classification with the original features, is an effective way of both maintaining
the recognition rate and reducing processing time. Rough classification utilizes
efficient m-dimensional features that are transformed from the original (m < n)
n-dimensional features and chooses candidate vectors based on the distance bet-
ween the m-dimensional input vector and the m-dimensional reference vectors.
Fine classification is carried out only on these candidates. There are several ways
to obtain the m-dimensional features. Linear or non-linear principal component
analysis [5] [6] and independent component analysis (ICA) [7]-[9] are unsuper-
vised techniques to generate the feature selection dictionary, which is utilized
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to transform the n-dimensional features into the m-dimensional features. Alt-
hough these techniques give the most suitable feature axes for representing the
whole pattern distribution, they do not always give the best features for clas-
sification. Another techniques for feature extraction is a supervised technique
like canonical discriminant analysis. Canonical discriminant analysis, however,
has a disadvantage in that it assumes a normal Gaussian pattern distribution.
Moreover, it cannot extract more feature axes than the number of categories.

In this paper, we present a new supervised learning method of a feature
selection dictionary for rough classification. In the learning stage, both the n-
dimensional learning vectors and the n-dimensional reference vectors are trans-
formed into an m-dimensional learning vector and the m-dimensional reference
vector, respectively, using a current feature selection dictionary. The feature sel-
ection dictionary is then successively modified for each learning vector so as to
decrease the distance between the learning vector and the m-dimensional re-
ference vector corresponding to the correct category. Furthermore, the feature
selection dictionary is modified for each learning vector so as to increase the
distance between the learning vector and the m-dimensional reference vector
that is the nearest incorrect reference vector of the learning vector. This modi-
fication increases the probability that the reference vector corresponding to the
correct category will be contained in the candidates. Therefore, the performance
of rough classification will be improved as well.

Section 2 presents the structure of the recognition system assumed in this
paper. Section 3 describes the learning method for creating the feature selection
dictionary. The results of a character recognition experiment are given in section
4 and discussed in section 5. Section 6 is a brief conclusion.

2 Structure of the Recognition System

We assume a recognition system structure like that in Fig. 1. The original fea-
tures, which are extracted from the input pattern, are represented by an n-
dimensional vector. N -dimensional reference vectors for fine classification are
constructed by generalized learning vector quantization (GLVQ)[4] in advance.
The rough classification unit maps both the n-dimensional input vector and the
n-dimensional reference vectors into an m (< n) -dimensional space, and outputs
the candidate vectors that are the closest to the m-dimensional input vector. The
fine classification unit calculates the distances between the n-dimensional input
vector and the n-dimensional reference vectors that correspond to the candidate
vectors. Therefore, the recognition rate of the system depends on the quality
of the feature selection dictionary. The feature selection dictionary, which can
choose the correct reference vectors as candidate vectors, is required to avoid any
reduction in recognition rate. The method given in this paper makes it possible
to generate such a good feature selection dictionary.
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n-dimensional reference vectors

Feature selection 
dictionary (m*n matrix)

Rough classification in m-dimensional space

Candidate vectors

Fine classification in n-dimensional space

Recognition result

n-dimensional input vector

Fig. 1. Structure of the recognition system

3 Learning Method for Generating the Feature Selection
Dictionary

Figure 2 shows the flowchart of the learning process. In step A, the feature
selection dictionary is revised for each learning pattern. The learning process is
finished when this revision has been performed a given number of times. This
is the key step of our method. The details of step A are given in the following
subsection.

3.1 Proposed Method 1

Let X be the n-dimensional original feature vector, Z be the feature selection
dictionary (m ∗n matrix), Y be the m-dimensional vector transformed from the
feature vector X using the dictionary Z, Pi be the i-th n-demensional reference
vector, and Ri be the i-th m-dimensional reference vector corresponding to the
vector Pi. The distance, d, between the m-dimensional learning vector Y and the
m-dimensional reference vector Ri is defined as square of the Euclidean distance,

d =‖ Y −Ri ‖=‖ Z(X − Pi) ‖2 . (1)

Step A modifies the feature selection dictionary so as to decrease the distance
between the m-dimensional learning vector and the m-dimensional reference
vector Rc1 corresponding to the correct category, and it increases the distance
between the learning vector and the m-dimensional reference vector Rc2 that is
the nearest incorrect reference vector of the learning vector. If the recognition
dictionary has several reference vectors for each category, the reference vector
Rc1 is one which corresponds to the correct category and is the nearest to the
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Fig. 2. Flowchart of learning process

learning vector. In other words, the modification makes the distance d1 smaller
and the distance d2 bigger, which are given by

d1 =‖ Y −Rc1 ‖=‖ Z(X − Pc1) ‖2, d2 =‖ Y −Rc2 ‖=‖ Z(X − Pc2) ‖2 . (2)

By this modification, the distance between the reference vector corresponding to
the correct category and the m-dimensional learning vector becomes relatively
close. Therefore, the reference vector, which corresponds to the correct category,
is more likely to be chosen as a candidate vector. The gradient of the distance,
d, in the m-dimensional feature space is given by

∂d

∂Z
= 2Z(X − Pi)(X − Pi)T . (3)

Therefore, the feature selection dictionary should be changed along the negative
gradient direction in order to decrease the distance d1 and changed along the
positive gradient direction in order to increase the distance d2. This results in
the following equations:

Z ←− Z − ρ1(t)
∂d1
∂Z

= Z − ρ1(t) · 2Z(X − Pc1)(X − Pc1)T , (4)
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Z ←− Z + ρ2(t)
∂d2
∂Z

= Z + ρ2(t) · 2Z(X − Pc2)(X − Pc2)T , (5)

where ρ1(t) and ρ2(t) are time-depending functions of positive values. In the
following section, we define these parameters as follows:

ρ1(t) =
εd2l

′(d2−d1
d1+d2

t)
d1 + d2

, ρ2(t) =
εd1l

′(d2−d1
d1+d2

t)
d1 + d2

, (6)

where ε denotes a positive learning coefficient, t denotes learning time and l(·)
denotes a sigmoid function. The definition of ρ1(t) and ρ2(t) is based on conside-
ration presented in [4]. As these equations can be applied to the feature selection
dictionary at the same time, we finally obtain the equation,

Z ←− Z− εl′(d2−d1
d1+d2

t)
d1 + d2

·2Z{d2(X−Pc1)(X−Pc1)T−d1(X−Pc2)(X−Pc2)T }. (7)

3.2 Proposed Method 2

Method 1 uses the correct m-dimensional reference vector Rc1 that is the closest
vector of the m-dimensional learning vector Y . The n-dimensional reference vec-
tor corresponding to this Rc1 is not always the closest vector to the n-dimensional
learning vector. So, instead of using Rc1, we can choose the vector Rc1′ that corre-
sponds to the correct category and whose corresponding n-dimensional reference
vector Pc1′ is the closest to the n-dimensional learning vector X. The feature
selection dictionary is then modified so as to decrease the distance between Rc1′

and the m-dimensional learning vector Y . If the distance between Rc1′ and Y is
denoted by d1′ , we obtain,

Z ←− Z−
εl′(d2−d1′

d1′+d2
t)

d1′ + d2
·2Z{d2(X−Pc1′)(X−Pc1′)T −d1′(X−Pc2)(X−Pc2)T }.

(8)

4 Experiments

We applied our methods to a character recognition problem to test its effec-
tiveness. The characters to be recognized were alpha-numeric and KATAKANA
characters. The total number of categories was 82. Each learning data and test
data included about 90 thousand patterns (Fig. 3). The dimensionality of the
original features was 400 (n=400). 1-NN classification method was utilized for
fine classification and its reference vectors were generated by using GLVQ. Each
category had 10 reference vectors, so the total number of reference vectors was
820. The initial values of the feature selection dictionary were defined by using
the principal component analysis technique. In the following experiments, un-
less an explicit definition is given, the number of candidate vectors is 10 and the
learning coefficient is 10−3.
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Fig. 3. Sample patterns to be recognized

4.1 Recognition Rate and Recognition Speed

Method 1 was utilized in this experiment. The dimensionality m for rough clas-
sification was set at 10, 15 and 20. The recognition rates of a method whose
feature selection dictionary for rough classification was constructed by principal
component analysis (PCA) and that of the method without rough classification
(method 3) were evaluated for comparison. Figure 4 shows the results. The reco-
gnition rate of the proposed method was higher than those of the PCA methods
in all cases. Moreover, the recognition rate of the method 1 slightly exceeded
the recognition rate of method 3, when more than 15 features were utilized for
rough classification.
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Fig. 4. Comparison of recognition rate

Figure 5 shows the recognition speed of method 1 and method 3. In this
case, the dimensionality of rough classification was 15. The values in this figure
are the processing times for one pattern (using a 100 MHz CPU). The time for
feature extraction and for feature selection was included. This figure shows us
that the proposed method reduced processing time to one-ninth that of method
3.

4.2 Comparison of Method 1 and Method 2

The results of this comparison are shown in Fig. 6. The horizontal axis is the
learning time and the vertical axis is the recognition rate estimated by using the
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Fig. 5. Processing time

feature selection dictionary obtained in each learning time. This figure shows
that the recognition rate of both methods declined at once. The recognition
rates then gradually increased until they exceeded that of method 3. Although
the recognition rates of methods 1 and 2 are almost the same, the recognition
rate of method 2 exceeded the recognition rate of the method 3 faster than
method 1.
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4.3 Relationship between the Number of Candidates and the
Recognition Rate

Method 1 was used, and the number of candidates was 5, 8, 10, 15 and 20 in
this experiment. The dimensionality of the features for rough classification was
set at 15 and 20, and the learning coefficient was set at 10−2 and 10−3. Figure
7 shows that if the number of candidates was more than 10, the recognition
rate exceeded that of method 3. Moreover, the recognition rate was the highest
when the number of candidates was 10. If 15 or 20 candidates were chosen, the
recognition rate slightly decreased.
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5 Discussion

If the number of features for rough classification exceeds 15 and the number of
candidates are exceeds 10, the proposed methods can achieve a recognition rate
that is slightly higher than that of method 3. Moreover, the recognition speed of
the methods 1 and 2 are 9 times faster than that of method 3. We also got the
following interesting result. Intuitively, we can expect that the recognition rate
of the system with rough classification should be worse than that of the system
without rough classification. However, the experimental result was counter to
this expectation. In this section, we shall discuss this point.

The fine classification based on the 1-NN classifier uses the Euclidean distance
measure. This measure is suitable when data for each category has a spherical
Gaussian distribution in the n-dimensional feature space. However, real data do
not have such a distribution. If the number of reference vectors is not enough,
this difference may cause misclassification. Since the feature selection operation
gives different weights to each feature value, the m-dimensional feature space
might be more suitable for the Euclidean distance measure than the original
n-dimensional feature space. In other words, the variance of data distribution in
the n-dimensional feature space may be normalized by linear transformation in
the feature selection. This may be the reason why the recognition rate increases
slightly by incorporating the feature selection.

To consider the difference in the recognition rate from another point of view,
we focus on the rank (in candidate selection) of the reference vector V that is the
nearest to the n-dimensional feature vector X. If the m-dimensional reference
vector corresponding to V is selected as one of candidate vectors, the recognition
result corresponds the category of this vector. First, we divided the test patterns
into two groups. Group A consists of patterns in which the fine classification unit
without the rough classification classifies correctly. Group B consists of other
patterns. For each of these patterns, we extracted the nearest vector V to the
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input vector from among all reference vectors in the n-dimensional feature space.
The rank of V in the rough classification was then calculated. The result is shown
in Fig. 8. It shows that a V in group A is much more likely to be in a higher
rank than those of group B. Therefore, if the number of candidates is about 10,
almost all V of group A are selected as candidate vectors with high accuracy, and
some of the V of group B are not selected as candidate vectors. Therefore, in this
situation, the recognition rate of the proposed method is slightly higher than that
of method 3. If the number of the candidates is more than 15, the recognition
rate of the proposed method approaches the recognition rate of method 3.
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Fig. 8. Rank of V in the rough classification

6 Conclusion

The presented learning method for creation of the feature selection dictionary
for rough classification has been proven to be effective for character recognition.
The experimental results showed that our method’s processing time is 9 times
faster than that without rough classification, even if the recognition rates are
the same. In addition, we showed that the recognition rate does not increase as
the number of candidate increases and that the optimal number of candidate is
about 10.
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Abstract. The use of multiple features by a classifier often leads to a reduced
probability of error, but the design of an optimal Bayesian classifier for multiple
features is dependent on the estimation of multidimensional joint probability
density functions and therefore requires a design sample size that, in general,
increases exponentially with the number of dimensions. The classification
method described in this paper makes decisions by combining the decisions
made by multiple Bayesian classifiers using an additional classifier that
estimates the joint probability densities of the decision space rather than the
joint probability densities of the feature space. A proof is presented for the
restricted case of two classes and two features; showing that the method always
demonstrates a probability of error that is less than or equal to the probability of
error of the marginal classifier with the lowest probability of error.

1. Background

Given a set of objects and their corresponding feature vectors Χ = [χ1 χ2 ... χd]
T in

feature space Π, one of the fundamental problems of pattern classification is to define
a function (a classifier) Ψ: Π→∆ that can assign an appropriate class label ωi to any
given Χ in the feature space. The assignment itself is called a classification decision
δ ∈ ∆, and the set of all possible decisions is the decision space ∆. In a Bayesian
classifier, the classification decision is made based on the a posteriori probabilities
that the input is a member of a given class given the input. For a given input Χ, the a
posteriori probability for class ωi, p(ωi | Χ), can be calculated using Bayes’ rule:

( ) ( ) ( )
( ) ( )∑ ωω

ωω
=ω

i
ii

ii
i

Pp

Pp
p

Χ

Χ
Χ

(1)

The Bayesian decision rule selects the class label which corresponds to the
maximum a posteriori probability. The class-conditional probability density function
p(Χ | ωi) is often referred to as the likelihood function [5], and the likelihood function
weighted by the a priori probability P(ωi) is referred to here as the weighted
likelihood.  Since the sum of the weighted likelihoods (the denominator in the
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equation above) is positive and common to all of the a posteriori probabilities, it can
be factored out and the comparison made of the weighted likelihoods instead:

( ) ( ) ( ) ( ) jijjii ≠ωω>ωωω=δ  allfor PpPpsuch that i XX (2)

If the probability of error attained by a Bayesian classifier is unacceptably high for the
requirements of a given problem, two or more features can be used simultaneously to
form multivariate joint probability density functions. By using two or more features,
the multivariate classifier is often able to achieve a significantly better classification
performance than a comparable univariate classifier.

The Bayesian classifier is optimal in the sense that it has the lowest possible
probability of error εβ for a given set of probability density functions [6].  If the
classes’ density functions are not known, then they must be estimated from sample
data. However, the estimation of multivariate density functions in high-dimensional
spaces is nontrivial, and may require an unrealistically large design sample size to
attain a sufficiently accurate estimate.  This "curse of dimensionality“ [1] leads to an
interesting paradox: as the number of dimensions increases, the theoretical
performance of the Bayesian classifier improves but the practical problems involved
in implementing such a classifier also increase, resulting in a decline in the actual
classification performance beyond a certain threshold dimensionality [6].
Consequently, for situations in which the optimal Bayesian classifier performance is
insufficient for d dimensions, it may not be possible in practice to attain better
classification performance using d+1 dimensions, even though the theoretical
Bayesian performance should increase.

From the preceding discussion, it is apparent that a method for obtaining an
improvement in the classification performance for the d-dimensional Bayesian
classifier without requiring the estimation of d+1 dimensional density functions
would prove useful.  It is intuitively appealing to imagine combining several, lower-
dimensional Bayesian classifiers in such a way as to provide a lower error rate than
any one of them alone can achieve, and perhaps even to approach the error rate
attainable with a higher-dimensional classifier.

Current strategies for obtaining group decisions can be divided into two broad
categories: dynamic classifier selection and classifier fusion [12].  Dynamic classifier
selection (DCS) strategies attempt to predict or identify, for a given input, the best
decision out of the set of decisions made by the individual classifiers.  In contrast,
classifier fusion algorithms define a function ξ: ∆→∆ that can be used to calculate a
decision based on the simultaneous decisions of all of the individual classifiers.
Classifier fusion methods include majority voting [9], weighted majority voting,
averaged Bayesian decisions [13], naive Bayesian classifiers [2, 10], Dempster-Shafer
approaches [3, 11], and stacking strategies [4].  Stacking strategies differ from other
classifier fusion strategies in that the fusion function ξ: ∆→∆ is not defined a priori
but is instead learned by a "combining classifier" [4]. The combining classifier Ψ*

receives as input the classification decisions of m member classifiers Ψi(X) and
computes a final classification decision δ*:

δ* = Ψ* [Ψ1(X), Ψ2(X), . . . ,Ψm(X)] (3)
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In this paper, a stacking method is proposed as a means of combining marginal
decisions into a single, "pseudo-multivariate" decision.

2. Proposed Method

The method proposed here is to use the marginal decisions as features, thereby
forming a decision vector.  An additional Bayesian classifier, called a supervisory
classifier, can then be used to classify the vector of marginal decisions and generate a
combined classification decision.  The supervisory classifier makes its classification
decision based on estimates of the joint probability densities of the decision space
rather than the joint probability densities of the feature space.

A block diagram of this architecture is shown in Figure 1.  The example shown
uses a feature vector Χ = [χ1 χ2]

T that consists of only two features. Like the marginal
classifiers Ψ1 and Ψ2, the supervisory classifier ΨH is a Bayesian classifier, allowing
the sytem to be implemented from a common building block.  Feature χ1 is a random
variable with the class-conditional probability density function p(χ1 | ωi).  Likewise,
feature χ2 is a random variable with the class-conditional probability density function
p(χ2 | ωi).  An optimal Bayesian bivariate classifier Ψβ(χ1,χ2) would generate a
decision δβ based on the bivariate class-conditional probability density function
p(χ1,χ2 | ωi) and the a priori probability P(ωi) using Equation 2.  This requires the
bivariate density functions to be known beforehand or to be estimated using sample
data.

Classifier
ΨH(δ1,δ2)

Classifier
ΨH(δ1,δ2)

Decision
δH

Classifier
Ψ1

Classifier
Ψ1

Feature
χ1

Decision
δ1

Classifier
Ψ2

Classifier
Ψ2

Feature
χ2 Decision

δ2

Fig. 1. A Stacking Architecture for Combining Marginal Classification Decisions

However, in this case the intention is to avoid the need to estimate the bivariate
density functions.  The proposed method accomplishes this by first generating
classification decisions δ1 and δ2 based on the univariate (marginal) density functions.
Classifiers Ψ1 and Ψ2 can be viewed as performing a nonlinear transformation of
features χ1 and χ2 from the feature space Π to the decision space ∆.  This mapping
will generally be many-to-one, as there are generally far fewer classes defined for a
given problem than there are values for the defined features, resulting in considerable
compression from feature space to decision space.

The second step in the proposed method is to combine the decisions δ1 and δ2 by
means of a supervisory classifier, ΨH, which uses decisions δ1 and δ2 as features.  In
order to use the Bayesian decision rule, classifier ΨH needs the bivariate class-
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conditional probability density function p(δ1,δ2 | ωi), which can be estimated using the
same design sample used to estimate p(χ1 | ωi) and p(χ2 | ωi).  Since the decision space
is a discrete space with relatively few entries (as compared to the number of feature
values in feature space), p(δ1,δ2 | ωi) can be estimated using a much smaller sample
size than can p(χ1,χ2 | ωi).  Note that the supervisory classifier can "override" the
decisions of the marginal classifiers, choosing a different class from any of the
marginal decisions.  This override property is a key factor in the superiority of the
proposed method to voting methods.  Further information on the operation of the
method and the utility of the override property may be found in [7, 8].

3. Properties of the Proposed Method

To better understand the behavior of the proposed method, research to date has
focused on the simplest case: a problem requiring the classification of patterns into
one of two classes (Grey or ’G’ and Black or ’B’) based on the values of two features.
The proposed method divides the feature space into multiple partitions based on the
locations of the decision surfaces determined by the marginal classifiers.  It then
generates classification decisions for each partition by choosing the maximum class-
conditional probability (i.e., the class with the largest volume under its weighted
likelihood within the partition).  The marginal classification decisions, partitions, and
partition classification decisions are shown in Figure 2.
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G1
B1
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BBGB

GG
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B

G B
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B

G

G

Marginal Decision

Partition Label

Partition Classification

Decision Surface

Fig. 2. Classifier Partitions and Classification Decisions

One of the goals of the preliminary research effort was to determine the properties
of the proposed method without requiring assumptions regarding the parametric forms
of the complete or marginal likelihoods to be made.  Consequently, it was found to be
advantageous to graphically represent the partitions and the associated marginal and
partition classifications, without explicitly representing the likelihoods themselves.  A
partition plot for the example in Figure 2 is shown in Figure 3.
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By examining all of the possible partition arrangements, it is possible to determine
upper and lower bounds on the probability of error εH of the proposed method as
applied to a 2 class and 2 feature case without making assumptions as to the form or
parameters of the likelihoods. Several lemmas that are helpful for establishing these
bounds are proved below.  It is also important to note that the magnitude of the
hypervolume under a portion of the complete density function is equal to the
magnitude of the associated hypervolume under the corresponding marginal density
function [8]. The first lemma will be used to discard some of the possible candidate
classification arrangements due to the inconsistency between the partition
classifications and the corresponding marginal classification.
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Fig. 3. Partition plots for the analysis. Note that marginal decisions are shown along the
respective axes, while the partition decisions are shown within each partition.  Therefore, in (a)
the shaded partition BG (i.e., δx = B and δy = G) has been classified as G.  All of the partitions
that correspond to a given marginal decision form a corridor, shown as a shaded region in (b).

Lemma 1: Suppose that all of the partitions θk in a given corridor c of the decision space
are assigned the same class label ω

i
.  Then the class label assigned to the corresponding

decision region by the corresponding marginal classifier will be ω
i
.

Proof: The assignment of label ωi to all of the partitions θk in the corridor implies
that, within each of these partitions, the volume under the p(X|ωi)P(ωi) surface is
greater than the volume under any other classes’ surface:

∫∫
θθ

 )ω)ω> )ω)ω
kk

dd jji X(P|p(XX(P|p(X i ;   1 ≥ j ≥ N, i ≠ j. (4)

Likewise, it follows that the corridor’s ωi volume, composed of the sum of the ωi

volumes within each partition in the corridor, will also be the largest class-conditional
volume within the corridor:

∫∫  )ω)ω> )ω)ω
c

jj

c

ii dd X(P|p(XX(P|p(X ;   1 ≥ j ≥ N, i ≠ j. (5)
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As noted above, the volume under the complete weighted likelihood within a corridor
is equal to the volume (or area, if one-dimensional) under the corresponding marginal
weighted likelihood.  Consequently,

∫∫  )ω)ω> )ω)ω X(|p(XX(|p(X i dPdP jji ;   1 ≥ j ≥ N, i ≠ j. (6)

and the classification decision, in accordance with the Bayesian decision rule will be
ωi.  QED.

As a result of  Lemma 1, ten of the candidate classification arrangements can be
discarded, since they contain corridors with partitions that share classification labels
that are not the same as the label of the corresponding marginal classification region.
The six remaining candidate classification arrangements, shown in Figure 4, are all
valid arrangements.
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Fig. 4. Legal Arrangements of Partition Classifications.  The shaded partitions in arrangements
(e) and (f) represent decision overrides.

Lemma 2: Suppose that, for every corridor associated with a given marginal classifier x, the
partitions within a given corridor are assigned the same class label.  Then the probability of
error εH for the proposed method is equal to the probability of error εx of the associated
marginal classifier.

Proof: Refer to Figure 4(a).  Let Rω represent the region classified as class ω by the
marginal classifier, and let Cω represent the associated corridor.  The probability of
error for a given classifier is equal to the sum of the probabilities of the less likely
classes (i.e., all of the classes except the most likely one).  Consequently, the
probability of error for the x marginal classifier in Figure 4(a) is given by:

∫ ∫ ωω+ωω=ε
G BR R

GGBBx dxxdxx )(P)|(p)(P)|(p (7)
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and the probability of error for the proposed method in Figure 8 is given by:

∫∫∫∫ ωω+ωω=ε
BG C

GG

C

BB dydxyxdydxyx )(P)|,(p)(P)|,(pH
(8)

The volume under the complete weighted likelihood for each class within a given
corridor is equal to the volume (or area, in this case) under the marginal weighted
likelihood for the same class.

jidydxyxdxx

jj
C

ii

R

ii ≠ωω=ωω ∫∫∫
ωω

;)(P)|,(p)(P)|(p (9)

Consequently, it is apparent by substituting terms that εx = εH.  In addition, it can be
shown [8] that the probability of error εx of the associated marginal classifier will be
lass than or equal to the probability of error εy of the other marginal classifier. QED.

The next lemma concerns two of the remaining four arrangements.  In these
arrangements, three of the four partitions share a common class label, as shown in the
examples in Figures 4(c) and 4(d).  It can be shown that these arrangements result in a
probability of error εH that is equal to or less than the smaller probability of error of
the two marginal classifiers.

Lemma 3: Suppose that the proposed method is used to discriminate between two-
dimensional patterns belonging to two classes with arbitrary joint probability density functions,
and that three of the four possible partitions are assigned the same class label.  Then the
probability of error for the proposed method εH is less than the smaller probability of error of
the associated marginal classifiers.

Proof: Refer to Figure 4(d).  Let εi, 1 ≤ i ≤ 4, represent the contribution of marginal
region Ri to the marginal classifier’s probability of error (i.e., the volume under the
weighted likelihood of the unchosen class in that region).  Let IP represent the volume
under the weighted likelihood curve for class I within partition P (i.e., BGB would refer
to the volume under the weighted likelihood for class B in partition GB).  By Lemma
2, the marginal probabilities of error εx and εy can be related to the volumes within the
partitions and hence to the probability of error of the proposed method:

( ) ( )BGBBGGGBx GGBB +++=ε (10)

( ) ( )BBGBBGGGy GGBB +++=ε (11)

BBBGGBGGH GGGB +++=ε (12)

The proposed classifier, which selects the largest volume within a partition, classified
partition GB as B and partition BG as B.  This implies that

GBGB BG ≤     and    BGBG BG ≤ (13)

Assume that εx ≤ εΗ.   This implies that
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BBBGGBGGBGBBGGGB GGGBGGBB +++≤+++ (14)

Eliminating common terms yields

GBGB GB ≤ (15)

which contradicts equation 13.  Therefore, εx > εΗ.  Similarly, assume that εy ≤ εΗ.
This implies that

BBBGGBGGBBGBBGGG GGGBGGBB +++≤+++ (16)

Eliminating common terms yields

BGBG GB ≤ (17)

which also contradicts Equation 13.  Therefore, εy > εΗ.  Since εH < εx and εH < εy, εH is
less than the smaller of εx and εy.  A similar argument can be used to show that similar
contradictions also result when partition BB is the sole partition classified as B.
QED.

The final lemma concerns the two remaining arrangements, Figures 4(e) and 4(f),
which share the property of having a partition that has been classified differently than
either of the corresponding marginal regions.  As discussed previously, this amounts
to having the supervisory classifier "override" all of the decisions made by the
marginal classifiers, choosing a class that was not selected by either of the marginal
classifiers.

Lemma 4: Suppose that the proposed method is used to discriminate between two-
dimensional patterns belonging to two classes with arbitrary joint probability density functions,
and that a partition is assigned a class label that is different than the label assigned to either of
the two corresponding marginal classification regions.  Then the probability of error for the
proposed method εH is less than the smaller probability of error of the associated marginal
classifiers.

Proof: This proof will be performed in a manner similar to that of Lemma 3.
Assume that the partition and marginal region classifications are given by Figure 4(f).
Let εi, 1 ≤ i ≤ 4, represent the contribution of marginal region Ri to the marginal
classifier’s probability of error (i.e., the volume under the weighted likelihood of the
unchosen class in that region).  Let IP represent the volume under the weighted
likelihood curve for class I within partition P. The marginal probabilities of error εx

and εy can be related to the volumes within the partitions and hence to the probability
of error of the proposed classifier:

( ) ( )BGBBGGGBx GGBB +++=ε (18)

( ) ( )BBGBBGGGy GGBB +++=ε (19)

BBBGGBGGH BGGB +++=ε (20)
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The proposed classifier, which selects the largest volume within a partition, classified
partition GB as B, partition BB as G, and partition BG as B.  This implies that

GBGB BG ≤  , BGBG BG ≤  ,  and BBBB GB ≤ (21)

Assume that εx ≤ εΗ.   This implies that

BBBGGBGGBGBBGGGB BGGBGGBB +++≤+++ (22)

Eliminating common terms yields

BBGBBBGB BGGB +≤+ (23)

Since the volumes are all positive quantities, this contradicts Equation 21.  Therefore,
εx > εΗ.  Similarly, assume that εy ≤ εΗ.   This implies that

BBBGGBGGBBGBBGGG BGGBGGBB +++≤+++ (24)

Eliminating common terms yields

BBBGBBBG BGGB +≤+ (25)

Since the volumes are all positive quantities, this contradicts Equation 21.  Therefore,
εy > εΗ.  Since εH < εx and εH < εy, εH is less than the smaller of εx and εy.  A similar
argument can be used to show that similar contradictions also result when partition
GG is classified as B.  QED.

By using the lemmas that were proven in the previous section, it is possible to
construct a proof for Theorem 1.

Theorem 1: Suppose that two features x and y are used to discriminate between patterns
belonging to two classes M and B for which the class-conditional bivariate probability density
functions are known.  Then εβ ≤ εΗ ≤ min(εx, εy).

Proof: For a two class and two feature scenario, there are 16 candidate arrangements
of partition classifications.  In accordance with Lemma 1, ten of those arrangements
are inconsistent with the properties of any arbitrary likelihood function and can
therefore never occur.  This leaves the six arrangements shown in Figure 4.  In
accordance with Lemma 2 through 4, these arrangements yield the following
probability of error εH:

εH ≤ min(εx, εy) (26)

The Bayesian classifier is optimal in the sense that it has the lowest possible
probability of error εβ for a given set of probability density functions.  Therefore,

εβ ≤ εΗ ≤ min(εx, εy) (27)

QED.
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4. Conclusions

The use of multiple features by a classifier often leads to a reduced probability of
error, but the design of an optimal Bayesian classifier for multiple features requires a
design sample size that, in general, increases exponentially with the number of
dimensions.  This project explores a method of combining the classification decisions
of multiple classifiers, each utilizing a different subset of the set of features, into a
single decision.  The current research has focused on the restricted problem of
classifying two classes given two features.  It has been proven that, for this restricted
problem, the method always demonstrates a probability of error that is greater than or
equal to the probability of error of the optimal joint Bayesian classifier and less than
or equal to the probability of error of the marginal classifier with the lowest
probability of error.
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Abstract. A hybrid architecture that includes Radial Basis Functions
(RBF) and projection based hidden units is introduced together with a
simple gradient based training algorithm. Classification and regression
results are demonstrated on various data sets and compared with several
variants of RBF networks. In particular, best classification results are
achieved on the vowel classification data [1].

1 Introduction

The duality between projection-based approximation and radial kernel
methods has been explored theoretically [2]. it was shown that a func-
tion can be decomposed into mutually exclusive parts, the radial part
and the ridge (projection based) part and that the two parts are mutu-
ally exclusive. It is difficult however, to separate the radial portion of a
function from its projection based portion before they are estimated, and
sequential methods which attempt to first find the radial part and then
proceed with a projection based approximation are likely to get stuck in
non-optimal local minima.

Earlier approaches to kernel based estimation were based on Volterra
and Wiener kernels [17, 19] but they failed to produce a practical opti-
mization algorithm that can compete with MLPs or RBFs. The relevant
statistical framework is Generalized Additive Models (GAM) [6, 7]. In
that framework, the hidden units (the components of the additive model)
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have some parametric form, usually polynomial, which is estimated from
the data. While this model has nice statistical properties [18], the ad-
ditional degrees of freedom, require strong regularization to avoid over-
fitting.

Higher order networks have at least a quadratic terms in addition to
the linear term of the projections [9] as a special case of GAM. While
they present a powerful extension of MLPs, and can form local or global
features, they do so at the cost of squaring the number of input weights
to the the hidden nodes. Flake has suggested an architecture similar to
GAM where each hidden unit has a parametric activation function which
can change from a projection based to a radial function in a continu-
ous way [4]. This architecture uses a squared activation function, thus
called Squared MLP (SMLP) and only doubles the number of free para-
meters. The use of B-Splines was also suggested in this context [8] with
the argument that such network can combine properties of global and
local receptive fields. These networks are more general than the proposed
model. In high dimensional problems, a network that is too general has
more free parameters and is more likely to over-fit the data. We shall com-
pare the proposed model to the current state of the art in performance
on the data set that we use to show that our proposed model does not
suffer from such over-fitting problem.

It achieved very good results on some data sets and was only outper-
formed by our proposed architecture (see below).

This paper introduces a simple extension to both MLP and RBF net-
works by combining RBF and Perceptron units in the same hidden layer.
Unlike the previously described methods, this does not increase the num-
ber of parameters in the model, at the cost of predetermining the number
of RBF and Perceptron units in the network. The new hybrid architec-
ture, which we call Perceptron Radial Basis Net (PRBFN), automatically
finds the relevant functional parts from the data concurrently, thus avoid-
ing possible local minima the result from sequential methods. It leads to
superior results on data sets on which radial basis function have so far
produced best results, in particular the vowel classification data [1] where
current best results are obtained.

2 The hybrid RBF/FF architecture and training

For simplicity, we shall consider a single hidden layer architecture, since
the extension to a multi-layer net is simple. In the hybrid architecture,
some hidden units are of radial functions and the others are of projection
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type. All the hidden units are connected via a set of weights to the out-
put layer which can be linear, for regression problems, or non-linear for
classification problems.

Figure 1 presents the proposed hybrid architecture. There is a set
of weights connecting the hidden units to the output units and a set of
weights for the hidden units, which is in case of the perceptron units the
projecting vectors, and the RBF centers for the RBF units.

Y1 Yc

Ridge1 RidgeM1 Rbf1 RbfM2Bias

Bias x1 xd

Hidden layer composed of M1 
Ridge units and M2 RBF units.

Out layer for c output classes.

... ...

. . .

Fig. 1. PRBF hybrid neural network with M hidden units, M1 RBFs and M2 Percep-
trons and M = M1 + M2.

There are several steps in estimating parameters to the hybrid archi-
tecture; First, the number of cluster centers is determined from the data
and the number of RBF hidden units is chosen accordingly. Each RBF
units is assigned to one of the cluster centers. The clustering can be done
by a k-means procedure [3]. A discussion about the benefits of more re-
cent approaches to clustering is beyond the scope of this paper. Unlike
Orr [11], we assume that the clusters are symmetric, although each cluster
may have a different radius. This is done in order to reduce the number
of free parameters, while it is likely that in data-sets where Orr’s method
outperforms other RBF methods (see results on Friedman’s data below),
this assumption is not valid. The weights for the hidden projection based
units can be set randomly using a certain weight distribution. The second

3

149A Hybrid Projection Based and Radial Basis Function Architecture



layer of weights can then be found using a pseudo-inverse of the activity
matrix or via a least mean square procedure.

The last step in the parameter estimation is to refine the weights of
the hybrid network via some form of gradient descent minimization on
the full architecture.

2.1 Gradient based parameter optimization

We start by deriving the gradient of the full architecture. The output of
a radial basis unit is given by:

φ(x,wi) = exp
−(x−wi)

2

2r2
i .

The output of a projection based unit is given by:

aj = g(
∑

i

(wji · zi)),

Where z is the output of the previous layer or the input to the hidden
layer and w is the weight vector associated with this unit. The transfer
function g is monotone and smooth such as sigmoidal. It is linear in the
case of regression. The total error is given by the sum of the errors for
each pattern:

E =
N∑

n=1
En.

The error on K outputs for the n’th pattern is given by:

En =
1
2

K∑

k=1

(yn
k − tnk)2,

where tnk and yn
k are the target value and output value for the n’th pat-

tern of the k’th output respectively. The partial derivatives of the error
function with respect to the output weights is given by:

∂En

∂wkj
= g′(ak)(yn

k − tnk)zi.

where zi is the output of the previous layer and g′(ak) is the derivative
of the transfer function at the linear value ak.
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The error term δ for the radial hidden units is given by:

δnk = (yn
k − tnk)g′(ak),

and for the projection hidden units by:

δnj = g′(aj)
K∑

k=1

δnkwkj .

Using this notation, the partial derivatives of the error function with
respect to first layer of weights (from the patterns to Ridge units) is
given by:

∂En

∂wji
= δnj x

n
i .

The partial derivatives of the error function with respect to the centers
of the RBFs is given by:

∂En

∂mj
=

K∑

k=1

δnkwkj
(xn −mj)

r2j
φ(xn, wj).

The partial derivatives of the error function with respect to the radii is
given by:

∂En

∂rj
=

K∑

k=1

δnkwkj
‖ xn −mj ‖2

r3j
φ(xn, wj).

A momentum term can be added to the gradient, however it was not
found to be useful with the hybrid gradient. A Levenberg Marquardt
updating rule was found to be very useful for updating the weights, the
centers and the radii. It is given by

wnew = wold − (ZTZ + λI)−1ZTwold,

where the matrix Z is given by:

(Z)ni =
∂yn

∂wi
.

3 Eliminating un-needed RBF units

It is likely that after the clustering algorithm, some cluster centers do not
represent real clusters which could be approximated by an RBF, thus such
cluster centers should be eliminated with the hope that the projection
based units will be more useful in approximating the function in those
regions. We have used several criteria for eliminating such clusters.

5
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Size of a cluster

We discard clusters whose size in terms of number of patterns is too small,
or the size in terms of scatter is too large. Given a certain threshold a,
we consider only clusters which satisfy (N/k ≥ a) where N is the total
number of patterns and k is the number of clusters.

The scatter of cluster i is given by:

Ji =
1
Ni

Ni∑

k=1

(‖ Xk −Mi ‖)2

We discard clusters for which Ji ≥ a for a certain threshold a. This
criterion however is not very effective for non-radial clusters. In that case
the Mahalanobis distance should be used.

Spectrum criteria

Clusters with a large difference between highest to lowest eigen values in-
dicate that some directions have little variation which can be attributed
to noise only. Such clusters should be projected on the more meaningful
directions. At this point, we discard such clusters, and leave the approx-
imation in this region to the MLP.

4 Experimental results

This section describes regression and classification results of several vari-
ants of RBF and the proposed PRBFN architecture on several data sets.
The results which are only given for the test data are an average over 10
runs and include the standard deviation. We start with a comparison on
four simulated regression data sets that were used by Orr to asses the
performance of RBF. The results are summarized in Table 1.

The first data set is a 1D sine wave [11].

y = sin(12x),

with x ∈ [0, 1]. A Gaussian noise was added to the outputs with a
standard deviation of σ = 0.1. 10 sets of 50 train and 50 test patterns
randomly sampled from the data with the additive noise were used.

The second data-set is a 2D sine wave,

y = 0. sin(x1/4) sin(x2/2),
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with 200 training patterns sampled at random from an input range x1 ∈
[0, 10] and x2 ∈ [−5, 5]. The clean data was corrupted by additive
Gaussian noise with σ = 0.1. The test set contains 400 noiseless samples
arranged as a 20 by 20 grid pattern, covering the same input ranges. Orr
measured the error as the total squared error over the 400 samples. We
report the error as simply the MSE on the test set.

The third data set [10, 12] is based on a one dimensional Hermite
polynomial

y = (1 + (x+ 2x2)e−x2
.

100 input values are sampled randomly between −4 < x < 4, and
Gaussian noise of standard deviation σ = .1 was added to the output.

The fourth data-set is a simulated alternating current circuit with
four input dimensions (resistance R, frequency ω, inductance L and ca-
pacitance C and one output impedance Z =

√
R2 + (ωL− 1/ωC)2. Each

training set contained 200 points sampled at random from a certain region
[13, for further details]. Again, additive noise was added to the outputs.
The experimental design is the same as the one used by Friedman in the
evaluation of MARS [5]. Friedman’s results include a division by the vari-
ance of the test set targets. We do not make this division and report the
MSE on the test set. Orr’s regression trees method [13] outperforms the
other methods on this data set.

MacKay 1D Sine 2D Sine Friedman
Rbf-Orr 1.7e-3±0 1.2e-3±0 7.4e-3±6e − 3 7.0±0.1
Rbf-Matlab 2.1e-3±9.5e − 5 8.0e-4±6.0e − 3 8.3e-3±5e − 4 10.9±0.4
Rbf-Bishop 1.8e-2±9.7e − 6 1.7e-2±1.5e − 5 4.9e-3±1.4e − 3 11.7±0.7
PRBFN 1.5e-3±9.1e − 4 1.1e-3±2.0e − 4 6.8e-3±1.8e − 4 10.6±0.6

Table 1. Comparison of Mean squared error results on two data sets (see [13] for
details). Results on the test set are given for several variants of RBF networks which
were used also by Orr to asses RBFs. MSE Results of an average over 10 runs including
standard deviation are presented.

4.1 Classification

We have used several data sets to compare the classification performance
of the proposed methods to other RBF networks. The sonar data set at-
tempts to distinguish between a mine and a rock. It was used by Gorman
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and Sejnowski [14] in their study of the classification of sonar signals us-
ing neural networks. The data has 60 continuous inputs and one binary
output for the two classes. It is divided into 104 training patterns and
104 test patterns. The task is to train a network to discriminate between
sonar signals that are reflected from a metal cylinder and those that are
reflected from a similar shaped rock. There are no results for Bishop’s
algorithm as we were not able to get it to reduce the output error. Gor-
man and Sejnowski report on results with feed-forward architectures [16]
using 12 hidden units. They achieved 84.7% correct classification on the
test data. This result outperforms the results obtained by the different
RBF methods, and is only surpassed by the proposed hybrid RBF/FF
network.

The Deterding vowel recognition data [1, 4] is a widely studied bench-
mark. This problem may be more indicative of the type of problems that
a real neural network could be faced with. The data consists of auditory
features of steady state vowels spoken by British English speakers. There
are 528 training patterns and 462 test patterns. Each pattern consists
of 10 features and it belongs to one of 11 classes that correspond to the
spoken vowel. The speakers are of both genders. The best score so far
was reported by Flake using his SMLP units. His average best score was
60.6% [4] and was achieved with 44 hidden units. Our algorithm achieved
65.7% correct classification with only 19 hidden units. As far as we know,
it is the best result that was achieved on this data set.

The seismic1 and seismic2 data sets are two different representations
of seismic data. The data sets include waveforms from two types of explo-
sions and the task is to distinguish between the two types. This data was
used a “Learning” course in the last two years for performance evaluation
of many different classifiers1. one of these two classes. The dimensionality
of seismic1 is 352 representing 32 time frames of 11 frequency bands, and
the dimensionality of seismic2 patterns is 242 representing 22 time frames
of 11 frequency bands. Principal Component Analysis (PCA) was used to
reduce the data representation into 12 dimensions. Both data-sets have
65 training patterns and 19 test patterns which were chosen to be the
most difficult for the desired discrimination.

Table 2 summarizes the percent correct classification results on the
different data sets for the different RBF classifiers and the proposed hy-
brid architecture. As in the regression case, the STD is also given however,
on the seismic data, due to the use of a single test set (as we wanted to
see the performance on this particular data set only) the STD is often

1 For details see http://www.math.tau.ac.il∼nin/learn98,9
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zero as only a single classification of the data was obtained in all 10 runs.

Algorithm Sonar Vowel Seismic1 Seismic2
RBF-Orr 71.7±0.5 – 63±0 79±0
RBF-Matlab 82.3±2.4 51.6±2.9 73±4 81±3
RBF-Bishop – 48.4±2.4 60±4 77±5
PRBFN 87.1±3.3 65.7±1.9 89±0 85±3

Table 2. Percent classification results of different RBF variants on four data sets.

5 Discussion

The general ideas of a hybrid architecture is not new and is covered in
the theory of generalized additive models [7]. The novelty of the proposed
architecture and training algorithm is the simplicity of training, and the
fact that the number of model parameters is not increased. The draw
back compared with more flexible methods is that the number of RBFs
and ridge functions have to be pre-determined.

In the extensively studied vowel data set, our proposed hybrid archi-
tecture achieved average results which are superior to the best known
results [15]. Moreover, this result was achieved with a smaller number of
hidden units suggesting that the internal representation found by the hy-
brid architecture is richer and generalizes better. The proposed method
also outperformed a feed-forward architecture and RBF architectures on
the sonar data [14]. This architecture is thus a viable alternative to the
use of either projection based or radial basis functions. It shares the good
convergence properties of both, and with a good parameter estimation
procedure it is expected to outperform either on difficult tasks.
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Abstract. We first summarize main features of a new probabilistic ap-
proach to neural networks recently developed in a series of papers in the
framework of statistical pattern recognition. We consider a simplifying
binary approximation of the output variables and, in order to prevent the
arising information loss, we propose to combine multiple solutions. Ho-
wever, instead of combining different a posteriori probabilities, we make
a parallel use of the binary output vectors to compute the standard
Bayesian classifier.

1 Introduction

The probabilistic approach to neural networks is closely related to statistical pat-
tern recognition. The fundamental idea of probabilistic neural networks (PNN)
is to approximate the class-conditional distributions by finite mixtures and to
identify the components of mixtures with neurons (cf. e.g. [15,16,9,6]). In the
present paper we first summarize the basic principles of PNN. In order to pre-
vent information loss in multilayer feed-forward PNN we consider a special type
of classifier fusion. The standard approach to improve recognition accuracy and
generalization performance of practical solutions, widely used both in statistical
pattern recognition [10,11] and neural network ensembles [1,7,8,12,13] is to com-
bine the outputs (e.g. a posteriori probabilities of classes, decisions) produced
by different classifiers. In the present paper we propose an alternative utilization
of multiple classifiers which derives from the output representation adopted. In-
stead of applying various rules to different a posteriori probabilities of classes or
output node excitations we make parallel use of multiple solutions by composing
the corresponding binary subvectors.

The parallel use of multiple solutions in the form of a joint binary output
vector opens new possibilities to utilize the underlying decision information. The
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advocated representation is not unlike the feature coding method of Sung and
Poggio [17]. However it differs in two key elements: in the use of structurally
optimized class modeling, and in node output normalization. The proposed ap-
proach also treats the classifier design and classifier combination in a unified
manner. Moreover, it is underpinned theoretically.

The paper is organized as follows. In the next section the basic probabilistic
neural network model adopted is described. We introduce the information pre-
serving transform which reduces the statistical complexity of the feature coding.
The proposed probabilistic neural network model with structural optimization
capability is introduced in Section 3, followed by the discussion of binary approxi-
mation of output variables in Section 4. Section 5 proposes the novel classifier
fusion method. The effectiveness of the complete design methodology is demon-
strated in Section 6 on a character recognition problem. Section 7 draws the
paper to conclusion.

2 Probabilistic Neural Networks

Considering the probabilistic approach to neural networks we assume that there
is a finite set of mutually exclusive classes Ω = {ω1, ω2, . . . , ωK} and some N -
dimensional observations x = (x1, x2, . . . , xN ) from a space X occur randomly
according to the a priori probabilities p(ω) and the class-conditional probability
distributions P (x|ω). 1 In the following let x ∈ X be N-dimensional vector of
binary variables

x = (x1, x2, . . . , xN ) ∈ X , xn ∈ {0, 1}, X = {0, 1}N . (1)

All statistical information about the set of classes Ω given some observation
x ∈ X is expressed by the Bayes formula for a posteriori probabilities

p(ω|x) =
P (x|ω)p(ω)

P (x)
, ω ∈ Ω, P (x) =

∑
ω∈Ω

P (x|ω)p(ω) (2)

where P (x) is the unconditional joint probability distribution of x. Note that
the a posteriori probabilities p(ω|x), ω ∈ Ω are easily used to compute a unique
decision, if necessary. In view of Eq. (2) the solution of the above statistical deci-
sion problem {X , P (·|ω)p(ω), ω ∈ Ω} is available, if the probabilistic description
of classes is known. With the concept of probabilistic neural networks on mind
we assume that the conditional distributions P (x|ω) can be approximated by
finite mixtures of the form

P (x|ω) =
∑

m∈Mω

F (x|m, ω)f(m|ω), x ∈ X ,
∑

m∈Mω

f(m|ω) = 1, ω ∈ Ω (3)

where f(m|ω) ≥ 0 are some conditional probabilistic weights, F (x|m, ω) the
component distributions and Mω is the index set. An important feature of PNN
1 In this paper we use capital letters to distinguish multivariate probability distribu-
tions from the univariate ones.
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is the possibility to estimate the parameters of mixtures (3) from data by means
of EM algorithm (cf. [14,2,6]).

For the sake of simple notation we introduce a consecutive indexing of com-
ponents. We denote Mωk

the index set of the class ωk ∈ Ω, (k = 1, . . . , K):

Mωk
= {Mωk−1 + 1, Mωk−1 + 2, . . . , Mωk

}, Mωk−1 < Mωk
, Mω0 = 0, (4)

i.e. the number of components of the mixture P (x|ωk) is |Mωk
| = (Mωk

−
Mωk−1). In this way the component index m uniquely identifies the class ω ∈
Ω and therefore the parameter ω can be partly omitted in Eq. (3). By using
substitution

P (x|ω)p(ω) =
∑

m∈Mω

F (x|m)f(m), f(m) = f(m|ω)p(ω) (5)

we can express the joint probability distribution P (x) in the form

P (x) =
∑

m∈M
F (x|m)f(m), x ∈ X , M = ∪ω∈ΩMω, M = |M|. (6)

As it can be seen, the set of component distributions F (x|m) naturally introduces
an additional “descriptive” decision problem {X , F (·|m)f(m), m ∈ M} with
a priori probabilities f(m) whereby each component in the mixture (6) may
correspond e.g. to an elementary situation on the input [3]. Given an observation
x ∈ X , the a posteriori probabilities of components

f(m|x) =
F (x|m)f(m)

P (x)
, m ∈ M, x ∈ X (7)

may be interpreted as a measure of presence of different elementary situations
on input.

The basic idea of PNN is to view the component distributions F (x|m) as
formal neurons, i.e. the functioning of a neuron is determined by the parameters
of the corresponding component F (x|m). In multilayer neural networks each
neuron of a given layer realizes a coordinate function of a vector transform T
mapping the input space X into the space of output variables Y. We denote

T : X → Y, Y ⊂ RM , y = T (x) = (T 1(x),T2(x), . . . ,TM (x)) ∈ Y. (8)

It has been shown (cf. [3,18]) that the transform defined by Eqs.

ym = Tm(x) = log f(m|x), x ∈ X , m ∈ M (9)

is information preserving and minimizes the entropy of the output space Y.
Note that given input vector x ∈ X , the decision information is fully ex-

pressed by the a posteriori distribution f(m|x). As the information preserving
transform (8), (9) actually “unifies” the points x ∈ X with identical posterior
distributions f(m|x), the arising partition of the input space X doesn’t cause any
information loss. Simultaneously, this partition of the input space is the “sim-
plest” one [3,18]. The principle of information preserving transform can be used
for sequential design of multilayer neural networks by transforming the descrip-
tive decision problem along with the training data and by using the estimation
procedures repeatedly (cf. [3]).
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3 Subspace Approach

A typical feature of multilayer neural networks is the possibility to connect any
particular neuron with arbitrary subset of nodes of input layer. Unfortunately,
in probabilistic neural networks this structural freedom is not compatible with
a statistically correct Bayesian decision-making. Because of the norming condi-
tion all the neurons must be connected with all the input variables and, in this
sense, the biologically unnatural complete interconnection property of probabi-
listic neural networks is enforced by the very basic paradigm of probabilistic
description.

As proposed in an earlier paper [4] the undesirable complete interconnec-
tion of PNN can be avoided by using special type of mixtures including binary
structural parameters. Making substitution

F (x|m) = F (x|0)G(x|m, φm),

we introduce a modified mixture of distributions

P (x|ω) =
∑

m∈Mω

F (x|0)G(x|m, φm)f(m|ω) (10)

where
F (x|0) =

∏
n∈N

θxn
n0 (1 − θn0)1−xn , N = {1, 2, . . . , N} (11)

is a nonzero “background” probability distribution common to all classes ω ∈ Ω.
The background distribution is usually defined as a product of marginals, i.e.
θn0 = P{xn = 1}. The component functions G(x|m, φm) include additional
binary structural parameters φmn ∈ {0, 1}:

G(x|m, φm) =
∏

n∈N

[(
θnm

θn0

)xn
(

1 − θnm

1 − θn0

)1−xn
]φmn

. (12)

The main motivation for the structural model (10) becomes clear in the Bayes
formula since the background distribution F (x|0) can be cancelled and we can
write

p(ω|x) =

∑
m∈Mω

G(x|m, φm)f(m)∑
j∈M G(x|j, φj)f(j)

. (13)

It can be seen that the a posteriori probability p(ω|x) is proportional to the
weighted sum of the component functions G(x|m, φm) and, for the sake of
Bayesian decision-making, we may consider only the respective subsets of va-
riables defined by φmn = 1. The formula (13) is actually dimension-independent
because, by means of structural parameters φmn, the EM algorithm automati-
cally chooses only some component-specific subsets of informative variables from
the original N -dimensional input vector x (cf. [4,6]).



Combining Classifiers in PNN 161

4 Binary Approximation

It is an important aspect of the structural model (10) that the background
distribution can be cancelled in the formula (7) for the a posteriori component
weights

f(m|x) =
G(x|m, φm)f(m)∑
j∈M G(x|j, φj)f(j)

, m ∈ M. (14)

Let us recall that in the information-preserving transform (9) the output of
a neuron is defined as logarithm of the a posteriori weight (14). The binary
approximation of the information preserving transform discussed in this section
(cf. [5] ) makes the norming term in the coordinate functions irrelevant and
therefore the input subspaces (”receptive fields”) of neurons could correspond
to the respective subsets of variables specified by the structural parameters.

It is well known practical experience that with increasing dimensionality
the multivariate component distributions F (x|m) of mixtures tend to have only
small ”overlap” and, consequently, the a posteriori weights f(m|x) tend to have
only two extreme values, namely 0 and 1. For example, estimating multivariate
Bernoulli mixtures in a 1024-dimensional binary cube [6] we obtained repeatedly
maximal values of the a posteriori weights f(m|x) about 0.99 on average.

Motivated by practical arguments we shall consider the binary approximation
of the coordinate functions as proposed in the paper [5]. We assume only small
overlap of the components of the mixture P (x) and define the binary coordinate
functions as follows

ym = Tm(x) =
{

1, m = µ(x)
0, m �= µ(x) , x ∈ X , m ∈ M. (15)

whereby µ(x) identifies the highest a posteriori probability f(m|x). We define
the function µ(x) by Eq.

µ(x) = min{arg max
m∈M

{log[G(x|m)f(m)]}} (16)

which doesn’t contain the norming term occurring in the formula (14). As it has
been shown (cf. [5]) the arising information loss caused by the considered binary
approximation is bounded by the approximation error in certain sense.

5 Parallel Use of Multiple Classifiers

There are several arguments to combine classifiers in PNN. Let us recall first
that we could improve the recognition accuracy which may be impaired by the
binary approximation of neuron outputs or by the imperfectly estimated mixtu-
res. There is also a computational aspect. The EM algorithm as an optimization
procedure is known to converge to a possibly local maximum of the log-likelihood
function and therefore it is starting-point dependent. A standard method to im-
prove the quality of the estimated mixture is to repeat the computation with
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sufficiently many different initial values. In this way we obtain multiple solutions
of the optimization problem as a natural by-product.

From the point of view of combining classifiers it occurs useful that, in our
case, multiple solutions obtained by EM algorithm may be expected to be essen-
tially different since the underlying multivariate Bernoulli mixtures are known
to be unidentifiable. More generally, any finite mixture of product components

P (x) =
∑

m∈M
f(m)F (x|m), F (x|m) =

∏
n∈N

fn(xn|m), xn ∈ Xn (17)

where fn(xn|m) are univariate discrete distributions cannot be uniquely identi-
fied from independent observations of the corresponding random vector. In other
words, any distribution of the form (17) can be equivalently expressed in many
different ways. In particular, note that any nontrivial univariate discrete distri-
bution fn(xn|m), (fn(xn|m) < 1 for all xn ∈ Xn) can be expressed as a weighted
average of two (or more) distributions in infinitely many ways, e.g.

fk(xn|m) = αf ′
k(xn|m) + (1 − α)f ′′

k(xn|m), ) < α < 1, f ′
k �= f ′′

k. (18)

By means of the substitution (18) we can express the component f(m)F (x|m)
as a sum of two different components

f(m)F (x|m) = αf(m)F
′
(x|m) + (1 − α)f(m)F

′′
(x|m) (19)

and therefore, after substituting (19) in (17), we obtain a formally different
mixture.

Let us recall finally that the binary approximation of the information preser-
ving transform yields a vector of binary output variables. The dimension of this
vector is equal to the total number of components M = |M| whereby, for any
input vector x ∈ X , only one of the variables is equal to 1 and all the others are
zero. This fact can be expressed by Eq.

y = T (x) = (δ(1, µ(x)), δ(2, µ(x)), . . . , δ(M,µ(x))), x ∈ X (20)

In the case of parallel use of multiple solutions the number of nonzero output
variables is equal to the number of the solutions involved and the resulting neural
network model is more realistic from the biological point of view.

6 Numerical Example

The numeral database of Concordia University in Montreal, Canada has been
chosen to demonstrate the performance of PNN (cf. [6]) as it is widely used
for benchmarking of pattern recognition algorithms. The totally unconstrained
handwritten numerals were collected from so called ”dead-letter” envelopes by
the U.S. Postal Service at different locations in the United States. They are digi-
tized in bilevel on a 64x224 grid of 0.153 mm square raster fields. The numerals



Combining Classifiers in PNN 163

show great variability in style and size. For this reason they are usually size-
normalized in the published experiments. As a rule the authors follow the sug-
gestion of the original documentation to use 4000 specified numerals for training
of classifiers (400 per class) and 2000 numerals (200 per class) for independent
testing.

Table 1. Recognition of numerals from the database of Concordia University, Mon-
treal. Classification accuracy (class-conditional and global) of 8 independent randomly
initialized solutions as verified by independent test set of 2000 numerals (extended by
25 shifts). The second column contains the number of components M and the next
column the total number of parameters r involved by the respective solutions. The
following 10 columns represent recognition accuracy of the classes ”0”, ”1”, . . ., ”9”
respectively and the last column contains the global (mean) accuracy.

Class: (M) (r) 0 1 2 3 4 5 6 7 8 9 Mean
Sol. 1 151 39673 0.920 0.855 0.945 0.810 0.815 0.825 0.935 0.895 0.850 0.905 0.8755
Sol. 2 186 71558 0.810 0.810 0.920 0.820 0.830 0.805 0.930 0.895 0.840 0.900 0.8560
Sol. 3 203 59997 0.925 0.860 0.955 0.825 0.875 0.845 0.955 0.860 0.895 0.900 0.8895
Sol. 4 183 60003 0.935 0.905 0.935 0.820 0.835 0.825 0.960 0.850 0.905 0.910 0.8880
Sol. 5 185 58102 0.940 0.900 0.910 0.830 0.875 0.815 0.945 0.880 0.905 0.875 0.8875
Sol. 6 118 35001 0.885 0.905 0.895 0.810 0.865 0.780 0.950 0.865 0.845 0.870 0.8670
Sol. 7 160 46413 0.905 0.855 0.940 0.795 0.825 0.805 0.935 0.805 0.860 0.900 0.8625
Sol. 8 157 54835 0.900 0.865 0.925 0.820 0.845 0.870 0.940 0.855 0.905 0.910 0.8835

In our recent paper [6] the training- and testing sets were also used as pro-
posed in documentation. In the preprocessing phase all the numerals were nor-
malized to the size 32x32 in a simple way, by periodically deleting or doubling
the rows and/or columns. No special feature extraction method was used, ho-
wever, in order to decrease positional dependences, the training data set was
extended by 5 horizontal and 5 vertical shifts with the resulting number of
100000, (= 5x5x4000) training numerals. The same procedure was applied to
independent test sets whereby the maximum a posteriori probability obtained
for different shifts of a given input vector x was used to define its final classi-
fication (cf. Tab.1). This idea can be viewed as an analogy of the well known
microscopic movements of human eye observing a fixed object.

The class-conditional distributions were approximated in the original 1024-
dimensional space by the structural distribution mixtures (10), i.e. in the form

P (x|ω) = F (x|0)
∑

m∈Mω

f(m|ω)
∏

n∈N

[(
θnm

θn0

)xn
(

1 − θnm

1 − θn0

)1−xn
]φmn

. (21)

The parameters f(m|ω), θmn and φmn were computed by means of the EM algo-
rithm. The class-conditional distributions were estimated in 8 independent ran-
domly initialized computational experiments. In all experiments (Sol.1 - Sol.8)
we obtained recognition accuracy between 85% and 89%, as shown in Table 1.
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In repeated computations the EM algorithm was started randomly with iden-
tical number of components |Mω| = 35. However, the number of components
was spontaneously suppressed in the course of EM iterations. The total number
of nonzero parameters φmn was set in different experiments to different values
between 2000 and 7000 for each conditional distribution P (x|ω) with their initial
position chosen randomly. In the course of iterations we observed a clear ten-
dency to accumulate the specific parameters θmn at a small number of significant
components. The EM iteration process repeatedly resulted in a small number of
components (10 - 20) each with a relatively high number of component specific
parameters (300 - 500). By displaying the location of the chosen specific para-
meters at the raster we could see that the components roughly correspond to
different variants of the respective numeral in the database.

All the 8 solutions of Tab. 1 were used to transform the training data sets
and the independent test sets by Eq. (20). The resulting vector of 1343 binary
variables consists of 8 subvectors of the form (20) and of the dimension M (cf.
Tab.1). The estimation procedures were applied to the transformed data sets
again with the results shown in Table 2.

Table 2. Transformed problem of recognition of numerals from the database of Con-
cordia University, Montreal. Classification accuracy achieved on the transformed data
sets of the dimension d = 1343 in 9 independent randomly initialized solutions and
verified by independent test set. The second and third columns contain the number of
components M and the total number of parameters r respectively. The following 10
columns represent recognition accuracy of the classes ”0”, ”1”, . . ., ”9” respectively
and the last column contains the global (mean) accuracy.

Class: (M) (r) 0 1 2 3 4 5 6 7 8 9 Mean
Sol. 1 446 10017 0.930 0.950 0.970 0.860 0.895 0.890 0.955 0.915 0.930 0.895 0.9190
Sol. 2 183 2002 0.930 0.930 0.950 0.840 0.900 0.875 0.965 0.920 0.925 0.890 0.9125
Sol. 3 50 10046 0.940 0.920 0.965 0.840 0.900 0.880 0.970 0.890 0.920 0.930 0.9155
Sol. 4 50 19986 0.925 0.920 0.965 0.885 0.915 0.865 0.975 0.925 0.915 0.925 0.9215
Sol. 5 10 10008 0.955 0.925 0.965 0.895 0.915 0.875 0.965 0.910 0.925 0.930 0.9260
Sol. 6 10 3036 0.950 0.920 0.965 0.900 0.920 0.880 0.965 0.915 0.920 0.925 0.9260
Sol. 7 10 302 0.940 0.860 0.965 0.880 0.875 0.710 0.960 0.875 0.845 0.855 0.8765
Sol. 8 20 10021 0.940 0.930 0.950 0.880 0.915 0.870 0.965 0.905 0.920 0.910 0.9185
Sol. 9 10 13430 0.930 0.935 0.965 0.890 0.910 0.865 0.965 0.905 0.920 0.945 0.9230

Lacking any a priori knowledge about the properties of the transformed data
we varied both the number of components (|Mω| : 1 − 50) and the number of
independent parameters (r : 300−14000). As it can be seen there are only small
differences between the recognition accuracy obtained in different experiments
(cf. Tab.2) except for the solution 7 where the chosen number of independent
parameters (r = 302) seems to be insufficient. It appears that the transformed
variables ym are nearly independent since the best results were obtained under
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assumption of conditional independence, i.e. with Mω = 1 for each class ω ∈ Ω.
This conclusion corresponds well with the expected statistical simplicity of the
transformed variables.

7 Concluding Remarks

Let us remark first that, to our best knowledge, in literature there is no similar
statistically correct subspace approach to Bayesian decision-making which would
be directly applicable to the input space. Recall that in our case the a posteriori
probabilities of classes p(ω|x) (cf. (13) may be computed from different subsets
of input variables without any preprocessing of the data vectors x ∈ X . In
literature the subspace representation of classes is usually considered at the
level of extracted features.

The main motivation of our paper was the statistically correct design and
neurophysiological plausibility of the proposed neural network model. Nevert-
heless, the achieved recognition accuracy is not much worse than in the best
published experiments. Table 3 (cf. [6]) shows some classification results rela-
ting to the same data. For the sake of comparison we confined ourselves to
formally identical experiments only with the recommended training- and test
sets. Also, to keep the comparison simple, we ignored the reject option consi-
dered by several authors. As it appears, in the published papers the numerals
were size-normalized and, unlike our solutions, transformed to a relatively small
number of highly informative features. Thus, Kim & Lee and Cho used so called
Kirsch masks to compute directional features. Hwang & Bang extracted features
called ”peripheral directional contributivity”, Lam & Suen and Legault & Suen
used structural approaches to extract features. It is well known that the feature
extraction methods often make use of some informal a priori knowledge which
may essentially improve the final recognition quality. On the other hand, our
“featureless” classification method is more universally applicable.

Table 3. Comparison of published results on recognition of numerals from the database
of Concordia University, Montreal. Only experiments using the recommended training-
and test sets are included. (For detailed references see [6].)

Author year accuracy Author year accuracy
Lam & Suen (1988) 0.9310 Legault & Suen (1989) 0.9390
Krzyzak et al. (1990) 0.8640 Krzyzak et al. (1990) 0.9485
Mai & Suen (1990) 0.9295 Nadal & Suen (1990) 0.8605
Suen et al. (1990) 0.9305 Kim & Lee (1994) 0.9540
Kim & Lee (1994) 0.9585 Lee (1995) 0.9780
Hwang & Bang (1996) 0.9785 Cho (1997) 0.9605
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Abstract. 1 In the framework of supervised classification and predic-
tion modeling, this paper introduces a methodology based on a general
formulation of combined model integration in order to improve the fit
to the data. Despite of Generalized Additive Models (GAM) our ap-
proach combines not only and not necessarily estimations derived from
smoothing functions, but also those provided by either parametric or
nonparametric models. Because of the multiple classifier combination we
have named this general class of models as Generalized Additive Multi-
Models (GAM-M). The estimation procedure iterates the inner algorithm
- which is a variant of the backfitting algorithm - and the outer algorithm
- which is a standard local scoring algorithm - until convergence. The per-
formances of GAM-M approach with respect to alternative approaches
are shown in some applications using real data sets. The stability of the
model estimates is evaluated by means of bootstrap and cross-validation.
As a result, our methodology improves the goodness-of-fit of the model
to the data providing also stable estimates.

1 Introduction

Classification and prediction problems are one of the main area of interest for sta-
tisticians. These are solved using various procedures based on different kinds of
statistical models. In the literature, a distinction is made between non-supervised
and supervised classification. The first concerns cluster analysis procedures, ai-
med to detect the presence of groups of objects in a given data set and, con-
sequently, to verify if these groups exist and which are the objects belonging
to them. In the second the groups are defined a-priori, and the aim is to for-
mulate reliable rules able to assign some new object(s) to the most appropriate
group(s).
1 Research was supported by MURST funds 1999 (prot. 9913182289).
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The supervised classification will be focused in this paper by considering pre-
diction rules based on regression type models. In section 2 we briefly describe
the main approaches, considering in particular semi-parametric models named
Generalized Additive Models (GAM) introduced by Hastie and Tibshirani [9]
and a non parametric approach given by Classification And Regression Trees of
Breiman et al. [3]. In section 3 we present a new methodology yielding to the so-
called Generalized Additive Multi-Models (GAM-M) which can be understood
as a combination of classification/prediction procedures. This approach aims
to calibrate the estimation provided by parametric, non-parametric and semi-
parametric models. We describe the estimation procedure and some properties
of GAM-M in section 4. Section 5 is dedicated to the benchmarking of GAM-
M approach compared to alternative approaches. As a result, we find that our
methodology improves always the goodness-of-fit. Finally, we also evaluate the
stability of the estimates coming from the proposed model considering bootstrap
and v-fold cross-validation.

2 Semi-parametric and Non-parametric Approaches

In the framework of regression analysis we focalize our attention on two main
approaches: semi-parametric GAM models and non-parametric classification and
regression trees. Both approaches are suitable for any type of dependence analysis
where the response variable, which can be of numerical or categorical type, is
explained by numerical and/or categorical predictors.
The Generalized Additive Models (GAM) introduced by Hastie and Tibshirani
[9] are based on the sum of d non-parametric functions of the d predictors of X
(plus an intercept term). In addition, they allow for a known link function, G(·),
belonging to the exponential family that relates the sum of functions f(·) to the
dependent variable Y , yielding to the following formulation:

E(Y |X) = G{α+
d∑

j=1

fj(Xj)} (1)

where E(Y |X) denotes the usual expectation of the dependent variable given
the set of predictors and E{fj(Xj)} = 0 for each j. These models aim to ex-
amine the effects of covariates one at a time, conditioned on the presence of the
other covariates. GAM are an example of semi-parametric models, because they
consist of a parametric and a non-parametric component. The response variable
might depend on some covariates in a parametric (e.g. linear) fashion and on an
additional (or several) covariate(s), not full-filling a parametric assumption(s).
The functions fj in (1) are smoothing functions (in the sense of having small de-
rivatives), so fitting the model provides a smoothing of the data. An estimate of
the function fj is named smoother. A scatterplot smoother of a set of observations
(x1, y1), . . . , (xn, yn) can be thought of as an estimate of E(Y |X = xi). A variety
of smoothers have been proposed in literature. A trivial example is based on the
definition of bins for some xi in terms of nearest neighbors, so that the fitted
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values are the means of Y in each bin. Such a smoother is called moving average
smother. Running line smoother incorporate trends detectable in the individual
neighborhoods using simple ordinary least squares linear regression lines within
each neighborhood. In locally-weighted running lines smoother (Cleveland, [4]),
the data used in constructing running line smoothers can be weighted to reflect
the distances from x0 of the points used in determining least squares estimation.
Moreover, smoothing splines (Silvermann, [15]), which usually are cubic polyno-
mials, represent the fit as a piecewice polynomials.
In GAM models, the estimation is provided by the backfitting algorithm, an ite-
rative procedure based on the use of partial residuals. Given an initial value
of the estimates, backfitting works by (non-parametrically) regressing each pre-
dictor (in turn) on the residuals of the previous iterations, until convergence is
reached. In the case of a non-trivial link function, instead of using Y in the back-
fitting algorithm, we have to use a transformation of Y , which is essentially the
inverse of the link function applied to Y . After every iteration of the backfitting
algorithm, the link function relates the sum of estimated functions f̂j(·) to the
dependent variable. In this case backfitting is the inner algorithm, and the outer
algorithm is called local scoring.
A recent proposal of Yee [16] allows for the extension of the GAM models to
the multivariate case when dealing with a multivariate response variable. This
extension yields to the vector GAM models (VGAM).

An alternative and totally non-parametric approach to supervised classification
and prediction problems is provided by tree-structured methods. The milestone
in this field is the CART (Classification And Regression Trees) methodology of
Breiman et al. [3]. Basically, a binary tree is grown by a recursive partitioning
procedure of N cases of into two subgroups which are internally the most ho-
mogeneous and externally the most heterogeneous according to a given splitting
criterion. A tree-based model has been formalized by Friedman [8] as follows

E(Y |X) =
L∑

l=1

alBl(X) (2)

In this framework, the Bl(X)s are basis functions defined on the hyper-rectangles
which are derived from the tree fitting algorithm with L being the number of
terminal nodes of the tree and the als being the coefficients that are estimated
by the mean response value in each terminal node.
As a matter of fact, CART consists of two procedures: the splitting procedure
to grow the maximal tree which terminal nodes include very few cases, and the
pruning procedure to reduce the size of the tree defining a sequence of pruned
trees. A suitable selection criterion is defined to choose one of the pruned trees
as decision tree to classify new cases of unknown response. Usually, a distinction
is made between a training sample for splitting and pruning and a test sample
for selecting the tree.
Tree-based models can be very useful for providing an easy interpretation of
the dependence relationships among variables and at the same time they can be
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considered as decision rules to classify/predict new cases. The choice of splitting
criteria is crucial to grow exploratory trees, whereas the selection of the decision
rule is very important to define honest-size trees with a reasonable good per-
formance in classifying new cases. With respect to the different aim alternative
procedures need to be considered [13] [12]. Tree-structured models could be also
considered when the response variable is multivariate [14].

3 Generalized Additive Multi-model

Equation (1) is the starting point for our definition of a general formulation of
combined model integration. Despite of GAM, our methodology combines, not
only and not necessarily estimations derived from smoothing functions, but also
those provided by either parametric or non-parametric models, one for each
predictor. The result is an alternative and even more general class of models
that we name Generalized Additive Multi-Model (GAM-M). We define a set of
available models (M1, . . . ,MK) that are suitable for fitting the relation of the
dependent variable Y on a given predictor Xj . This set might include not only
smoothing functions but also tree-based models, linear model, etc. The idea is
to associate just one model to each predictor and to combine the estimations
obtained from different types of models in an additive manner by means of a
variant of the backfitting algorithm.
To this purpose, we introduce the following generalization of (1):

E[Y |X] = G


α+

d∑
j=1

K∑
i=1

δijfij(Xj |θij)

 (3)

where

• the fij denotes the i-th model assigned to the j-th predictor;
• the θij is a vector of parameters of the i-th model fitted to the j-the predictor;
• the δij is a dummy variable such that

∑
i δij = 1.

By definition only one model is assigned to each predictor and thus the additive
part of the model consists of the sum of just d terms.
Some trivial cases of (3) are the following. We can obtain the linear regression
model when K = 1, G(·) is an identity function and fj(Xj |βj) = Xjβj , so that

E[Y |X] = α+
d∑

j=1

Xjβj (4)

Similarly, we can derive the logistic regression model when K = 1, G(·) is a
logistic function and fj(Xj |βj) = Xjβj so that

E[Y |X] =
exp(α+

∑d
j=1Xjβj)

1 + exp(α+
∑d

j=1Xjβj)
(5)
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In the particular case that the set of models includes only smoothing functions
the GAM-M becomes equivalent to the GAM model so that the equation (3)
merely reformulates the GAM model (1). In this case, if the link function G(·)
is an identity function then we obtain the additive model.
Our formulation has the advantage to show that a given set of K smoothing
functions needs to be fixed a-priori when dealing with a lot of predictors. In
practice, the same smoother type could be applied to different predictors through
the dummy variable whereas only one smoother is assigned to each predictor.
As a matter of fact, the GAM-M model definition allows for applying an even
more general approach, that consists in combining not only smoothing functions
but also tree-based models, parametric as well as semi-parametric models. This
combination becomes feasible by means of a suitable estimation procedure based
on a variant of the backfitting algorithm as well as a local scoring algorithm to
take account of the link function.
In case of an additive model, if the model (3) is correct, then for any j we obtain:

E


Y − α−

∑
j�=s

∑
i

δisfis(Xs|θis)

 = fi∗j(Xj |θi∗j) (6)

where i∗ indicates the most suitable model for the predictor Xj such that
E{fi∗j(Xj |θi∗j)} = 0 for each j. The variant of the backfitting algorithm will be
basically structured in two steps: in the first, we find the most suitable model
Mi∗ for each predictor, and, in the second, we consider an iterative algorithm
for computing all the fi∗s(Xs|θi∗s). When readjusting the estimates provided
by the current model we remove the effects of all the other variables from the
dependent variable before fitting another model to the partial residual against
the current predictor.
The proposed approach could also take account of the predictor transformation
of the type g(Xj) for a fixed g(·) function estimated with the data. This yields
to the following formulation of GAM-M model:

E[Y |X] = G


α+

d∑
j=1

K∑
i=1

δijfij(g(Xj)|θij)

 (7)

By the equation (7) we might take account of different types of integration
between non-parametric and semi-parametric approaches. As an example, tree-
based criteria can be used to identify some optimal bin-widths for the smoothing
function which fits the relation of the dependent variable against each predictor
([5] [11] [7]). As a matter of fact, a tree-based model can be understood as a
regressogram so that it could be used as a function g(Xj) for each j [1].

4 The Estimation Procedure

In this section we describe the estimation procedure for GAM-M (3) which gene-
ralizes the procedure used in GAM modeling based on the backfitting algorithm.
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Basically, this consists of two algorithms, the inner algorithm for the additive
part of the model combination (AM-M algorithm) and the outer algorithm for
the suitable transformation through the exponential link function (GAM-M al-
gorithm). Obviously, if the G(·) is an identity function then we can just consider
the AM-M algorithm. A detailed description of the algorithms implemented in
S+ can be found in Conversano [6].
The set of available models which includes also smoothing functions to be tried
out are fixed depending on the type of variables. Among the smoothing func-
tions we could choose the estimation through either the smoothing spline S or
the local regression LO based on locally-weighted running lines smoothers. As
parametric models we can consider the linear regression for numerical response
(Linear) and the linear discriminant analysis for categorical response (LDA)
[10]. As nonparametric models or tree-based models (Tree) we can fix either the
regression tree for numerical response or the classification tree for categorical
response. All these models will be considered in the applications presented in
section 5.
The Additive Multi-Model (AM-M) algorithm is described in Table 1. Step 1
of the algorithm assigns either a model or a smoother to each predictor, step 2
set some assignments and step 3 fits iteratively the model to the current partial
residuals until convergence (step 4). It can be noticed that at each iteration r we
fit d models, one for each predictor, obtaining the estimates f̂i∗j(xj |θ̂i∗j) that
update the previous ones. The estimation is obtained by regressing the current
partial residuals ej(r), once the effect of all other predictors is removed from
the dependent variable, against the current predictor Xj for each j. We have
denoted by xj the n-vector of observations of the predictor Xj and by y the
n-vector of observations of the dependent variable.
When the response variable is categorical we specify a function G(·) within the
family of exponential functions such as for example the logistic function. In table
2 we describe the GAM-M algorithm for this case.
This consists of an outer loop and an inner loop: the former considers the inverse
of the link function in order to define a transformation of the dependent variable
and a system of weights for the covariates; the latter is the AM-M algorithm
which allows to update the additive component of the model.

5 The Benchmarking of GAM-M Approach

In this section, we present the results of two applications on real data sets,
comparing our GAM-M model with other approaches. First, we dispose of a data
set coming from SPSS library concerning a sample of 474 employers. The aim is
to predict the actual salary (Y ) with respect to the initial salary (X1), number
of working months in previous employment (X2), number of working months
during the actual employment (X3), and education level (X4). The second data
set is a survey of Bank of Italy of 1995 concerning the Italian Household Budgets.
The response variable (dichotomous) is the use of an electronic card for highways
payment. Our aim is to estimate the probability of using such card on the basis of
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Table 1. The AM-M algorithm

1. For each j − th predictor fit the models M1, . . . , MK and choose
the best model Mi∗ that minimize the residual deviance.
Fix δi∗j = 1 and δij = 0 for i �=i∗.

2. Initialize. Put iteration counter r = 0.
Set the following assignments: f̂

(0)
i∗j = 0 for each j.

Center the predictors X and the response variable y, and save the means.

3. Update. Put iteration counter r = r + 1.
Set the following assignments: f̂

(r)
i∗j = f̂

(r−1)
i∗j for each j.

For j = 1, . . . , d fit the model f
(r)
i∗j to the residuals:

ej
(r) = {y − ∑

s �=j

∑
i
δisf̂

(r)
is (xs|θ̂is)}

against the predictor Xj yielding to f̂
(r)
i∗j(xj |θ̂ij).

Update f̂
(r)
i∗j(xj |θ̂ij).

4. Verify. Cycle step 3 until convergence of the MSE of predictions.

Table 2. The GAM-M algorithm

1. For each j − th predictor fit the models M1, . . . , MK and choose
the best model Mi∗ that minimize the residual deviance.
Fix δi∗j = 1 and δij = 0 for i �=i∗.

2. Initialize
f̂i∗j(xj |θ̂i∗j) = 0 for each j α̂ = logit(ȳ)
r = 0

3. Update
Ĝ(r)(xj) = α̂ +

∑d

j=1 f̂
(r)
i∗j(xj |θ̂i∗j)

p̂ = logit−1(Ĝ(r)(xj)) =
exp(Ĝ(r)(xj))

[1+exp(Ĝ(r)(xj))]

z = Ĝ(r)(xj) + (y−p̂)
[p̂(1−p̂)]

w = p̂(1 − p̂)
r = r + 1

Update f̂i∗j(xj |θ̂i∗j) applying the AM-M algorithm to the
transformed response variable z on the basis of the
covariates X using weights w.

4. Verify convergence through the log-likelihood criterion:
D(y, p̂) = −2

∑
[yn ln p̂n + (1 − yn) ln(1 − p̂n)]
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four predictors, namely Age (X1), Income (X2), Personal Consumption (X3) and
Real Estate/Income ratio (X4). We compared the goodness of fit in each iteration
when applying both GAM-M and GAM approaches. For GAM-M methodology
we consider the models {LO, S, Tree, Linear} for the first data set and the
models {LO, S, Tree, LDA} for the second data set. The results are respectively
summarized in Table 3 by means of the Mean Square Error (MSE) and in Table
4 by means of the Log-Likelihood Statistic D(y, p̂). We also indicate for each
iteration r the dimensionality of the vector of parameters θ fitted in each model
in GAM-M approach and the dimensionality of the vector of parameters ν fitted
in each smoothing function in GAM approach. In both cases, it is clear that

Table 3. Goodness of fit comparison at each iteration between GAM-M and
GAM for the Employers data set

r Model dim(θ) MSE(AM−M) Smoothing dim(ν) MSE(GAM)

function
1 LO(X4) 4 1046.880 LO(X4) 4 540.804
1 LO(X1) 5 773.024 LO(X1) 5 511.143
1 Tree(X3) 5 739.357 S(X3) 3 480.850
1 Tree(X2) 11 671.318 S(X2) 3 458.256
2 LO(X4) 4 607.328 LO(X4) 4 456.183
2 LO(X1) 5 564.212 LO(X1) 5 456.050
2 Tree(X3) 11 540.668 S(X3) 3 455.769
2 Tree(X2) 6 542.002 S(X2) 3 455.020
3 LO(X3) 4 497.491 LO(X3) 4 454.930
3 LO(X1) 5 479.133 LO(X1) 5 454.933
3 Tree(X3) 6 471.378 S(X3) 3 454.945
3 Tree(X2) 9 433.209 S(X2) 3 454.851
4 LO(X3) 4 419.872 LO(X3) 4 454.854
4 LO(X1) 5 411.140 LO(X1) 5 454.854
4 Tree(X3) 6 408.195 S(X3) 3 454.849
4 Tree(X2) 7 390.099 S(X2) 3 454.831

we reduce considerably the MSE and the log-likelihood statistic in our GAM-M
approach with respect to the classical GAM.
In order to evaluate the stability of the estimates coming from the GAM-M
approach we could perform bootstrap and cross-validation. Table 5 shows the
results for the first data set. In particular, we considered 100 bootstrap samples of
four different sizes n = 50, 100, 150, 200 on which we applied the linear model, the
regression tree, the GAM model, the proposed GAM-M model. Moreover, we also
considered a 10-fold cross-validation on the data set. For each model estimates we
calculated the standard deviation of the MSE within the 100 bootstrap samples
of a given size as a measure of internal stability, and within the 10 cross-validated
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Table 4. Goodness of fit comparison at each iteration between GAM-M and
GAM for the Bank of Italy data set

r Model dim(θ) D(y, p̂)(GAM−M) Smoothing dim(ν) D(y, p̂)(GAM)

function
1 Tree(X1) 3 435.13 S(X1) 4 389.00
1 LDA(X2) 1 390.41 Linear(X2) 1 330.73
1 LO(X3) 6 320.45 LO(X3) 6 291.87
1 S(X4) 8 278.20 S(X4) 8 283.64
2 Tree(X1) 5 235.87 S(X1) 4 254.98
2 LDA(X2) 1 223.76 Linear(X2) 1 250.65
2 LO(X3) 6 201.27 LO(X3) 6 227.02
2 S(X4) 8 188.20 S(X4) 8 222.13
3 Tree(X1) 7 165.87 S(X1) 4 212.94
3 LDA(X2) 1 157.76 Linear(X2) 1 212.25
3 LO(X3) 6 152.27 LO(X3) 6 212.22

samples as a measure of external stability. The results confirm that the proposed
GAM-M methodology provides more stable estimates.

Table 5. Bootstrap and 10-fold Cross-Validation estimates for the standard
deviation of the MSE in the Employers data set

Bootstrap 10-fold
Model Estimate Cross Validation

n = 50 n = 100 n = 150 n = 200 Estimate
Linear Regression 20.646 16.618 13.528 11.157 13.965
Regression Tree 25.935 18.726 14.956 13.232 12.967
GAM 18.231 13.543 10.998 9.837 11.012
GAM-M 14.275 9.285 7.384 6.188 10.492

6 Concluding Remarks

The proposed GAM-M approach is useful not only to improve the quality of
the estimation coming from different models, but also to identify the more ap-
propriate model for each variable. Moreover it removes for each predictor the
observations not influencing the estimation provided by a certain model by as-
signing their residuals to the other models. As a result, our methodology might
prevent from an incorrect choice of the model and is particularly suitable for
complex data sets. The proposed approach is totally different from the methods
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based on the use of some combination of functions and/or variables, such as the
bagging procedure of Breiman [2]. These procedures work with models which
are previously defined, whereas our procedure adapts simultaneously the esti-
mations coming from different models in the successive iterations, allowing at the
same time for the possibility to consider interactions between terms in the model.
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Abstract. At present, the usual operation mechanism of multiple classifier
systems is the combination of classifier outputs. Recently, some researchers
have pointed out the potentialities of “dynamic classifier selection” as an
alternative operation mechanism. However, such potentialities have been
motivated so far by experimental results and qualitative arguments. This paper
is aimed to provide a theoretical framework for dynamic classifier selection and
to define the assumptions under which it can be expected to improve the
accuracy of the individual classifiers. To this end, dynamic classifier selection is
placed in the general framework of statistical decision theory and it is shown
that, under some assumptions, the optimal Bayes classifier can be obtained by
selecting non-optimal classifiers. Two classifier selection methods that derive
from the proposed framework are described. The experimental results obtained
in the classification of remote-sensing images and comparisons among different
combination methods are reported.

1. Introduction

In the fields of machine learning, neural networks, and pattern recognition, the
“fusion” of multiple classifiers (also called “experts” or “learners”) has been proposed
as an approach to the development of high performance classification systems [1-10].
Typically, classifiers are combined by voting rules, statistical techniques, belief
functions, Dempster-Shafer evidence theory, and other fusion schemes [1]. Suen et al.
proposed a classification of combination methods according to the types of outputs
have produced by the individual classifiers [1,11]. Other researchers have proposed
alternative schemes for classifying combination methods [8].

Theoretical and experimental results reported in the literature have clearly shown
that classifier fusion is effective if the individual classifiers are “accurate” and
“diverse”, that is, if they exhibit low error rates (at least lower than 50%) and if they
make different errors [8,12,13]. In particular, it has been shown that the combination
of “weak” classifiers making independent errors can offer dramatic improvements in
performance [13]. Accordingly, error independence among individual classifiers is
commonly regarded as a requirement for effective classifier fusion, even though a
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recent paper has clearly pointed out that “negatively” dependent classifiers are better
than independent classifiers [14]. In our opinion, the impact of the accuracy-diversity
trade-off on classifier fusion remains to be investigated in detail.

Unfortunately, the reported experimental and theoretical results have pointed out
that the creation of accurate and diverse classifiers is a very difficult task [15-18]. In
real applications, the most likely situation is to have reasonably accurate but
“positively” dependent classifiers (i.e., classifiers that make many identical errors).
Typically, classifiers make identical errors on difficult patterns.

On the other hand, it can be verified experimentally that it is easier to design a
classifier ensemble, where on considering each pattern, at least one classifier can
classify it correctly, while the remaining classifiers could make the same error [19-
21]. Accordingly, the authors and other researchers have proposed an alternative
approach to classifier combination, based on the concept of “dynamic classifier
selection” (DCS) [3,19-21]. DCS is based on the definition of a “function” that for
each pattern selects the classifier that is more likely to classify it correctly.  So far the
potentialities of DCS have been motivated by experimental results and qualitative
arguments. To the best of the authors’ knowledge, no previous work has dealt with
understanding how and why DCS can produce improved classification results.
Accordingly, this paper is aimed to provide a theoretical framework for DCS. In
particular, we have placed DCS in the general framework of statistical decision
theory, and defined the assumptions under which the optimal Bayes classifier can be
obtained through the dynamic selection of non-optimal classifiers (Section 2).
Afterwards, two classifier selection methods that derive from the proposed framework
are described (Section 3). The experimental results and comparisons are reported in
Section 4. The conclusions are drawn in Section 5.

2. A Bayesian Framework for Dynamic Classifier Selection

2.1 Basic Concepts

Let us consider a pattern classification task for M data classes �i, i = 1,..,M. Each

pattern is characterised by a feature vector X. A pattern classifier can be represented
by a set of M “discriminant” functions di(X), i=1,..,M. The classifier assigns a pattern

X to the class �i if di(X) > 0. Therefore, such functions subdivide the feature space

into M decision regions, Ri, i=1,..,M, such that ∀X ∈Ri
 di(X) > 0. The locus of the

points satisfying the equation di(X) = 0  represents a decision “boundary" for the class

�i. According to Bayes theory, the “optimal” decision regions are defined to maximise

the probability of correct classification. The classifier maximising this probability is
named “optimal Bayes classifier”. In the following, we indicate the discriminant



Dynamic Classifier Selection 179

functions and decision regions related to the optimal Bayes classifier with the terms
di

B(X)  and Ri
B , respectively.

2.2 The Theoretical Framework

Let us consider a multiple classifier system (MCS) made up of K different
classifiers. Each classifier Cj, j = 1,..,K is represented by a set of discriminant
functions di

j (X) , i = 1,..,M that subdivide the feature space into M decision regions

Ri
j .

Definition 1: Optimal and Non-optimal Decision Regions
Without loosing generality, each decision region Ri

j  can be considered subdivided

into the regions Ri +
j = Ri

j ∩ Ri
B  and Ri −

j = Ri
j − Ri +

j . Accordingly, Ri
j = Ri+

j ∪ Ri −
j . The

decisions made by each classifier Cj are equal to those of the optimal Bayes classifier
within Ri +

j . Non-optimal decisions are made within Ri −
j .

Definition 2: Feature-space Partitioning Generated by an MCS
The decision boundaries of the K classifiers can be represented by the equations

di
j (X) = 0 , i = 1,..,M, j=1,..,K. The union of such boundaries subdivide the feature

space into “parts” Pl, l=1,..,L. These parts can be formally defined by introducing
“discriminant” functions bl(X) such that ∀X ∈Pl , bl (X) > 0  and ∀X ∉Pl , bl (X) < 0 . In

particular, we define each part by the following equations:

∀X : bl (X) = 0 ⇒  βi
j(X)di

j(X)
i =1

M

∑
j=1

K

∑ = 0
(1)

∀X : bl (X) > 0 ⇒ ∀i, j di
j(X) ≠ 0 (2)

where the terms βi
j (X) represent binary functions βi

j (X) = 0,1{ } that satisfy the

condition βi
j (X)

i =1

M∑j=1

K∑ =1. Equation 1 formally states that the boundary of each

part Pl is defined by the union of "pieces" of the decision boundaries of the K

classifiers. Accordingly, the boundary bl(X) = 0 is regarded as a sum of pieces of

classifier boundaries. Each piece is identified by an appropriate function βi
j (X).

Equation 2 states that no classifier boundary can be contained within a part Pl. As
illustrated by the following example (Figure 2), this means that we are considering the
smallest parts generated by the union of classifier boundaries, and consequently each
region Ri

j  can be obtained by the union of a certain number of parts Pl, i.e.,

��
∀i, j Ri

j = Pll ∈Ai
j� , Ai

j ⊂ 1,..., L{ }. It is also easy to see that equation 2 implies that

the proposition ∀l, j  ∃ i : Pl ⊆ Ri
j  is true. Otherwise, it would be false to say that no
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classifier boundary is contained within a part. Based on the above definitions, the
partition P generated by an MCS is defined by the following equations:

��
P = Pl

l =1

L

� = Ri
j

i =1

M

�    j =1,..,K
(3)

��Pm �Pn = ∅, m ≠ n (4)

In order to illustrate the above concepts, let us consider an MCS made up of two
classifiers C1 and C2, and a simple two-dimensional classification task with three data
classes. Figures 1(a) and 1(b) show the decision regions Ri

j  of the two classifiers.

x2

x1R2
1

R3
1 R1

1
R3

B

x2

R2
B

R1
B

x1

c)

 R2
2

R3
2

R1
2

x1

b)a)

x2

 Fig. 1. Example of a two-dimensional classification task with three data classes: a) boundaries
of the decision regions of classifier C1; b) boundaries of the decision regions of classifier C2; c)
boundaries of the optimal Bayes decision regions.

Linear decision boundaries have been assumed for the sake of simplicity. Figure
1(c) shows the optimal Bayes decision regions Ri

B  hypothesised for this classification

task. Figure 2 shows the partitioning of the feature space generated by the MCS. It is
worth noticing that, according to the above definition, the seven parts forming this
partition do not contain decision boundaries, and consequently, they are the smallest
parts identified by the union of classifier boundaries.

P1 = R1+
1,   P1 = R1+

2

P2 ⊂ R2+
2

P3 = R2+
1,  P3 ⊂ R2+

2

P4 ⊂R3+
2

P5 ⊂R3+
1,  P5 ⊂ R3+

2

P6 ⊂R3+
1

P7 ⊂ R3+
1

P6

P4

P7

P2

P1

P3

P5

Fig. 2. Feature-space partitioning generated by two classifiers in Figures 1.a and 1.b.
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Theorem about the Bayesian optimality of DCS
Let us assume that the following two conditions are satisfied:

Hypothesis 1: Decision region complementarity

��
Ri

B = Ri+
j

j =1

K

�    i =1,..,M

Hypothesis 2: Decision boundary complementarity

∀X : di
B(X) = 0 ⇒ α j(X)di

j(X)
j =1

K

∑ = 0

where the terms α j(X)  are binary functions α j(X) = 0,1{ } that satisfy the condition

α j (X) =1
i =1

K

∑ ;

then, we can prove that the following proposition is true:
∀l  ∃ij :   Pl ⊆ Ri +

j  

Hypothesis 1 assumes that the optimal Bayes decision regions Ri
B  can be “restored”

by joining the optimal classifier regions Ri +
j . Hypothesis 2 assumes that the optimal

decision boundaries di
B(X) = 0 coincide piecewise with the boundaries di

j (X) = 0  of

the K classifiers. Therefore, the optimal boundaries can be restored by a sum of
“pieces” of classifier boundaries. (Each piece is identified by an appropriate function
α j(X)). Accordingly, a reasonable degree of complementarity among K classifiers is

hypothesised. In particular, classifiers should make optimal Bayes decisions in
different parts of the feature space. It is worth noting that it is reasonable to assume
that classifier ensembles that satisfy Hypothesis 1 also satisfy Hypothesis 2, since the
complementarity of the decision regions should also imply the complementarity of the
decision boundaries.

Under the two above hypotheses, the theorem shows the Bayesian optimality of
DCS by proving that all parts Pl are contained in regions Ri +

j . In other words, we

prove that in each part there is at least one classifier Cj that makes optimal Bayes
decisions. Accordingly, the optimal Bayes classifier can be obtained by selecting one
classifier for each part.

Proof
We know from the definition of feature-space partitioning that

��
∀i, j Ri

j = Pll ∈Ai
j� Ai

j ⊂ 1,..., L{ }.

Hypothesis 2 allows to extend this conclusion to the regions Ri +
j  by writing the

following equation:

��

∀i, j Ri +
j = Pl Ai +

j ⊂ 1,..., L{ }
l ∈A i+

j

� (5)
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since optimal decision boundaries coincide piecewise with classifier boundaries. It is

worth noticing that equation 5 “partially” proves the theorem, since it shows that some

parts Pl are contained within the regions Ri +
j . Formally speaking, it shows that

∃l :  ∃ij :   Pl ⊆ Ri +
j  . This can be seen by observing that ∀ij  Ai +

j ⊂ 1,..., L{ }, i.e. Ai +
j  is a

subset of the set P that contains all the parts Pl, l = 1,...,L. However, to prove the

theorem, we must show that all the parts are contained in the regions Ri +
j , i.e. that the

following equation holds1:

��
Ri +

j

j =1

K

� =
i =1

M

� Pl
l∈A+

� = P    A+ = Ai +
j

j =1

K

�
i =1

M

� (6)

According to equation 5 and Hypothesis 1, the following can be written:

��

∀i  Ri
B = Ri +

j

j =1

K

� = Pl
l ∈Ai+

�     Ai + = Ai+
j

j =1

K

� (7)

In addition, we know that the union of the optimal regions Ri
B  “covers” the entire

partitioning P:

��
Ri

B

i =1

M

� = Pl
l =1

L

� = P (8)

Accordingly, equation 6 and consequently the theorem are proved.

An Example
Let us again consider the classification task described in Figures 1 and 2. From an

analysis of these figures it can be seen that Hypothesis 1 of the theorem is satisfied. As
an example, it is easy to check that R1

B = R1+
1  (It is worth noticing that since the

number of optimal classifier regions to be used to restore the Bayesian regions Ri
B

depends on the data class, this number can be smaller than K). Figure 2 clearly shows
that Hypothesis 2 is also satisfied, since the optimal decision boundaries coincide
piecewise with the classifier boundaries. Accordingly, the legend in Figure 2 shows
that the theorem holds, i.e., all the parts Pl, l=1,..,7 are contained in regions Ri +

j .

3. Methods for Dynamic Classifier Selection

3.1 Selection by Classifier Local Accuracy

The framework described in Section 2 does not deal with methods for classifier
selection, since this topic is beyond its scope. Its objective is simply to show the
                                                          
1 In equation 6, it is worth noticing that  

��
A+ = Ai +

j

j =1

K

�i =1

M

� = 1,�, L{ }
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hypotheses under which the optimal Bayes classifier can be obtained by selecting non-
optimal classifiers. However, it is easy to see that a simple classifier selection method
derives naturally from the framework. According to the above theorem, in each part
Pl, there is at least one classifier that makes optimal Bayes decisions. The
classification accuracy of this classifier is certainly higher than that of other classifiers
in the part. Consequently, for each part Pl, the accuracy of the K classifiers can be
estimated using validation data belonging to the part, and the classifier with the
maximum accuracy value can be selected. However, according to the framework, this
optimal selection method needs an exact knowledge of the classifier decision
boundaries. Such a hypothesis is satisfied for simple classification tasks. In general,
we can try to estimate the classifier decision boundaries by analysing the decisions
taken by classifiers for a large set of patterns. Unfortunately, there are real
classification tasks, characterised by high dimensional feature spaces and small
training sets, where such an estimate of classifier boundaries is too expensive or
unfeasible. However, it is quite easy to see that, for each test pattern belonging to a
part Pl, the classifier accuracy required by the optimal selection method can be
estimated using a local region of the feature space defined in terms of the k-nearest
neighbours of such a test pattern. (k-nearest neighbours belonging to a validation set).
This is the so-called “classifier local accuracy” (CLA) previously introduced by the
authors and other researchers [19,20]. It is worth noting that, for each test pattern, the
optimal neighbourhood is the part Pl containing the pattern. (Unfortunately, the
definition of the optimal neighbourhood requires the knowledge of classifier decision
boundaries). In practice, for each part Pl, CLA is a good estimate of classifier
accuracy if the neighbourhood of the test pattern is strictly contained in the part, and if
it contains a sufficient number of validation patterns. Therefore, good estimates of
classifier accuracy can be obtained for test patterns quite far from the parts’
boundaries.

To sum up, the basic idea of our selection methods is to estimate the accuracy of
each classifier in a local region of the feature space surrounding an unknown test
pattern, and then to select the classifier with the highest value of this CLA to classify
the test pattern. In the following, two methods for estimating CLA, and a classifier
selection algorithm using one or the other are described.

3.2 An a priori Selection Method

For each unknown test pattern X*, let us consider a local region of the feature space
defined in terms of the k-nearest neighbours in the validation data. Validation data are
extracted from the training set and are not used for classifier training. These data are
classified after the training phase, in order to estimate local classifier accuracy. It is
easy to see that CLA can be estimated as the ratio between the number of patterns in
the neighbourhood that were correctly classified by the classifier Cj, and the number
of patterns forming the neighbourhood of X* [19,20]. As in the k-nearest neighbour
classifier, the appropriate size of the neighbourhood is decided by trial and error. If the
classifier outputs can be regarded as estimates of the a posteriori probabilities, we
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propose to take these probabilities into account in order to improve the estimation of
the above CLA. Given a pattern X ∈ω i

, i = 1,..,M, belonging to the neighbourhood of

X*, the ˆ P j (ω i | X)  provided by the classifier Cj can be regarded as a measure of the

classifier accuracy for the validation pattern X. Moreover, in order to handle the
“uncertainty” in defining the appropriate neighbourhood size, the a posteriori
probabilities can been “weighted” by a term Wn = 1/ dn, where dn  is the Euclidean
distance of the neighbouring pattern Xn from the test pattern X*.  Therefore, we
propose to estimate CLA as follows:

CLAj (X*) =
ˆ P j(ω i | Xn ∈ω i) ⋅Wnn=1

N∑
Wnn=1

N∑
    j = 1,..,K  i = 1,..,M

(9)

where N is the number of validation patterns contained in the neighbourhood of the
test pattern X*.

Finally, let us point out that, according to equation (9), CLA is computed “a priori”,
that is, without knowing the class assigned by the classifier Cj to the test pattern X*.

3.3 An a posteriori Selection Method

Let us assume that the data class �i assigned by the classifier Cj to the test pattern

X* is known. We indicate this by Cj(X*) = �i. Such an assumption simply implies that

the test pattern is classified by all the classifiers Cj before performing the selection.
(This is why the method is named “a posteriori”). In this case, it is easy to see that
CLA can be estimated as the fraction of correctly classified neighbouring patterns
assigned to class �i by the classifier Cj. As in the a priori method, if the classifiers
provide estimates of the class posterior probabilities, CLA can be estimated by
computing the probability that the test pattern X* is correctly assigned to class �i by
the classifier Cj. According to the Bayes theorem, this probability can be estimated as
follows:

ˆ P X∗ ∈ω i | Cj X∗( )= ω i( )=
ˆ P Cj X *( ) = ω i | X* ∈ω i( )ˆ P ω i( )

ˆ P Cj X*( ) = ω i | X* ∈ωm( )ˆ P ωm( )
m =1

M∑
j = 1,.., K

(10)

where ˆ P Cj(X*) = ω i | X* ∈ω i( ) is the probability that the classifier Cj classifies the

patterns belonging to class �i correctly. This probability can be estimated by

averaging the posterior probabilities ˆ P j(ω i | Xn ∈ω i )  on the “neighbouring” patterns

Xn belonging to the class �i.
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The prior probabilities ˆ P (ω i) can be estimated as the fraction of neighbouring

patterns that belong to class �i. Therefore, CLA can be estimated as follows:

CLAj (X*) =
ˆ P j (ω i | Xn ) ⋅ WnX n ∈ω i

∑
ˆ P j (ω i | Xn ) ⋅ WnX n ∈ω m

∑m =1

M∑
(11)

where, as in equation (9), the terms Wn take into account the distances of the
neighbouring patterns from the test pattern.

3.4 A DCS Algorithm

In the following, a dynamic classifier selection algorithm using either of the two
above methods for estimating CLA is described.

Input parameters: test pattern X*, classification labels of validation data, size of
neighbourhood, rejection threshold value, and selection
threshold value

Output: classification of test pattern X*
STEP 1: If all the classifiers assign X* to the same data class, then the pattern is

assigned to this class
STEP 2: Compute CLAj (X*) , j = 1,…,K

STEP 3: If CLAj (X*) < rejection-threshold then disregard classifier Cj

STEP 4: Identify the classifier Cm exhibiting the maximum value of CLAj (X*) 

STEP 5: For each classifier Cj, compute the following differences

dj = CLAm(X*) − CLAj (X*)[ ]
STEP 6: If  ��j, j �m, dj  > selection-threshold then Select Classifier Cm

else Select randomly one of the classifiers for which dj < selection-
threshold

Step 3 is aimed at excluding from the selection process the classifiers that exhibit
CLA values smaller than the given rejection threshold. Step 5 computes the
differences dl in order to evaluate the “reliability” of the selection of the classifier Cm.

If all the differences are higher than the given selection threshold, then it is reasonably
"reliable" that classifier Cm should correctly classify the test pattern X*. Otherwise, a

random selection is performed among the classifiers for which dj<selection-threshold.
Alternatively, random selection can be substituted by the combination of these
classifiers.
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4. Experimental Results

The used data set consists of a set of multisensor remote-sensing images related to
an agricultural area near the village of Feltwell (UK). For our experiments, we
selected 10,944 pixels belonging to five agricultural classes (i.e., sugar beets, stubble,
bare soil, potatoes, and carrots) and randomly subdivided them into a training set
(5,124 pixels), a validation set (582 pixels), and a test set (5,238 pixels). Each pixel
was characterised by a fifteen-element “feature vector” containing brightness values in
six optical bands and over nine radar channels. More details about the selected data set
can be found in [22,23].

A classifier ensemble made up of the following four classifiers has been defined,
i.e., three multilayer perceptron (MLP) neural networks with different architectures
(see Table 1), and one k-nearest neighbour (k-nn) classifier. All the networks had
respectively fifteen input units and five output units as the number of input features
and data classes. With regard to the k-nn classifier, a “k” parameter value of twenty-
one was used. Table 1 shows the classification accuracy provided by the four
classifiers on the test set in terms of percentage classification accuracy and Kappa
coefficient values.

Table 1. Percentage accuracy and Kappa coefficient values provided by the four classifiers. For
each MLP network, the number of neurons per layer is given in brackets. The value of the “k”
parameter used for the k-nn classifier is also given in brackets.

Classifier % Accuracy Kappa value

MLP neural network (15-30-15-5) 86.66 0.82

MLP neural network (15-7-7-5) 84.86 0.80

MLP neural network (15-15-5) 89.39 0.86

k-nn (k=21) 89.84 0.87

Table 2 shows the performances of the “a priori” and “a posteriori” selection
methods, and that of the combination method based on the majority-voting rule. For
the sake of comparison, the performances of the best individual classifier and the
“oracle” are also shown. The "oracle" is the ideal selector that always chooses the
classifier, if any, with the correct classification. Table 3 shows the values of the Zeta
statistics related to the statistical significance of the differences in accuracy between
our selection methods, the majority combination method, and the best individual
classifier. Such differences are very significant, apart from the difference related to
the a priori selection and the majority rule. (We recall that they exhibit degrees of
significance higher than 95%, if the Zeta Statistics values are larger than 1.96, while
the degrees of significance are higher than 99%, if the Zeta Statistics values exceed
2.58).
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Table 2. Percentage accuracy and Kappa coefficient values of the two proposed DCS methods.
For the sake of comparison, the performance of the majority rule, that of the best classifier, and
that of the "oracle" are also shown. Obviously the Kappa coefficient value of the oracle could
not be computed.

Classification Algorithm % Accuracy Kappa value

Best classifier 89.84 0.87

Oracle 94.01 -

A priori selection 92.23 0.90

A posteriori selection 93.22 0.91

Majority Rule 88.86 0.89

Concerning the size of the “neighbourhood” used for the classifier local accuracy
estimates, we ran experiments with values ranging from one to fifty-one using the
Euclidean distance metric. This neighbourhood was defined with respect to validation
data. It is worth noticing that the accuracy of the DCS methods shown in Table 2 are
the maximum accuracy, obtained by varying the size of the “neighbourhood” within
the considered range. The DCS methods always outperformed the best classifier in the
ensemble, thus suggesting that dynamic classifier selection is an effective approach
for improving individual classifier accuracy. The accuracy provided by DCS was also
better than that provided by the combination using the majority-voting rule. In our
opinion this result shows that the assumption required by DCS is easier to satisfy than
the error-diversity assumption required by the majority combination method. Finally,
it should be pointed out that, in these experiments, the performances of our selection
methods are reasonably close to those of the “oracle”.

Table 3. Values of the Zeta statistics related to the statistical significance of the differences in
accuracy between our selection methods, the majority combination method, and the best
individual classifier.

Zeta Statistics Best Classifier Majority Rule

A priori selection 4.27 0.98

A posteriori selection 6.35 3.02

5. Conclusions

So far experimental results and qualitative arguments have motivated dynamic
classifier selection. To the best of our knowledge, no previous work has dealt with
understanding how and why DCS can produce improved classification results. In this
paper, we started investigating this problem. We proposed a Bayesian framework for
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dynamic classifier selection, and defined the assumptions under which the optimal
Bayes classifier can be obtained through the dynamic selection of non-optimal
classifiers. Two classifier selection methods that derive from this framework have
been described. Reported performances from the classification of remote-sensing
images were better than those provided by the combination using the majority-voting
rule. It is worth noting that the proposed framework also provides a theoretical basis
for the classifier selection methods proposed by Woods et al. [20].

Among other things, our future work should investigate in greater detail the extent
to which the hypotheses made in the framework can be satisfied in real applications.
In addition, the impact of the data-set size on the proposed framework validity should
also be studied. It is worth noting that we are currently developing other classifier
selection methods [24].

Finally, it should be pointed out that dynamic selection is also used in the so-called
“modular” approaches to the combination of neural networks [8]. Modular-
combination methods focus on “task decomposition” and try to exploit specialist
capabilities of individual nets by dynamic selection [25]. Differently, this paper deals
with the so-called “ensemble combination” that is aimed to exploit the
“complementarity” of the individual classifiers with respect to the entire classification
task [8].
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Abstract. In recent years, together with bagging [5] and the random subspace
method [15], boosting [6] became one of the most popular combining techniques
that allows us to improve a weak classifier. Usually, boosting is applied to
Decision Trees (DT’s). In this paper, we study boosting in Linear Discriminant
Analysis (LDA). Simulation studies, carried out for one artificial data set and
two real data sets, show that boosting might be useful in LDA for large training
sample sizes while bagging is useful for critical training sample sizes [11]. In
this paper, in contrast to a common opinion, we demonstrate that the usefulness
of boosting does not depend on the instability of a classifier.

1    Introduction

When data are highly dimensional, having small training sample sizes com-
pared to the data dimensionality, it may be difficult to construct a good single classifi-
cation rule. Usually, a classifier, constructed on small training sets is biased and has a
large variance. Consequently, such a classifier may have a poor performance [1]. In
order to improve a weak classifier by stabilizing its decision, a number of techniques
could be used, for instance, regularization [2] or noise injection [3].

Another approach is to construct many weak classifiers instead of a single one
and combine them in some way into a powerful decision rule. Recently a number of
such combining techniques have been developed. The most popular ones are bagging
[5], boosting [6] and the random subspace method [15]. In bagging, one samples the
training set, generating random independent bootstrap replicates [4], constructs the
classifier on each of these and aggregates them by a simple majority vote in the final
decision rule. In boosting, classifiers are constructed on weighted versions of the train-
ing set, which are dependent on previous classification results. Initially, all objects
have equal weights, and the first classifier is constructed on this data set. Then, weights
are changed according to the performance of the classifier. Erroneously classified
objects get larger weights and the next classifier is boosted on the reweighted training
set. In this way a sequence of training sets and classifiers is obtained, which are then
combined by a simple majority vote or by a weighted majority vote in the final deci-
sion. In the random subspace method classifiers are constructed in random subspaces
of the data feature space. Then, only classifiers with the zero classification error on the
training set are combined by simple majority vote in the final decision rule.

Usually, bagging, boosting and the random subspace method are applied to
DT’s [7],[8],[9],[10],[15], where they often produce an ensemble of classifiers, which
is superior to a single classification rule. However, these techniques may also perform
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well for other classification rules, than DT’s. For instance, it was shown that bagging
and boosting may be useful for perceptrons (see, e.g. [16]). It was demonstrated that
bagging may be beneficial in LDA for small and critical training sample sizes (when
the number of training objects is comparable with data dimensionality) [11]. Our ini-
tial study [17] has shown that also boosting may be advantageous in LDA.

In this paper we intend to study the usefulness of boosting for linear classifiers
and in particular to investigate its relation with the instability of classifiers. We con-
sider the nearest mean classifier [12], the Fisher Linear Discriminant function (FLD)
[12] and the regularized FLD [2]. This choice is made in order to observe many differ-
ent classifiers with a dissimilar instability and, by that, to establish whether the useful-
ness of boosting depends on the classifier instability or on other classifier peculiarities.
The chosen classification rules and their instability are discussed in section 4. One arti-
ficial data set and two real data sets representing the 2-class problem are used in our
simulation study. They are described in section 3, but first a short description of the
boosting algorithm is given in section 2. Simulation results on the performance of
boosting in LDA are discussed in section 5. Conclusions are summarized in section 6.

2    The Boosting Algorithm

Boosting, proposed by Freund and Schapire [6], is a technique to combine
weak classifiers, having a poor performance, in a strong classification rule with a better
performance. As it was already mentioned before, in boosting, classifiers and training
sets are obtained sequentially, in a strictly deterministic way. At each step, training
data are reweighted in such way that incorrectly classified objects get larger weights in
a new modified training set. By that, one actually maximizes margins between training
objects. It suggests the connection between boosting and Vapnik’s Support Vector
Classifier (SVC) [7],[13], as objects obtaining large weights may be the same as the
support objects. Boosting is organized by us in the following way.
1. Repeat for b=1,2,...,B.

a) Construct the classifier  on the weighted version

 of training data set , using

weights , i=1,...,n (  for b=1).

b) Compute probability estimates of the error ,

, and .

c) If , set , i=1,...,n, and renormalize so that

. Otherwise, set all weights , i=1,...,n, and restart.

2. Combine classifiers by the weighted majority vote with weights  to a
final decision rule.

3    Data

One artificial data set and two real data sets are used for our experimental study.
The first set is a 30-dimensional correlated Gaussian data set (Data I) constituted by
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two classes with equal covariance matrices. Each class consists of 500 vectors. The
mean of the first class is zero for all features. The mean of the second class is equal to
3 for the first two features and equal to 0 for all other features. The common covariance
matrix is a diagonal matrix with a variance of 40 for the second feature and a unit vari-
ance for all other features. The intrinsic class overlap (Bayes error) is 0.064. This data
set is rotated using a 30 30 rotation matrix which is  for the first two features
and the identity matrix for all other features.

Two real data sets are taken from the UCI Repository [14]. The first is the 34-
dimensional ionosphere data set (Data II) with 225 and 126 objects belonging to the
first and the second data class, respectively. The second is the 8-dimensional diabetes
data set (Data III) consisting of 500 and 268 objects from the first and the second data
class, respectively. These two data sets were also used in [8], when studying bagging
and boosting for decision trees. The diabetes data set was also used when bagging and
boosting were studied for LDA [8].

Training sets with 3 to 400, with 3 to 100 and with 3 to 200 objects per class are
chosen randomly from a total set for the data I, II and III, respectively. The remaining
data are used for testing. All experiments are repeated 50 times for independent train-
ing sets. In all figures the averaged results over 50 repetitions are presented. The stan-
dard deviations of the mean generalization errors for single and boosted linear
classifiers are of the similar order for each data set. When increasing the training sam-
ple size, they are decreasing approximately from 0.015 to 0.004, from 0.014 to 0.007
and from 0.018 to 0.004 for the data I, II and III, respectively. When the mean general-
ization error of the boosted regularized FLD shows a peaking behaviour on the iono-
sphere data set (see Fig. 4), its standard deviation is about 0.03.

4 The Performance and the Instability of Linear Classifiers

In order to study a large group of linear classifiers and their instability, let us
consider regularized classifiers in LDA.

The Regularized Fisher Linear Discriminant function (RFLD) [2] is defined as

,

where the ridge estimate  is used instead of the mean class covariance matrix
. One can see, that the RFLD represents a large family of linear classifiers (see Fig.

1). When , one obtains the Fisher Linear Discriminant function (FLD) [12]

.

When , the information concerning covariances between features is lost.
Then, the classifier approaches the Nearest Mean Classifier (NMC) [12]

,

and the probability of misclassification may appreciably increase. Small values of the
regularization parameter  may stabilize the decision and improve the classifier per-
formance. However, for very small , the effect of regularization will be neglible. In
this case the RFLD performs similar to the Pseudo Fisher Linear Discriminant
(PFLD) [12], having a high classification error around the critical training sample
sizes, when the number of training objects is comparable to the data dimensionality.

In order to understand better, when boosting can be beneficial, it is useful to
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consider the instability of a classifier [11]. The classifier instability is measured by us
by calculating the changes in classification of a training set caused by the bootstrap
replicate of the original learning data set. Repeating this procedure several times on the
training set (we did it 25 times) and averaging the results, an estimate of the classifier
instability is obtained. The mean instability of linear classifiers (on 50 independent
training sets) defined in this way is presented in Fig. 2. One can see that the instability
of the classifier decreases when the training sample size increases. The instability and
the performance of a classifier are correlated: more stable classifiers perform better
than less stable ones. In this example, however, the performance of the NMC does not

Fig. 1. Dependence of the generalization error of the RFLD on the regularization parameter λ
for Gaussian correlated data (a,b), for ionosphere data set (c,d) and diabetes data set (e,f)
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Fig. 1. The performance of the RFLD with different values of λ for Gaussian correlated data
(Data I) (a,b), for ionosphere data set (Data II) (c,d) and for diabetes data set (Data III) (e,f)
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depend on the training sample size. In contrast to other classifiers, it remains a weak
classifier for large training sample sizes, while its stability increases. Theory of boost-
ing is developed for weak classifiers and large training sample sizes. Therefore, one
may expect that boosting may be beneficial for the NMC.

5    Boosting for Linear Classifiers

Let us now consider the performance of boosting in LDA on the example of the
NMC, the FLD and the RFLD with different values of regularization parameter λ.

The NMC. Boosting is useful for the NMC (see Fig. 3f, Fig. 4f and Fig. 5f).
Especially it performs nicely for the Gaussian correlated data set, reducing the general-

Fig. 2. The instability of the RFLD with different values of λ for Gaussian correlated data
(Data I) (a,b), for ionosphere data set (Data II) (c,d) and for diabetes data set (Data III) (e,f)
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ization error of a single NMC more than twice. In boosting, wrongly classified objects
get larger weights. Mainly, they are objects on the border between classes. Therefore,
boosting performs best for large training sample sizes, when the border between data
classes becomes more informative. In this case, boosting the NMC performs similar to
the linear SVC [13]. However, when the training sample size is large, the NMC is sta-
ble. It puts us on the observation that, in contrast to bagging, the usefulness of boosting
may not depend directly on the stability of the classifier. It depends on the “quality” of
the erroreously classified objects (usually, around the border between data classes) and
on the ability of the classifier (its complexity) to distinguish them correctly.

The FLD. Simulation results (see Fig. 3a, Fig. 4a, Fig. 5a) show that boosting is

Fig. 3. The performance of the boosting (B=250) for linear classifiers on Gaussian correlated
data (Data I). Boosting becomes useful, when increasing regularization and the RFLD
becomes similar to the NMC
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completely useless for the FLD. The performance and the stability of the FLD depends
on the training sample size. For small training sample sizes, the classifier is very unsta-
ble and has a poor performance, as sample estimates of means have a large bias and a
sample estimate of a common covariance matrix is singular or nearly singular. When
increasing the training sample size, the sample estimates are less biased, and the classi-
fier becomes more stable and performs better. In boosting, objects on the border
between data classes get larger weights. By that, the number of actually used training
objects decreases. When the training sample size is smaller than the data dimensional-
ity, all or almost all objects lie on the border. Therefore, almost all training objects are

Fig. 4. The performance of boosting (B=250) for linear classifiers on ionosphere data (Data II).
Boosting becomes useful, when increasing regularization and the RFLD becomes similar to
the NMC
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used at each step of the boosting algorithm. One gets many similar classifiers that per-
form badly. Combining such classifiers does not improve the FLD. When the training
sample size increases, the FLD performs better. In this case, boosting may perform
similar to a single FLD (if the number of objects on the border is sufficiently large to
construct a good FLD) or may worsen the situation (if the number of actually used
training objects at each step of boosting is not sufficiently large to define a good FLD).

The PFLD. Boosting the PFLD, which is similar to the RFLD with a very small
value of the regularization parameter λ, is also useless (see Fig. 3b, Fig. 4b, Fig. 5b).
For the training sample sizes larger than the data dimensionality the PFLD, maximiz-

Fig. 5. The performance of boosting (B=250) for linear classifiers for diabetes data (Data III).
Boosting becomes useful, when increasing regularization and the RFLD becomes similar to the
NMC
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ing the distance to all given samples, is equivalent to the FLD. For the training sample
sizes smaller than the data dimensionality, however, the PFLD finds a linear subspace,
which covers all the data samples. On this plane the PFLD estimates the data means
and the covariance matrix, and builds a linear discriminant perpendicular to this sub-
space in all other directions for which no samples are given. Therefore, for these train-
ing sample sizes, the apparent error (the classification error on the training set) of the
PFLD is always zero. Thus boosting is completely useless for the PFLD.

The RFLD. Considering the RFLD with different values of the regularization
parameter λ, one can see that boosting is also not beneficial for these classifiers with
exception of the RFLD with very large values of λ, which performs similar to the
NMC. For small training sample sizes, when all or almost all training objects have
similar weights at each step of the boosting algorithm, the modified training set is sim-
ilar the original one, and the boosted RFLD performs similar to the original RFLD. For
critical training sample sizes, the boosted RFLD may perform worse or even much
worse (having a high peak of the generalization error) than the original RFLD. This is
caused by two reasons. The first is that the modified training sets used in boosting usu-
ally contain less training objects than the original training set. Smaller training sets
give more biased sample estimates of classes means and the covariance matrix than
larger training sets. Therefore, the RFLD constructed on the smaller training set usu-
ally has a worse performance. An ensemble of the worse quality classifiers constructed
on the smaller training sets may perform worse than the single classifier constructed on
the larger training set. The second reason is that the objects on the border between data
classes (which are getting larger weights in the boosting algorithm) have often other
distribution than the original training set. Therefore, on such modified training set, the
RFLD with certain value of the regularization parameter λ may perform differently
than the same RFLD on the original training set. Regularization may not be sufficient,
causing the generalization error peak similar to the RFLD with very small values of λ.
However, on large training sample sizes, boosting may be beneficial for the RFLD, if
the single RFLD performs worse than a linear support vector classifier. As a rule, it is
the RFLD with very large values of λ. Thus, boosting is useful only for the RFLD with
large values of the regularization parameter λ and for large training sample sizes.

6    Conclusions

Summarizing simulation results presented in the previous section, we can con-
clude the following:

Boosting may be useful in LDA for classifiers that perform poor on large train-
ing sample sizes. Such classifiers are the Nearest Mean Classifier and the Regularized
Fisher’s Linear Discriminant with large values of the regularization parameter λ,
which approximates the NMC.

Boosting is useful only for large training sample sizes, if the objects on the bor-
der give a better representation of the distribution of the data classes than the original
data classes distribution and the classifier is able (by its complexity) to distinguish
them well.

It was shown theoretically and experimentally for DT’s [7] that boosting
increases the margins of the training objects. By that, boosting is similar to the maxi-
mum margin classifiers [13], based on the number of support vectors. In this paper, we
have experimentally shown, that boosted linear classifiers may achieve the perfor-
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mance of the linear support vector classifier when training sample sizes are large com-
pared with the data dimensionality.

As boosting is useful only for large training sample sizes, when classifiers are
usually stable, the performance of boosting does not depend on the instability of the
classifier.

The success of boosting depends on many factors including the training sample
size, the choice of a weak classifier (the DT, the FLD, the NMC or other), the exact
way how the training set is modified, the choice of the combining rule [17] and, finally,
the data distribution. By that, it becomes quite difficult to establish universal criteria
predicting the usefulness of boosting. Obviously, this question needs more investiga-
tion in future.
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Abstract. Recent classifier combination frameworks have proposed se-
veral ways of weakening a learning set and have shown that these weake-
ning methods improve prediction accuracy. In the present paper we focus
on learning set sampling (Breiman’s bagging) and random feature subset
selections (Bay’s Multiple Feature Subsets). We present a combination
scheme labeled ‘Bagfs’, in which new learning sets are generated on the
basis of both bootstrap replicates and selected feature subsets. The per-
formances of the three methods (Bagging, MFS and Bagfs) are assessed
by means of a decision-tree inducer (C4.5) and a majority voting rule.
In addition, we also study whether the way in which weak classifiers are
created has a significant influence on the performance of their combina-
tion. To answer this question, we undertook the strict application of the
Cochran Q test. This test enabled us to compare the three weakening
methods together on a given database, and to conclude whether or not
these methods differ significantly. We also used the McNemar test to
compare algorithms pair by pair. The first results, obtained on 14 con-
ventional databases, show that on average, Bagfs exhibits the best agree-
ment between prediction and supervision. The Cochran Q test indicated
that the weak classifiers so created significantly influenced combination
performance in the case of at least 4 of the 14 databases analyzed.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 200–209, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



Impact of Different Ways of Weakening Decision Trees 201

1 Introduction

Many theoretical and experimental studies have shown that a multiple classifier
system is an effective technique for reducing prediction errors [9,10,11,20,19].

These studies identify mainly three elements that characterize a set of clas-
sifiers:

– The representation of the input (what each individual classifier receives by
way of input).

– The architecture of the individual classifiers (algorithms and parametriza-
tion).

– The way to cause these classifiers to take a decision together.

It can be assumed that a combination method is efficient if each individual clas-
sifier makes errors ‘in a different way’, so that it can be expected that most of the
classifiers can correct the mistakes that an individual one does [1,19]. The term
‘weak classifiers’ refers to classifiers whose capacity has been reduced in some
way so as to increase their prediction diversity. Either their internal architecture
is simple (e.g., they use mono-layer perceptrons instead of more sophisticated
neural networks), or they are prevented from using all the information available.
Since each classifier sees different sections of the learning set, the error correla-
tion among them is reduced. It has been shown that the majority vote is the
best strategy if the errors among the classifiers are not correlated. Moreover,
in real applications, the majority vote also appears to be as efficient as more
sophisticated decision rules [2,13].

One method of generating a diverse set of classifiers is to upset some aspect
of the training input of which the classifier is rather unstable. In the present
paper, we study two distinct ways to create such weakened classifiers; i.e. learning
set resampling (using the ‘Bagging’ approach [5]), and random feature subset
selection (using ‘MFS’, a Multiple Feature Subsets approach [3]). Other recent
and similar techniques are not discussed here but are also based on modifications
to the training and/or the feature set [7,8,12,21].

Bagging is a popular solution for classification problems and consists of buil-
ding bootstrap replicates of an original data set and of using these to run a
learning algorithm. Ross Quinlan [15] has validated the bagging method with
C4.5 decision-trees. Once the classifiers have been independently induced from
the data (decision tree building), their predictions, made on an independent
testing case, are combined with a majority vote rule. Breiman [5] argues that
the main reason why bagging works is the instability of the chosen learning al-
gorithm (i.e. decision trees or neural networks) with respect to the variations in
the learning set introduced by bootstrapping.

MFS consists of training a given number of classifiers (R), with each having
as its input a given proportion of features (k) picked randomly from the original
set of f features with or without replacement. So, like bagging with training
patterns, MFS attempts to use classifier instability (this time, with respect to
feature selection) to generate a set of classifiers with uncorrelated errors [3].
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2 Methods

In order to take qualitative advantages of both techniques (bagging and MFS),
we investigated their association in the same architecture we labeled ‘Bagfs’. For
this purpose, we generated B bootstrap replicates of the learning set. In each
replicate we independently sampled R subsets of f ′ features, randomly selected
from amongst the f initial ones without replacement. We denoted k = f ′/f as
the proportion of features in these R subsets. The proposed architecture thus
has three parameters, k, B and R, to be set.

More generally, given L as a learning set (N cases described by f fea-
tures), B bootstrap replicates {Bagi ; i = 1, ..., B} are created. For each re-
plicate Bagi, R subsets {Fsj ; j = 1, ..., R} of f ′ randomly chosen features
(without replacement) are generated. This gives rise to B ∗R new learning sets
{BagiFsj ; i = 1, ..., B, j = 1, ..., R} to which the base learning algorithm is ap-
plied. This process generates B ∗R decision trees. Let us suppose that we have
to make predictions on T , an independent testing set (N ′ new cases described
by the same features). For each pattern xn ∈ T , for which the true class, cn, is
known (n = 1, ..., N ′), the series of outputs of the B ∗R decision trees are com-
puted {ϕij(xn); i = 1, ..., B; j = 1, ..., R} (i.e. the series of classes is predicted by
the different trees). From this series our approach, Bagfs, computes the majority
class ( 1) for all the B ∗R predictions.

Majority
{
ϕij(xn); i = 1, ..., B; j = 1, ..., R

}
= c̃n (1)

We were able to evaluate the prediction accuracy of Bagfs by comparing the
estimated classes c̃n with the true ones cn, n = 1, ..., N ′, .

We tested the different algorithms (Bagging, MFS and Bagfs) with respect to
Ross Quinlan’s decision-tree inducer C4.5 Release 8 [14] with its default values
and its pruning method (All the decision trees were pruned).

3 Material

We applied bagging, MFS and Bagfs to 14 databases (see Table 1). 12 of these
were downloaded from the UCI Machine Learning repository [4], i.e. iris, wine,
glass, ionosphere, BUPA liver disorders, segmentation, new thyroid gland, wave-
form, satimage, Wisconsin breast-cancer , car evaluation and Pima Indian dia-
betes. We also included Ringnorm and Twonorm, two other databases used by
Breiman in [6]. Wisconsin Breast-cancer and car evaluation are purely symbolic
databases, while all the others are wholly continuous.

4 Experimental Design

In the present paper we investigate the interest of using different ways to weaken
a learning set to create diverse decision-trees: learning set bootstrapping and
multiple feature selections. This is illustrated by the three methods described
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above, namely bagging, MFS and Bagfs. The comparisons were made with the
same number of classifiers. Firstly, we compared Bagfs (B = 7 and R = 7, labeled
Bag7fs7) to bagging with B = 49 (labeled Bag49) and MFS with R = 49
(labeled MFS49). We then built Bagfs with B = 49 and R = 7 using the
same 49 bootstrap replicates as Bag49. Once again, we compared this latter
architecture to bagging with B = 343 (49*7) and MFS with R = 343. A stratified
3-fold cross-validation was performed for each experiment and database. For the
smallest databases (fewer than 2000 examples), 10 replications of the 3-fold
cross-validation were also performed to validate our estimates. Evaluations and
comparisons were made on the basis of the same learning and testing set resulting
from each stratified 3-fold cross-validation.

The degree-of-agreement coefficient (κ) was computed between the test pat-
tern predictions and the corresponding true classes (supervision). κ was proposed
by Rosenfield and al. [16]. It represents an efficient accuracy measurement that
estimates the level of agreement (θ1) after any chance agreement (θ2) has been
discarded (see also Siegel et al. [18] and Rosner [17]):

κ =
θ1 − θ2
1 − θ2

κ = 1 if the prediction agrees perfectly with the supervision, κ = 0 if this
agreement is obtained by chance, and κ < 0 if it is worse than that obtained by
chance.

In this paper, we use the Cochran Q test (see Siegel et al. [18]). This non-
parametric test provides an exact and strict method for testing whether k al-
gorithms differ significantly among themselves. Furthermore, this test helped us
prove that the way in which the classifiers are weakened either has or does not
have a significant impact on the overall performance of the combination using
a majority vote. Given a testing set with N cases, let Gj be the number of
cases well-classified by algorithm j (j = 1, . . . , k). Li is the total number of algo-
rithms that correctly classify the example i (i = 1, . . . , N). If the null hypothesis
H0 is true, i.e. if there is no difference between the algorithms’ predictions, the
following statistic, Q, will be distributed approximately as χ2 with df = k − 1:

Q =

k(k − 1)
k∑

j=1

(Gj −G)2

k
N∑

i=1

Li −
N∑

i=1

L2i

So, hypothesis H0 is rejected if the value of Q is so great that the probability
associated with its occurrence when H0 is true is equal to or less than the level
of significance (α = 1%). This means that the good prediction rate of at least
one algorithm differs significantly from the others.

We also compared the results given by the Cochran Q test with the results ob-
tained with the McNemar non-parametric test. This latter, of which the Cochran
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Q test is an extension, enabled us to compare the algorithms pair by pair. Given
the two algorithms A and B, this test compared the number of cases misclassi-
fied by A, but not by B, with the number of cases misclassified by B, but not
by A [18,17]. These non-parametric tests, Cochran and McNemar, are preferred
to parametric ones (such as the commonly used t-test) because no assumption
is required and they are independent of any evaluation measurement (error rate,
degree of agreement kappa,. . . ).

5 Results and Discussion

Table 1. Performance in term of κ degree-of-agreement estimates

Data Set Training # # Bagfs MFS Bag Bagfs MFS Bag kopt (f’/f)
Set Size Feat. Class 7 × 7 49 49 49 × 7 343 343

glass 214 9 6 .653 .640 .640 .661 .653 .638 0.4 (4/9)
iris * 150 4 3 .918 .911 .914 .922 .911 .915 0.4 (2/4)
ionosphere 351 34 2 .851 .844 .813 .858 .850 .816 0.4 (13/34)
liver disorders 345 6 2 .359 .254 .378 .400 .243 .386 0.7 (5/6)
new-thyroid 215 5 3 .886 .843 .871 .873 .851 .872 0.3 (2/5)
breast-cancer-w 699 9 2 .922 .920 .879 .928 .926 .882 0.2 (2/9)
wine 178 13 3 .969 .972 .923 .980 .975 .933 0.3 (4/13)
segmentation * 210 18 7 .881 .862 .888 .896 .868 .890 0.6 (11/18)
car 1728 6 4 .805 .784 .817 .816 .783 .815 1 (6/6)
diabetes 768 8 2 .439 .413 .449 .450 .412 .461 0.7 (6/8)
ringnorm * 7400 20 2 .950 .948 .901 .965 .954 .909 0.4 (8/20)
twonorm * 7400 20 2 .936 .926 .926 .945 .940 .938 0.5 (10/20)
satimage 6435 36 6 .888 .890 .876 .892 .895 .880 0.5 (18/36)
waveform * 5000 21 3 .759 .758 .752 .784 .763 .761 0.5 (11/21)
Mean .801 .783 .787 .812 .787 .792

Table 1 shows the results of the estimated accuracy based on the degree of
agreement, κ. The last two columns represent the proportions of selected features
(kopt) and the corresponding number of features. kopt is the effective proportion
of features obtained by maximizing κ when performing a 10-fold stratified cross-
validation on each learning set of the global 3-fold cross-validation. We used this
nested cross-validation process to keep one testing set independent of the data
used for the training and tuning of the internal parameter, k. This nested cross-
validation was applied to Bagfs and MFS, and for each database we identified the
same kopt value for these two algorithms (i.e. the kopt value reported in Table 1).

The results in Table 1 show that Bagfs was a competitive method when used
on these 14 databases. These results also point to the low level of improvement
obtained by increasing the number of classifiers 7 times, from 49 to 343, for both
the bagging and the MFS.
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Table 2 for the 49-classifier architectures and Table 3 for the 343-classifier
architectures summarize the results of a drastic comparison of all algorithms
with respect to the Cochran Q and McNemar test statistics when they were
performed on the 14 databases.

This comparison is drastic in the sense that, for the small databases (i.e.
N < 2000), we performed 10 replications of the 3-fold cross-validations and
concluded that if the Cochran H0 hypothesis is rejected on 6 replications or
more, then at least one algorithm will be significantly different from the others.
For the large databases we performed only one test on the total set of predictions
resulting from one 3-fold cross-validation. This strict procedure was the same for
the McNemar rejection decision. In Tables 2 and 3 we report the sum of each
total number of cases well-classified by each method (denoted Gj , in section 4)
for each replication of the 3-fold cross-validation, for which H0 was rejected.

Table 1 also shows the usefulness of the nested cross-validation process for
determining kopt values. Indeed, when kopt is larger than 0.5 (in the case of 4
different databases), Bag7Fs7 systematically exhibits lower results than bagging
(Bag49). This both indicates that the MFS layer included in Bagfs is not useful,
and agrees with the fact that a large number of features is required for bet-
ter performance. Furthermore, in this case (kopt > 0.5), MFS49 systematically
shows a low level of accuracy, so confirming its minor usefulness.

Table 2. the Cochran and McNemar tests used to compare algorithms combining 49
classifiers: A zero value means that the hypothesis that the models are identical is not
rejected; a bold value designates a database for which the models differ significantly
with respect to our experimental design (A=Bag49, B=MFS49 and C=Bag7Fs7). See
details in the text.

Data Set A B C Cochran McNemar
rejection A/B A/C B/C

glass 0 0 0 0 - - -
Iris 0 0 0 0 - - -
ionosphere 633 657 656 2 - - -
liver disorders 729 652 722 3 A - -
new-thyroid 0 0 0 0 - - -
breast-cancer-w 5282 5399 5398 8 B C -
wine 492 521 521 3 - - -
segmentation 189 177 188 1 - - -
car 7929 7770 7884 5 A - C
diabetes 0 0 0 0 - - -
ringnorm 7033 7208 7214 1 B C -
twonorm 7125 7127 7164 1 - C C
satimage 5790 5863 5852 1 B C -
waveform 0 0 0 0 - - -
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Table 3. The Cochran and McNemar tests used to compare algorithms combining 343
classifiers. A zero value means that the hypothesis that the models are identical is not
rejected; a bold value designates a database for which the models differ significantly
with respect to our experimental design (A=Bag343, B=MFS343 and C=Bag49Fs7).
See details in the text.

A B C Cochran McNemar
Data Set rejection A/B A/C B/C
glass 150 167 166 1 - - -
Iris 0 0 0 0 - - -
ionosphere 638 653 659 2 - - -
liver disorders 2205 1985 2227 9 A - C
new-thyroid 0 0 0 0 - - -
breast-cancer-w 5950 6078 6089 9 B C -
wine 668 700 703 4 - - -
segmentation 387 368 386 2 - - -
car 14233 13992 14240 9 A - C
diabetes 1174 1126 1175 2 - - -
ringnorm 7063 7229 7271 1 B C C
twonorm 0 0 0 0 - C -
satimage 5811 5888 5875 1 B C -
waveform 4205 4210 4279 1 - C C

Concluding this discussion, a method of selecting one of the compared algo-
rithms is:

– If kopt > 0.5, then MFS is not an appropriate way of weakening a classifier
and should not be used.

– If kopt ≤ 0.5, then both bagging and MFS are adequate methods for impro-
ving classification accuracy with C4.5.

Moreover, whatever the kopt may be, the Bagfs method has never featured signifi-
cantly lower performance than any other. This model even performs significantly
better than bagging and MFS on at least 4 databases (See McNemar test re-
sults). Furthermore, increasing the number of classifiers (from 49 to 343) seems
more beneficial to Bagfs rather than the other two methods.

Why Bagfs works better can be explained by observing the influence on the
global accuracy estimates of the induced diversity and error decorrelation bet-
ween all the classifiers. Dietterich [7] recently used the κ index as a measurement
of the ‘diversity’ between two classifier predictions. In this case, the κ index was
computed on a confusion table based on the predictions made by the two clas-
sifiers.

We used a similar approach here, having κ as a measurement of accuracy and
diversity. The results, obtained on the 14 databases, all lead to the same overall
observations. To obtain an effective weak multiple classifier system, we expect
to have a scatter plot where the dots are in the high diversity and low individual
accuracy region. Figure 1 illustrates four representative diagrams for which the
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Fig. 1. Kappa - Kappa diagrams on four databases where the algorithms are signifi-
cantly different with respect to the Cochran Q test. On the upper and right region is
represented the same diagram showing the trade-off between diversity and accuracy on
the same scale.

compared algorithms are significantly different with respect to Cochran test
(See Tables 2 and 3). Each dot in Fig. 1 corresponds to a pair of classifiers
included in the different combination schemes. Each possible pair is characterized
by both the kappa index computed on the predictions of these two classifiers
(1−κ is reported on the x coordinate as a measurement of the diversity of these
classifiers) and the kappa index of agreement between prediction and supervision
averaged over the two classifiers (reported on the y coordinate as a measurement
of the accuracy of these classifiers). These figures show that individual Bagfs
classifiers always exhibit a greater degree of diversity than bagging and MFS,
and also a lower level of accuracy (each individual classifier is weaker on average).

6 Conclusion

This paper compares three methods: Breiman’s bagging, Bay’s MFS and a no-
vel approach, labeled ‘Bagfs’, that mixes the first two, for generating multiple
learning sets with C4.5 decision trees and the majority voting rule. Our aim is
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the strict application of a statistical method, the Cochran Q test, to investigate
the significant differences between these ways of weakening decision trees and
their impact on classification accuracy. The experimental results obtained on 14
conventional databases showed that these three models differed significantly on
at least 4 databases with respect to the Cochran Q test. Furthermore, using the
McNemar test of significance, we also showed that Bagfs never performed worse,
and on at least 4 databases, even performed better than the other models com-
bining the same number of classifiers. We use several representative databases
where the models are significantly different with respect to the Cochran test to
illustrate that individual Bagfs classifiers have a higher level of diversity and a
lower level of accuracy than the other models. So, if the optimal proportion of
selected features is not too large, Bagfs is able to exhibit the highest level of
diversity between its components, and thus offers the highest degree of accuracy.
This last conclusion also emphasizes the possible significant impact of associa-
ting two or more ways of weakening a classifier (bagging and MFS in this paper)
to create diverse decision trees.
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Abstract. A supervised classification method for temporal series, even
multivariate, is presented. It is based on boosting very simple classifiers,
which consists only of one literal. The proposed predicates are based in
similarity functions (i.e., euclidean and dynamic time warping) between
time series.
The experimental validation of the method has been done using different
datasets, some of them obtained from the UCI repositories. The results
are very competitive with the reported in previous works. Moreover, their
comprehensibility is better than in other approaches with similar results,
since the classifiers are formed by a weighted sequence of literals.

1 Introduction

Multivariate time series classification is useful in domains such as biomedical
signals [12], continuous systems diagnosis [2] and data mining in temporal data-
bases [5]. This problem can be tackled extracting features of the series, through
some kind of preprocessing, and using some conventional machine learning me-
thod. Nevertheless, this approach has several drawbacks [11], these techniques
are usually ad hoc and domain specific, there are several heuristics applicable to
temporal domains that are difficult to capture by a preprocess and the obtai-
ned descriptions using these features can be hard to understand. The design of
specific machine learning methods for the induction of temporal series classifiers
allows the construction of more comprehensible classifiers in a more efficient way.

In multivariate time series classification, each example is composed by several
time series. Each time series is an attribute of the examples, and normally they
are called variables, because they are attributes that vary with time. We propose
a simple, although effective, technique for temporal series classification based on
boosting [18] literals relative to the results of similarity function between time
series.

The rest of the paper is organised as follows. The base classifiers are described
in section 2. Boosting these classifiers is explained in section 3. Section 4 presents
the experimental validation. Finally, section 5 concludes.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 210–219, 2000.
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2 Similarity-Based Classifiers

Several machine learning methods, such as instance-based learning, are based on
the use of distances, similarity functions, between examples. Nevertheless, the
distance between examples can also be used, as new attributes of each exam-
ple, in inductive methods such as decision trees and rule inducers. In our case,
multivariate time series, we use predicates with the following form:

<distance> le( Example, Reference, Variable, Value )

which is true if the <distance>, for one Variable of the examples, between the
Example considered and another Reference example is less or equal ( le) than
<Value>.

The predicate euclidean le uses the euclidean distance. It is defined, for two
univariate series s and t as:

√∑n
i=1(si − ti)2. Its execution time is O(n)

2.1 Dynamic Time Warping

Dynamic Time Warping (DTW) aligns a time series to another reference series
in a way that a distance function is minimized, using a dynamic programming
algorithm [5]. If the two series have n points, the execution time is O(n2). The
predicate dtw le uses the minimized value obtained from the DTW as a similarity
function between the two series.

2.2 Selection of Literals

Given a collection of examples, the best literal must be selected according to
some criterion. If there are e examples, v variables in each example and d(n) is
the time necessary for calculating the distance between two series with n points
(n for the euclidean distance, n2 for DTW), the best literal for a given reference
example can be calculated in O(ved(n) + ve lg e). The time for calculating the
distance between the reference to the rest of examples is O(ev d(n)). The time
necessary for ordering the distances to the reference example and selecting the
best value according to the criterion is O(ve lg e). If r reference examples are
considered then the necessary time is O(rve(d(n) + lg e)).

3 Boosting

At present, an active research topic is the use of ensembles of classifiers. They are
built by generating and combining base classifiers, with the aim of improving the
accuracy with respect to the base classifiers. One of the most popular methods
for creating ensembles is boosting [18], a family of methods, AdaBoost being the
most representative example. They work assigning a weight to each example.
Initially, all the examples have the same weight. In each iteration a base classifier
is constructed, according to the distribution of weights. Afterwards, the weights
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Table 1. Example of classifier. It corresponds to the class upward of the control charts
dataset. It shows the literal, the number and total weight of the covered examples and
the error and weight of the individual classifier. The number of positive and negative
examples in the training set are 80 and 420, respectively.

examples weights literal
literal ⊕ � ⊕ � error weight

euclid le( E, upward 90, x, 52.027 ) 35 7 0.073 0.015 0.108 1.054
euclid le( E, upward 77, x, 107.494 ) 80 80 0.474 0.153 0.153 0.857
euclid le( E, upward 30, x, 43.538 ) 24 4 0.101 0.015 0.193 0.714

not euclid le( E, downward 42, x, 179.359 ) 29 49 0.337 0.116 0.303 0.417
euclid le( E, upward 30, x, 67.343 ) 75 62 0.506 0.246 0.289 0.450

not euclid le( E, increasing 89, x, 45.122 ) 74 354 0.401 0.190 0.220 0.633
not euclid le( E, increasing 8, x, 50.418 ) 75 328 0.309 0.221 0.238 0.583

euclid le( E, upward 26, x, 52.977 ) 10 2 0.071 0.008 0.174 0.777
euclid le( E, upward 100, x, 68.076 ) 71 50 0.480 0.156 0.195 0.710

not euclid le( E, increasing 70, x, 51.274 ) 61 325 0.294 0.152 0.257 0.532

are readjusted according to the result of the example in the base classifier. The
final result is obtained combining the weighted votes of the base classifiers.

Inspired by the good results of works using ensembles of very simple classi-
fiers [9], sometimes named stumps, we have opted for base classifiers consisting
only of one literal. Table 1 shows one of these classifier. The reasons for using so
simple base classifiers are:

– Ease of implementation. In fact, it is simpler to implement a boosting al-
gorithm than a decision tree or rule inducer. A first approximation to the
induction of rules for time series classification is described in [15].

– Comprehensibility. It is easier to understand a sequence of weighted literals
than a sequence of weighted decision trees or rules.

The criterion used for selecting the best literal is to select the one with less
error, relative to the weights. In each iteration r reference examples are randomly
selected (it is possible to use only positive reference examples or positive and
negative). If i is the number of iterations in boosting, the worst number of
reference examples considered is min(ir, e). Hence, the execution time for the
boosting process is O(min(ir, e)ved(n) + irve lg e).

Multiclass problems. The simpler AdaBoost algorithm is defined for binary
classifications problems [18], although there are extensions for multiclass pro-
blems [19]. In our case the base classifiers are also binary (only one literal) and
it excludes some techniques for handling multiclass problems. We have used a
simple approximation: the problem is reduced to several binary classification
problems, as many as classes, which decide if an example is, or is not, of the cor-
responding class. Every binary problem is solved independently using boosting.
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Table 2. Characteristics of the datasets

Dataset Classes Examples Points
CBF 3 798 128
Control charts 6 600 60
Waveform 3 900 21
Wave + noise 3 900 40

The advantages of using boosting for binary problems are that it is always
possible to find a literal with an error less or equal than 0.5, necessary for the
boosting algorithm, since the problem is binary, and that the results are more
comprehensible because they are organised by classes.

To classify a new example, it is evaluated by all the binary classifiers. If
only one of them classifies it as positive, then the example is assigned to the
corresponding class. If the situation is not so idyllic, we can consider that the
multiclass classifier is not able to handle this example. This is a very pessimistic
attitude. In the experiments, the classification error obtained with this point of
view is named maximum error.

When using boosting in a binary problem, the result is positive or negative
depending of the sign of the sum of the results of the individual classifiers,
conveniently weighted. In a multiclass problem, if we have conflicts among several
of the binary classifiers we use these sums of weights, normalised to [−1, 1], to
select the winner. In the experiments, the error obtained with this method is
called combined error.

4 Experimental Validation

4.1 Datasets

The characteristics of the datasets are sumarised in table 2. The main criterion
for selecting them has been that the number of examples available were big
enough, to ensure that the results were reliable.

Waveform. This dataset was introduced by [7]. The purpouse is to distinguish
between three classes, defined by the evaluation in 1, 2 . . . 21, of the following
functions:

x1(i) = uh1(i) + (1 − u)h2(i) + ε(i)
x2(i) = uh1(i) + (1 − u)h3(i) + ε(i)
x3(i) = uh2(i) + (1 − u)h3(i) + ε(i)

where h1(i) = max(6−|i−7|, 0), h2(i) = h1(i−8), h3(i) = h1(i−4), u is a uniform
aleatory variable in (0, 1) and ε(t) follows a standard normal distribution.

We use the version from the UCI ML Repository [6]. In the experiments the
first 300 examples of each class were used, the total number of examples available
in the dataset is 5000.
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Wave + Noise. This dataset is generated in the same way than the previous
one, but 19 points are added at the end of each example, with mean 0 and vari-
ance 1. Again, we used the first 300 examples of each class of the corresponding
dataset from the UCI ML Repository.

Cylinder, Bell and Funnel (CBF). This is an artificial problem, introduced
by Saito [16]. The learning task is to distinguish between these three classes:
cylinder (c), bell (b) or funnel (f). Examples are generated using the following
functions:

c(t) = (6 + η) · χ[a,b](t) + ε(t)
b(t) = (6 + η) · χ[a,b](t) · (t − a)/(b − a) + ε(t)
f(t) = (6 + η) · χ[a,b](t) · (b − t)/(b − a) + ε(t)

χ[a,b] =
{
0 if t < a ∨ t > b
1 if a ≤ t ≤ b

η and ε(t) are obtained from a standard normal distribution N(0, 1), a is an
integer obtained from a uniform distribution in [16, 32] and b−a is another integer
obtained from another uniform distribution in [32, 96]. For ease of comparison
with previous results, 266 examples of each class were generated.

Control Charts. In this dataset there are six different classes of control charts,
synthetically generated by the process in [1]. Each time series is of length n, and
is defined by y(t), with 1 ≤ t ≤ n:

1. Normal: y(t) = m+s r(t). Where m = 30, s = 2 and r(t) is a random number
in [−3, 3].

2. Cyclic: y(t) = m + s r(t) + a sin(2πt/T ). a and T are in [10, 15].
3. Increasing: y(t) = m + s r(t) + gt. g is in [0.2, 0.5].
4. Decreasing: y(t) = m + s r(t) − gt.
5. Upward: y(t) = m + s r(t) + x k(t). x is in [7.5, 20] and k(t) = 0 before time

t0 and 1 after this time. t0 is in [n/3, 2n/3].
6. Downward: y(t) = m + s r(t) − x k(t).

The data used was obtained from the UCI KDD Archive [4]. It contains 100
examples of each class, with 60 points in each example.

4.2 Results

The experiments were performed using 50 iterations in boosting and with 20
reference examples (10 positive, 10 negative) in each iteration. Three settings
were used for each dataset: using the euclidean distance, DTW and using the
two literals. The results for each dataset and setting were obtained using five
five-fold stratified cross-validation. Table 3 and figure 1 resume the results. The
table also shows the standard deviation for the 50 iterations: σ25 is the standard
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Table 3. Experimental results. For each dataset and distance, the first column shows
the maximum error and the second one the combined error, both in percentage. In
boldface, the best result. The standard deviation, for the 50 iterations, is shown in the
rows σ5 and σ25.

Iter. Wave Wave + Noise CBF Control
1 41.20 27.73 41.29 30.27 33.43 22.50 39.83 22.20
5 33.13 17.71 36.96 19.38 19.74 10.35 17.30 5.77
10 27.33 14.91 31.53 16.93 15.09 7.77 10.47 3.17
15 25.13 14.73 28.91 15.96 12.20 6.44 8.13 2.10
20 23.78 14.33 27.93 15.49 10.83 6.11 5.80 1.80
25 23.15 14.04 27.11 15.22 9.88 5.46 4.53 1.57
30 22.60 13.98 26.82 15.33 8.75 4.71 3.90 1.60

E
uc
lid
ea
n

35 22.51 13.87 25.78 15.02 8.25 4.56 3.57 1.40
40 21.76 13.67 25.44 15.20 7.57 4.46 2.73 1.27
45 21.82 13.51 25.29 15.93 7.17 4.31 2.83 1.27
50 21.31 13.44 24.93 15.13 6.72 4.11 2.80 1.17
σ5 0.69 0.47 1.19 0.72 0.36 0.26 0.38 0.12

σ25 2.95 2.23 2.93 2.77 1.77 1.80 1.68 1.23
1 39.67 28.58 44.31 31.51 20.73 12.90 18.17 15.97
5 39.20 23.29 40.64 24.64 5.69 2.46 6.93 1.50
10 35.49 21.33 37.04 21.93 3.63 1.33 3.97 0.73
15 33.67 20.09 35.60 20.71 2.35 0.93 2.77 0.63
20 31.98 19.64 34.00 20.29 1.78 0.65 2.13 0.60
25 30.91 19.13 32.69 19.07 1.58 0.63 2.00 0.63
30 30.31 18.76 32.47 19.20 1.45 0.60 1.73 0.67

D
T
W

35 29.93 18.07 31.71 19.02 1.23 0.45 1.60 0.57
40 28.89 18.04 31.27 19.16 1.10 0.43 1.53 0.53
45 28.53 18.07 30.60 18.64 0.93 0.43 1.43 0.53
50 28.22 17.73 30.31 18.78 0.98 0.40 1.27 0.53
σ5 0.48 0.91 1.22 1.33 0.11 0.16 0.38 0.08

σ25 3.42 2.34 2.91 2.72 0.81 0.54 1.02 0.76
1 38.00 27.22 40.78 29.22 20.48 13.14 17.17 15.07
5 32.11 17.62 36.16 18.91 5.74 2.25 6.26 1.93
10 27.78 14.98 31.38 17.24 3.30 1.10 4.20 1.07
15 26.29 14.56 28.69 15.76 1.85 0.80 3.13 0.83
20 25.27 13.93 27.62 15.60 1.55 0.60 2.73 0.73
25 24.69 14.04 26.87 15.47 1.15 0.55 1.97 0.73
30 24.78 14.00 26.29 15.44 1.00 0.42 1.80 0.80
35 23.29 13.96 25.67 15.58 0.88 0.42 1.83 0.67
40 23.24 13.76 25.02 15.31 0.83 0.40 1.70 0.70

E
uc
lid
ea
n
+
D
T
W

45 23.09 14.11 24.93 15.18 0.70 0.35 1.53 0.70
50 22.78 13.98 24.76 15.07 0.68 0.40 1.60 0.73
σ5 0.59 0.73 0.63 1.26 0.17 0.10 0.54 0.33

σ25 3.10 2.67 2.96 2.35 0.62 0.47 1.34 1.03
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Fig. 1. Graphs of the results for the different datasets. For each graph, the maximum
and combined errors are plotted.
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deviation of the 25 executions, and σ5 is the standard deviation of the 5 means
obtained from each cross validation.

Globally, we can highlight the good evolution of the errors for each dataset
with the number of iterations in the boosting process. In most of the cases the
best values are in the last iteration, and in the rest of the cases the results for
the last iteration are not far from the results for the best iteration. Another
remarkable point is the differences between the different settings. In the first
two cases the euclidean performs much better than DTW, and in the last two
cases the situation is the opposite. The simultaneous use of the two literals gives
results that are always nearer to the best case using only one literal than to the
worst case.

Waveform. In this case, the results are much better using euclidean than using
DTW, since in the definition of the dataset all the randomness is in the vertical
axis, and none in the horizontal axis.

The best previously published result, to our knowledge, for this dataset is an
error of 15.90 [16], using 100 training examples and 1000 test examples, although
the results reported after averaging 10 times gives a result of 16.16 [17]. The error
of an optimal Bayes classifier on this dataset is approximately of 14 [7].

Since our results using the euclidean distance (with or without DTW) are
better than the optimal Bayes classifier, the experiments were repeated, using
only the euclidean distance, in a more difficult setting. First, all the available
examples (5000) were used, instead of selecting the first 300 of each class (several
works, see below, use 300 examples in total). Again, five five-fold stratified cross-
validaton was used, but with the difference that 1 fold was used for learning and
4 for validation, instead of using 4 for learning and 1 for validation. The results
with this setting were 23.00 for the maximum error (σ5: 0.35, σ25: 0.87) and
14.86 for the combined error (σ5: 0.19, σ25; 0.53).

This dataset is frequently used for testing classifiers. It has also been tested
with boosting (and other methods of combining classifiers), over the raw data, in
different works [14, 10, 20, 8]. The best results we know for this dataset of other
authors is an error of 15.21 [8] These results were obtained using base classifiers,
trees, much more complex than out base classifiers (similarity literals).

Wave + Noise. Again, the results of the euclidean are better than the results
of DTW. The best result achieved for the combined error is 15.02 using the
euclidean distance in the iteration 35, although the best value using the two
literals, 15.07 is very close. Again, the error of an optimal Bayes classifier on this
dataset is of 14. This dataset was tested with bagging, boosting and variants
over MC4 (similar to C4.5) [3], using 1000 examples for training and 4000 for
test, and 25 iterations. Although their results are in graphs, it seems that their
best error is approximately 17.5.

Cylinder, bell and funnel. The best result, to our knowledge, previously
published, with this dataset is an error of 1.9 [11], using 10 fold cross validation.
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From the iteration 10, the results using DTW (with or without euclidean), shown
in table 3 are better than this result, and from the iteration 15 the results are
smaller than 1. Moreover, even the maximum error is always under 1.8 from the
iteration 20. In this dataset DTW greatly improves the classifier, which could
be expected due to the temporal displacement shown by examples of the same
class.

Control charts. The best result is obtained using only DTW, in the iteration
40 . . . 50, with an error of 0.53. From the iteration 10, all the values are less than
0.75. The unique results we know with this dataset are for similarity queries
[1], and not for supervised classification. To check if this dataset was trivial, we
tested it with C4.5 [13], over the raw data, obtaining an averaged error of 8.6
(using also five five-fold cross validation).

5 Conclusions and Future Work

A temporal series classification system has been presented. It is based on boo-
sting very simple classifiers. The individual classifiers are formed only by one
literal. The predicates used are based on the similarity between two examples.
Two similarity functions has been used: euclidean and DTW, obtaining very dif-
ferent results. Nevertheless, no one is better than the other for all the considered
datasets. The simultaneous use of the two kinds of predicates gives results nearly
as good as using only the most adequate predicate for the dataset.

The results obtained, for accuracy, for each dataset are better than any other
results known by the authors. Without significance tests we cannot conclude than
out method is better than others for these datasets. The reasons for not doing so
are that, unfortunately, there are not standard reference methods for time series
classification and that the existent methods are not publicly available.
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Abstract. Boosting of tree-based classifiers has been interfaced to the
Geographical Information System (GIS) GRASS to create predictive
classification models from digital maps. On a risk management problem
in landscape ecology, the performance of the boosted tree model is bet-
ter than either with a single classifier or with bagging. This results in
an improved digital map of the risk of human exposure to tick-borne
diseases in Trentino (Italian Alps) given sampling on 388 sites and the
use of several overlaying georeferenced data bases. Margin distributions
are compared for bagging and boosting. Boosting is confirmed to give
the most accurate model on two additional and independent test sets of
reported cases of bites on humans and of infestation measured on roe
deer. An interesting feature of combining classification models within
a GIS is the visualization through maps of the single elements of the
combination: each boosting step map focuses on different details of data
distribution. In this problem, the best performance is obtained without
controlling tree sizes, which indicates that there is a strong interaction
between input variables.

1 Introduction

This paper introduces boosting of tree-based classifiers for predictive classifica-
tion within a Geographical Information System (GIS). Firstly we have integrated
bagging and now boosting within a GIS to develop accurate risk assessment mo-
dels based on digital maps. The procedure is applied to determine the risk of
human exposure to the tick Ixodes ricinus, the chief vector of Lyme disease and
of other serious tick-borne illnesses in Europe. In this problem, the target func-
tion is the association between habitat patterns of environmental variables and
the presence of I. ricinus as measured in sampling sites. We modeled this func-
tion with decision trees: either a single tree, bagging [1] or boosting were applied.
For boosting we used the Adaboost algorithm [2], implemented as suggested in
[3]. As the real spatial distribution of I. ricinus is currently unknown, predictive
errors have been estimated using a bootstrap procedure. Bagging and boosting
showed remarkable improvement in predictive accuracy, with error on training
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data going rapidly to zero with boosting only, and an overall improved perfor-
mance for boosting. Moreover, we have obtained results which are very similar
to [4] in the analysis of the margin distributions for bagging and boosting.

The integration of the models within a GIS has allowed further analysis that
will be also discussed in this paper.

Firstly, it has been possible to test the different models over two additional
independent sets of georeferenced data about tick bites. Again, the boosted tree
model produced the most accurate results.

Secondly, developing the model as a GIS function offered the chance of vi-
sualizing the intermediate steps of the two procedures via the use of maps. In
bagging the intermediate maps can be seen as alternative realizations of the risk
function, while the boosting steps show different focusing on habitat configura-
tion.

Finally, we have investigated the effect of a truncation strategy based on a
maximum number of terminal nodes for the base classifiers. The best results
were found for fully grown (maximal trees), indicating the need for higher order
interaction between the predictor features in this problem, as suggested by the
simulation studies in [5].

2 Predictive Models and GIS for Tick Risk Assessment

GIS studies typically aim to upscale prediction (i.e. generalizing) to a landscape
of millions of territory cells starting from a sample of a few hundreds sites for the
response variable. A reasonable mesoscale model of Trentino (the Autonomous
Province of Trento, a region of 6 200 km2 in the Italian Alps), is described at the
cell resolution of 50×50 meters by almost 2.5 million cells. The digital elevation
model (DEM) of the same area is actually available at the 10 meter resolution.
Thus, it is easy to realize that building classification models on georeferenced
data naturally leads to significant problems from a machine learning point of
view. Moreover, providing the ground measures is often costly and not repeatable
in ecological problems, which makes it difficult to sacrifice training material for
validation and test data. It is clear that there is a need for non overfitting
models with good generalization properties. Furthermore, data extracted from
a GIS are usually described by heterogeneous variables: the ground measures of
the response variable at a site is associated, through its geographic reference, to
a vector of variables from the thematic raster maps available in the GIS (e.g.
elevation, vegetation type, class of exposure, main geology). Tree-based classifiers
are appropriate for summarizing large multivariate data sets described by a mix
of numerical and categorical attributes. Trees may have a high discriminative
power, but they are potentially prone to overfitting. Therefore, the need for
model selection and now for model combination methods that may minimize the
out-of-sample error.

The first computational model for tick-risk assessment in Trentino was based
on a single decision tree and 100 sampling sites [6]. In order to control overfit-
ting, the optimal model was selected according to the bootstrap 632+ rule, a
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Table 1. Description of Model Variables

Name Description

presence discrete (2 classes)
elevation numeric (in m, min: 200, av: 957, max: 1900)
soil substratum discrete (5 classes)
exposure discrete (9 classes)
deer density numeric (in head/100ha, min:0. av. 5, max:38)
percfu-i numeric (in %: for i = 1 . . . 8)
perced-j numeric (for %: for j = 1 . . . 6)

Table 2. List of data bases

Code Description

z96A: 1996 data, not infested sites
z96P: 1996 data, infested sites
hc: 1996 human cases
rd0: 1994 data: not infested deer
rd1: 1994 data: 1-10 ticks found on deer
rd2: 1994 data: 10+ ticks found on deer

refinement of the bootstrap method for assigning measures of accuracy to clas-
sification error estimates [7,8]. Predictive accuracy (estimated by an external
cross-validation loop) of the 632+ tree was better than using standard tree sel-
ection methods or a linear discriminant procedure. On the extended survey data
set of 388 sampling sites (204 presence, 184 absence) the results were confirmed,
and a remarkable improvement was subsequently obtained by applying bagging
as an aggregation of 100 tree models obtained from bootstrap data replicates
[9]. Site locations were georeferenced and incorporated into the unified GIS and
database management system. GIS software was developed with GRASS techno-
logy1. Software routines have been constructed to produce an interface between
GRASS and the S-PLUS computational statistical system, thus yielding a fle-
xible environment for landscape epidemiology [10].

The risk exposure to tick bites has been initially modeled as a binary pre-
sence/absence output in terms of a multivariate description of the sampling site
habitat (the response variable and the 18 predictor variables are listed in Table
1, including 14 variables for vegetation description). Two independent control
data bases were also considered in this study: 562 roe bucks were harvested du-
ring the first 2 weeks of September 1994 and subsequently checked for adult ticks
(infestation was discretized in terms of three classes); an additional control data

1 GRASS: Geographic Resources Analysis Support System, originally by the USA
Center for Environmental Research Laboratory)
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base hc of georeferenced 98 human cases of tick bites in 1996 was also included
in the study. A summary of the available data is reported in Table 2.

3 Methods

3.1 Base Learner and Definition of the Error Estimate

We adopted the rpart2 recursive partitioning method, as the base learning al-
gorithm, after modification of its C language version in order to implement the
bagging, Adaboost and a specific error estimate. To compare the different ag-
gregation algorithms, errors were estimated by bootstrap: at each step, a sample
of the same cardinality of the original data was extracted with replacement ac-
cording to the empirical distribution. The extracted data, possibly including
several repeated examples, constituted the current bootstrap learning set and it
was used for training a model according to bagging or boosting prescriptions.
Due to the replacement process, about .368 of the original data was held out
and considered as a test set for the trained model. The procedure was repeated
50 times and then the error distribution was considered in order to obtain a
prediction error estimate as well as the confidence bands.

3.2 Boosting

The boosting algorithm considered in this paper is the basic Adaboost [2] in the
implementation discussed in [3]. Given a training data set L = {(xi, yi)}i=1,...,N ,
where the xi are input vectors (numerical, categorical or mixed) and the yi are
class labels taking values -1 or 1, the discrete Adaboost classification model
is defined as the sign of an incremental linear combination of classifiers, each
one trained on weighted bootstrap samples of the training data, increasing the
weights for the samples currently misclassified:

F (x) = sign(
M∑

i=1

cmfm(x;Lm)).

At the first step, L1 is a sample with replacement of L, every instance having
probability p(i) = 1/N (empirical distribution), and f1(·;L1) is the classification
model trained on L1. At the m-th step, the error of the model fm−1 is computed
over the training data L:

em−1 =
N∑

i=1

d(i)p(i),

where d(i) = 1 if the i-th case is misclassified, otherwise zero. The weight of the
model fm−1 is set to
2 The rpart library for recursive partitioning has been implemented by Therry Ther-

nau and Beth Atkinson of Mayo Clinic.
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cm−1 = log((1− em−1)/em−1)

and the probabilities of the instances are updated according to the following
rule:

p(i)← p(i) exp (cm−1d(i)), i = 1, ..., N

normalized such that
∑N

i=1 p(i) = 1.
The basic idea of this algorithm is to give higher weights to the models with

low prediction error over the training set L, whilst simultaneously increasing
the probabilities of the misclassified cases to enter in the learning set currently
available to a new instance of the base classifier. To avoid negative or undefined
weights, if em ≥ 0.5 or em = 0, the probability for each instance is reset to 1/N
and procedure is restarted.

The bootstrap-based technique for predictive model error estimate described
has been used in this paper as an external loop to the Adaboost procedure, but
it may also be considered as a stopping rule by analyzing the distribution of the
error at the current step.

3.3 Experiment Design

As stated in the introduction, the goals of the experiment were (1) a comparison
between single tree, bagging and boosting to select the best learning algorithm
and (2) an indication of the degree of regularization (pruning, or better stopping)
to apply to the base classifiers to control their sizes. The tree size is in fact a
metaparameter of the recursive partitioning methods which is apparently inheri-
ted by bagging and boosting. One way to ignore this metaparameter is working
with stumps (i.e. trees with only one split) which were found to be very effective
in [5]. Stumps have low computational cost and one could think of exchanging
more boosting steps with a reduced tree size. However, our first experiments
with bagging for tick-risk assessments favoured an aggregation of maximal trees
as remarked in paragraph 2.4.1 of [3]. The use of maximal trees is more compu-
tationally expensive, but it is still a viable solution to avoid size selection. From
these goals, the following main experiments were performed and evaluated with
the bootstrap generic procedure (50 replicates) described in Subsection 3.1:

1. single tree
2. boosting: up to 200 maximal trees
3. boosting: up to 200 trees, with stopping rule min 50 cases per node
4. boosting: up to 200 trees, with stopping rule min 10 cases per node
5. bagging: up to 200 maximal trees.

The results were also evaluated by analyzing the margin distribution. In this
binary decision problem, the margin for bagging or boosting is the the vote
for the correct class minus the vote for the wrong one. Margin maximization
has been proposed in [4] as a key property of boosting algorithms, although,
counterexamples have been developed in which direct margin maximization does
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Table 3. Summary of results

Algorithm Control 50M 100M 200M

single tree cv 29.8 – –
bagging MAX: 26.1 25.6 25.5
boosting min 10: 30.8 29.5 28.2
boosting min 50: 28.2 27.8 27.2
boosting MAX: 27.0 24.9 24.5
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Fig. 1. Comparison of boosting (left) and bagging (right) margin distributions

not imply an improvement of generalization error (see for instance [3]). For
binary outputs -1 and 1, good classification algorithms should push most of
their margin distributions over 0.5.

4 Results

The natural baseline value for the experiments is the bootstrap error estimate
29.8%, which is for a single tree (Experiment 1). For each bootstrap replicate
we used standard cross-validation to select the optimal tree size. Results for
Experiments 1–5 are collected in Table 3.

A comparison of margins distributions for Experiment 2 (boosting with ma-
ximal trees) and Experiment 5 (bagging with maximal trees) is displayed in Fig.
1. In this configuration boosting (on the left) is clearly more aggressive with
low margins than bagging (on the right), even at the price of lowering very high
margins. After 100 boosting steps (i.e. 100 combined models), the classification
margin is greater than 0.6 for the whole training set, whilst with bagging even
with 200 models 10 % of the margin distribution is still below 0.5. However,
with bagging there are margins close to 1, which correspond to the cases that
are always correctly classified.
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Fig. 2. Comparison of boosting (left) and bagging (right) error estimates, with 95%
confidence band
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Fig. 3. Comparison of error estimates for boosting with min 50 (left) and min 10 (right)
cases for terminal nodes, with 95% confidence band

A comparison of the error estimates for increasing number of steps (i.e. models)
for Experiment 2 (boosting with maximal trees) and Experiment 5 (bagging with
maximal trees) is displayed in Fig. 2: 95% confidence bands are added to each
plot. The same plots are reproduced for Experiment 3 (boosting which stops
at 50 cases per node) and Experiment 4 (boosting which stops at 10 cases per
node) in Fig. 3.

Boosting with maximal trees resulted in the most accurate model. However
any of the combined models improved the accuracy of the single tree model. It
is worth noting from Table 3 and Figures 2 and 3 that boosting with trees of
moderate sizes is less accurate than both boosting and bagging with maximal
trees: the result indicates a strong interaction between input variables in this
risk assessment problem [5]. Note also that the response variable (presence or
absence of I. ricinus is not affected by noise; as discussed in [11], this remark
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Fig. 4. Comparison of errors on training set

may explain the advantage of boosting over bagging in this task. A comparison
of the different trends in training error is reported in Fig. 4 for boosting and
bagging (both with maximal trees). Training error reaches zero after 9 iterations
for boosting, whilst it oscillates between 7.4% and 8.7% for bagging after 35
iterations. The digital maps corresponding to the first nine boosting iterations
are displayed in Fig. 5. The final results of the boosting procedure is shown in
Fig. 6: the risk map has been computed at 50×50 m2 cell resolution, in a window
of 116× 97 km2.

5 Conclusions

The risk map presented in this paper represents an advancement towards lands-
cape epidemiology of tick-borne diseases. A summary of results is given in Table
4: for each data set described in Sect. 2, Table 2, the proportion of data correc-
tly classified by the boosting risk map is reported. Good accuracy is obtained
also on the independent test sets, demonstrating that the risk map can be used
by public agencies as a basis for effective vaccination in endemic areas and for
tick-management strategies to prevent human cases of tick-borne diseases (Lyme

Table 4. Summary of results

Data Set Accuracy (%)

z96P 80.8
z96A 89.3
hc 79.3
rd0 66.4
rd1 64.6
rd2 82.8
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Fig. 5. GIS representation of the final boosting sequence (first 9 terms)

Borreliosis and TBE). The GIS data available in Trentino are of sufficient qua-
lity for supporting model development. Overall, good generalization without
overfitting has been obtained by the integration of boosting within the GIS me-
thodology. Model combination by boosting is now a mature methodology in this
applicative domain.
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Abstract. In this paper a new evaluation method for expert combination is
presented. It takes into account the correlation among experts, their number and
their recognition rate. An extended investigation on Majority Vote, Bayesian,
Behaviour Knowledge Space and Dempster-Shafer method for abstract-level
classifiers is presented. The two-way analysis of variance test and the Scheffè
post-hoc comparison have been used to investigate on the factors that influence
the recognition rate of the multi-expert system and to collect useful information
for the multi-expert system designing.

1 Introduction

As it is well known, the multi-expert systems have been recently used to improve the
results obtained to solve several pattern recognition problems. In a multi-expert
system the final decision is obtained by combining the outputs of several classifiers.
Up to now many combination techniques have been proposed; they essentially depend
on the information that the classifiers provide [1]. Some of them use combination
rules based on voting principle [2], others use rules based on the bayesian theory [1],
on belief functions and Dempster-Shafer theory of evidence [1], [3], on fuzzy rules
[4], on Behaviour Knowledge Space [5], and so on. Combination methods based both
on classifiers independence [1] and dependence assumption [6] have also been
proposed. Furthermore, a theoretical framework for combining classifiers has been
recently developed and it has been shown how many existing combination schemes
can be considered as a special cases of compound classification where all the
representations are used jointly to make a decision [7].

In spite of the great number of combination methods proposed, the problem of why
a combination method gives good performance under specific conditions has not been
sufficiently investigated. To solve the problem, some approaches focus the attention
on classifier selection rather than on the classifier combination [8]. Some "selection-
based multi-classifier systems" have been recently proposed; they are based on the
idea that a dynamic classifier selector chooses the most appropriate classifier for each
input pattern [9]. However, the solution of the problem requires the integration of
classifier selection with an accurate analysis of combination methods performance.
Generally this one was carried out on heuristic basis by considering specific set of
classifiers and database. But these approaches are not general and they do not allow to
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infer information on combination methods performances when different sets of
classifiers or different databases are used [10].

In order to design a powerful multi-expert system, a systematic evaluation of
combination methods must be carried out. In this paper an extended investigation
about a new methodology for the evaluation of combination methods for abstract-
level classifiers recently proposed [11], [12] is carried on to evaluate the performance
of four combination methods: the Majority Vote method [1], [13], the Bayesian
method [1], the Behaviour Knowledge Space method [5] and the Dempster-Shafer
method [1]. This methodology is based on the definition of an estimator of classifiers
correlation called "similarity index". By mean of the two-way analysis of variance test
[14], [12] and the Scheffè post-hoc comparison [15], the effects of the choice of
combination method, of the similarity index, of the number of classifiers combined
and of their recognition rates on the recognition rate of the multi-expert system have
been studied. The multi-expert systems have been applied to the problem of numeral
recognition.

In Section 2, the methodology for the evaluation of combination method is
reported and the four combination methods are briefly described in Section 3. The
experimental results are presented and discussed in Section 4 and finally the
conclusions are reported in Section 5.

2 Evaluation of Combination Methods

In the process of classifiers combination, each classifier Ai, i=1,...,K decides the
membership of the input pattern pt to the m pattern classes �1, �2,..., �m. Let Ai(pt) be
the response of the i-th classifier when the pattern pt is processed; the combination
method E provides the final response by combining the responses of the individual
classifiers.

The methodology used to evaluate the efficiency of a combination method for
abstract-level classifiers is based on the assumption that no rejection is allowed at the
level of individual classifier i.e. Ri+Si=100%, being Ri and Si respectively the
recognition and substitution rate of Ai, i=1,2,...,K. A suitable parameter, called
Similarity Index, is used to estimate stochastic correlation of a set of classifiers by
measuring the agreement among their outputs.

Let A={Ai�i=1,2,...,K} be a set of classifiers and P={pt|t=1,2,...,N} a set of
patterns. The Similarity Index of set A is defined as:
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From the above definition, it results that �A�[0,1]. Specifically, it is possible to
prove by induction on the number of classifiers K that �A ranges from �min to 1 where
�min is defined as:
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In order to analyse in a systematic way the performances of the combination
methods, an automatic procedure has been used. It simulates the responses of sets of
classifiers, having a similarity index spanning within the entire range of possible
values.

3 Combination Methods

Four combination methods for abstract-level classifiers have been used in this paper:
the Majority Vote (MV) method, the Behavior Knowledge Space (BKS) method, the
Dempster Shafer (DS) method and the Bayesian method with the Independence
assumption (BI). A brief description of each combination method is reported below.

3.1 Majority Vote (MV)

The MV method combines the classifier outputs by using a decision rule based on the
voting principle; for an unknown pattern pt, the MV method assigns to each semantic
class �i a score V(�i) equal to the number of classifiers which select the class �i. 

Successively, the following decision rule is used:
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3.2 Dempster Shafer (DS)

The DS method combines the output of different classifiers by using their recognition
and substitution rates as a priori knowledge.

In the first phase for each input pattern pt, the classifiers that output the same class
label are collected into equivalent classifiers Bk where k=1,…,K' and K' � K. For
those classifiers Aj that don't produce the same output class, the equivalent classifiers
Bk still remain equal to Aj.

In the second phase the new recognition and substitution rates for the Bk classifier
are computed and used for the estimation of the belief of the correct output Bel(�j)
and the belief of the wrong output Bel(��j). The DS method finally uses the
following decision rule:



 >==

=
αidmij

RtpDS ,...,1maxjd            
  otherwiseeject    )(

where )()(d i ii BelBel ωω ¬−= and �=0.5.

3.3 Bayesian Method with Independence Assumption (BI)

By supposing the classifiers independence, the BI method assigns to each semantic
class iω a value Bel(i) which is computed on the basis of the conditional
probabilities miKkjpApP ktkit ,...,1,...,1))(|( ===∈ ω  which denote the

probability that the input pattern pt belongs to iω when the output of the k-th classifier

is kjtpkA =)( . These probabilities are computed by mean of the confusion matrix

of the K classifiers [1]. The BI finally uses the following decision rule:



 ≥=

= =
                                            otherwise          Reject

iBeljBelifj
pBI mi

t
α)(max)(

)( ,...,1

where �=0.5 .

3.4 Behavior-Knowledge Space (BKS) Method

The BKS method operates in two phases: the learning and the test phase. In the
learning phase, it uses the outputs of the K classifiers to fill a K-dimensional space.
Each K-tuple of classifier answers identifies a point, called "focal unit" (FU), in the
BKS space. Each focal unit contains the following information:
a) the total number of incoming samples FUT ;

b) the best representative class of the focal unit { }mFUR ωωω ,...,2,1∈ ;
c) the number of incoming samples )( jn belonging to each semantic class

mjj ,...,1=ω .

In the test phase, the K-tuple of classifier answers is used to select a focal unit in
the BKS and then the final decision, on an unknown pattern pt, is taken by analyzing
the information contained within the selected focal unit.



234 S. Impedovo and A. Salzo

Since the efficiency of the BKS method depends on the representative degree of
the BKS, in this paper a BKS method cooperating with the Bayesian one has been
used for the test [5] and the following decision rule has been adopted:









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0(

)
)(

0(

)( βλ

λ

where 5.0=λ ,  5.0=β and Bel(j) is the belief value which represents the degree that
the input pt belongs to class j and which is computed by mean of the confusion matrix
of the K classifiers [1].

4 Experimental Results

In this paper, sets of K=2,3,4,5,6,7 classifiers each having a recognition rate
R=75%,80%,85%,90%,95% have been considered. For sake of simplicity, it has been
assumed that the classifiers have the same recognition rate i.e. Ri=R, for i=1,2...K.
They were grouped into 30 different groups Si i=1…30. For each group, and so for
each value of (K, R), different sets of classifiers were simulated, each having a
similarity index � spanning within the range of variability [�min, 1]. Table 1 shows the
�min values considered. A suitable procedure is used to control the similarity index
value during the simulation process.

Table 1. �min values

r
min

Classifier  Recognition Rate R
Classifier number K R = 75% R = 80% R = 85% R = 90% R = 95%

K = 2 0.5 0.6 0.7 0.8 0.9

K = 3 0.5 0.6 0.7 0.8 0.9

K = 4 0.5 0.6 0.7 0.8 0.9

K = 5 0.52 0.6 0.7 0.8 0.9
K = 6 0.53 0.61 0.7 0.8 0.9

K = 7 0.54 0.62 0.71 0.8 0.9

For each value of �, r = 10 sets of classifiers were considered for the test and
each set was tested over N=100 simulated input data. Furthermore, p = 15 sets of
classifiers were used for the learning phase of BKS method.

Table 2 lists the mean recognition rates obtained by MV, DS, BI and BKS
methods for each group Si i=1…30.

In order to analyze the dependencies of the recognition rate of combination
methods when � (similarity index), K (number of classifiers) and R (classifiers
recognition rate) change, the two-way analysis of variance ("anova") test [12], [14]
has been used. More specifically, three different tests have been carried out, each one
having a significance level � = 0.01.
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Table 2. Mean Recognition Rate of combination methods for each group Si i=1,..,30

Groups S
i
 

 
i=1,..,30 MV DS BI BKS

K=2   R=75% 62,75 75,46 87,30 87,43
K=3   R=75% 81,73 81,62 89,17 87,04
K=4   R=75% 76,70 82,39 90,61 86,30
K=5   R=75% 82,83 82,31 90,93 85,92
K=6   R=75% 79,23 83,20 91,46 84,67
K=7   R=75% 82,62 82,56 91,52 86,12
K= 2  R=80% 70,24 80,83 90,01 89,93
K= 3  R=80% 85,20 84,95 91,73 90,06
K= 4  R=80% 81,23 85,75 92,47 88,62
K= 5  R=80% 86,46 86,55 93,01 88,74
K= 6  R=80% 83,53 86,32 93,63 90,19
K= 7  R=80% 86,42 86,40 93,62 89,63
K= 2  R=85% 77,74 85,38 92,52 92,40
K= 3  R=85% 88,91 88,56 93,72 92,54
K= 4  R=85% 86,06 89,51 94,55 91,29
K= 5  R=85% 89,66 89,82 95,20 92,14
K= 6  R=85% 87,99 89,67 95,31 92,90
K= 7  R=85% 89,95 89,71 95,48 93,18
K= 2  R=90% 85,24 90,78 95,18 94,94
K= 3  R=90% 92,54 92,65 95,98 94,74
K= 4  R=90% 90,62 92,83 94,18 96,68
K= 5  R=90% 92,95 92,77 96,90 94,11
K= 6  R=90% 92,14 93,43 96,83 94,08
K= 7  R=90% 93,38 93,35 97,14 93,54
K= 2  R=95% 92,73 95,00 97,70 97,44
K= 3  R=95% 96,35 96,23 98,05 97,49
K= 4  R=95% 95,46 96,59 98,31 96,55
K= 5  R=95% 96,57 96,64 98,55 97,39
K= 6  R=95% 96,22 96,74 98,52 97,94
K= 7  R=95% 96,60 96,35 98,66 97,52

4.1 First Test

The first test analyzes the variability of combination methods performance within
each group Si i=1…30. For a fixed value of K and R, it checks whether the
recognition rate of a multi-classifier system depends or not on the correlation among
the classifiers considered and on the combination method used. The first "anova" test
checks the validity of the following null hypotheses:
1. The variability of the performance of the multi-classifier system doesn't depend on

the choice of the combination method.
2. The variability of the performance of the multi-classifier system doesn't depend on

the correlation among classifiers.
3. There are no interaction effects between the choice of the combination method and

the classifier correlation.
The results of the "anova" test show that the null hypotheses can be rejected for all

groups Si.
The "anova" test is generally used to determine if a significant difference exists

between groups of samples. But in order to identify where the difference is located, a
further post-hoc test should be performed. In this paper the Scheffè post-hoc
comparison [15] has been used to investigate these differences.

Table 3 show the results of Scheffè post-hoc comparison for (K=2 R=95%). The
cells marked with "SIGNIF" evidence the groups for which the mean recognition rates
of the multi-expert system are significantly different, while the white cells identify not
significant groups. Finally, the gray cells identify not useful or already done
comparisons.
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Table 3. Results of Scheffè post-hoc comparison on similarity index

K=2  R=95 Similarity index

Mean Recognition
Rate %

Simil.
index

0,9 0,91 0,92 0,93 0,94 0,95 0,96 0,97 0,98 0,99 1

96,25 0,9 SIGNIF SIGNIF SIGNIF SIGNIF SIGNIF
96,3 0,91 SIGNIF SIGNIF SIGNIF SIGNIF SIGNIF
96 0,92 SIGNIF SIGNIF SIGNIF

96,15 0,93 SIGNIF SIGNIF SIGNIF
95,825 0,94 SIGNIF
95,925 0,95 SIGNIF SIGNIF

95,5 0,96
95,5 0,97

95,175 0,98
95,25 0,99

95 1

Table 4. Results of Scheffè post-hoc comparison on combination method

Combination Method
K=2 R=95 MV DS BI BKS

MV SIGNIF SIGNIF SIGNIF
DS SIGNIF SIGNIF
BI

C
om

bi
na

tio
n

M
et

ho
ds

BKS

Table 3 shows, for instance, that, when K=2 classifiers with individual recognition
rate R=95% and similarity index 0.9���0.95 are combined, multi-expert systems
having, on the average, the same recognition rate can be designed. This means that, if
a set of classifiers having a similarity index �=0.9 is combined, in order to obtain a
significant change in the recognition rate of the multi-expert system, sets of classifiers
having �=0.96,0.97,0.98,0.99,1 should be considered. However, since the
performance of the multi-expert system decrease when the similarity index �
increases (see Table 3), then the choice of �=0.9 is the most suitable.

Let’s consider now the effect of combination method choice. The test shows that
the performance of the multi-expert system change when different combination
methods are chosen, with the only exception of BI and BKS methods that are on the
average equal (Table 4). Furthermore, as Table 2 shows, they are the best
combination methods for the case considered.

Obviously, similar consideration can be derived by applying the post-hoc test to
the other groups Si i=1,..,30 considered in the experiment.

4.2 Second Test

The second test analyzes the variability of combination methods performance when
the cardinality of classifiers set grows. For a fixed value of R (classifiers recognition
rate), it checks whether the recognition rate of the multi-classifier system depends or
not on the combination method used and on the number of classifiers combined (K).
The null hypotheses of this test are:
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1. The variability of the performance of the multi-classifier system doesn’t depend on
the choice of the combination method.

2. The variability of the performance of the multi-classifier system doesn’t depend on
the number of classifiers combined.

3. There are no interaction effects between the choice of the combination method and
the number of classifiers combined.
The result of "anova" test allows the rejection of the null hypotheses for all cases

considered (R=75%,80%,85%,90%,95%). The Scheffè post-hoc comparison has been
also used to identify the values of K and the combination method that caused the
rejection of the null hypotheses.

Table 5 summarizes the results of the post-hoc comparison when classifiers having
an individual recognition rate R=75% are considered.

Table 5. a)Results of Scheffè post-hoc comparison on classifier number K when R=75%.
b)Results of Scheffè post-hoc comparison on combination method for
R=75%,80%,85%,90%,95%.

Table 5a) shows that the multi-expert system having K=3 classifiers differs only
from that having K=2 classifiers. This means that for R=75% if a greater number of
classifiers is combined the performance of the multi-expert system don’t significantly
change. Conversely, the last one is strongly affected by the choice of the combination
method (see Table 5b) not only for the case at the hand but also for all cases
considered in the experiment (R=75%,80%,85%,90%,95%). More specifically, BI
method is, on the average, the best combination method (Table 6).

Table 6. Mean recognition rates of the combination methods (evaluated for K=2,3,4,5,6,7)

MV DS BI BKS

R=75 76,39 80,15 89,50 85,26

R=80 80,85 83,92 91,52 88,45

R=85 85,69 87,9 93,97 91,72

R=90 90,51 92,07 96,21 93,75

R=95 95,24 95,87 98,13 97,16

4.3 Third Test

Finally, the third test analyzes the variability of combination methods performance
when classifiers having different recognition rate are combined. For a fixed value of
K (number of classifiers combined), it checks whether the recognition rate of the
multi-classifier system depends on the type of combination method used and on the
recognition rate of the classifiers combined (R). The null hypotheses of this test are:

R=75% K=2 K=3 K=4 K=5 K=6 K=7
K=2 SIGNIF SIGNIF SIGNIF SIGNIF SIGNIF

K=3
K=4 SIGNIF

K=5
K=6 SIGNIF

K=7

a)

R=75% MV DS BI BKS
MV SIGNIF SIGNIF SIGNIF

DS SIGNIF SIGNIF

BI SIGNIF

BKS

b)
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1. The variability of the performance of the multi-classifier system doesn’t depend on
the choice of the combination method.

2. The variability of the performance of the multi-classifier system doesn’t depend on
the classifier recognition rate.

3. There are no interaction effects between the choice of the combination method and
the classifier recognition rate.
The "anova" test suggests the rejection of the three null hypotheses for all cases

considered (K=2,3,4,5,6,7) and the Scheffè post-hoc comparison has been used to
identify the values of R and the combination method that caused the rejection of the
null hypotheses. Table 7 and Table 8 summarize the overall results of the post-hoc
comparison.

Table 7. Third test: Scheffè post-hoc comparison results on recognition rate R

K=2 K=3 K=4  K=5  K=6  K=7 R=75 R=80 R=85 R=90 R=95
R=75 SIGNIF SIGNIF SIGNIF SIGNIF

R=80 SIGNIF SIGNIF SIGNIF

R=85 SIGNIF SIGNIF

R=90 SIGNIF

R=95

Table 8. Third test: Scheffè post-hoc comparison results on combination method

The individual recognition rate of the classifiers strongly affects the performance
of the multi-expert system for every K=2,3,4,5,6,7 (Table 7). On the other hand, the
choice of the combination method also affects the recognition rate of the system but
in different way depending to the number of classifiers combined. For instance, when
odd values of K (K=3,5,7) are chosen, the MV and DS methods have the same
recognition rate while they are significantly different if an even value of K is used
(K=2,4,6) (Table 8). Conversely, for K=2, BI and BKS methods have the same
recognition rate.

5 Conclusions

In this paper an extended investigation about a new methodology for the evaluation of
combination methods for abstract-level classifiers has been presented. Four
combination methods have been considered: the MV method, the BI method, the BKS
method and the DS method. The new methodology is based on the definition of an
estimator of classifiers correlation called "similarity index". The effects of selection of
combination method, of the similarity index, of the number of classifiers combined
and of their recognition rates on the recognition rate of the multi-expert system have
been studied by mean of the two-way analysis of variance test. Furthermore the

K=3
K=5
K=7

MV DS BI BKS

MV SIGNIF SIGNIF

DS SIGNIF SIGNIF

BI SIGNIF

BKS

K=4
K=6 MV DS BI BKS

MV SIGNIF SIGNIF SIGNIF

DS SIGNIF SIGNIF

BI SIGNIF

BKS

K=2 MV DS BI BKS
MV SIGNIF SIGNIF SIGNIF

DS SIGNIF SIGNIF

BI
BKS
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Scheffè post-hoc comparison has provided very useful information that can assist the
multi-expert system designers not only in avoiding the choice of less significant cases
but also in the selection of the best combination method for the specific set of
classifiers.
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Diversity between Neural Networks and Decision Trees
for Building Multiple Classifier Systems
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Abstract: A multiple classifier system can only improve the performance
when the members in the system are diverse from each other. Combining some
methodologically different techniques is considered a constructive way to
expand the diversity. This paper investigates the diversity between the two
different data mining techniques, neural networks and automatically induced
decision trees. Input decimation through salient feature selection is also
explored in the paper in the hope of acquiring further diversity. Among various
diversities defined, the coincident failure diversity (CFD) appears to be an
effective measure of useful diversity among classifiers in a multiple classifier
system when the majority voting decision strategy is applied. A real-world
medical classification problem is presented as an application of the techniques.
The constructed multiple classifier systems are evaluated with a number of
statistical measures in terms of reliability and generalisation. The results
indicate that combined MCSs of the nets and trees trained with the selected
features have higher diversity and produce better classification results.

1 Introduction

The technique that combines the trained neural networks to create an ensemble, an
equivalent multiple version system in conventional software engineering, has been
explored by many researchers [Hansen et al 1990, Krogh et al 1995, Gedeon 1997,
Partridge et al 1997, Wang et al 1998] to solve various problems and appeared to be
beneficial in some applications. The basic process of the technique is to produce many
versions of the classifier or predictor for a specific problem and combine them in a
variety of structures. However, the studies in both traditional software engineering
[Eckhardt et al 1985, Littlewood & Miller 1989] and modern inductive programming
[Partridge et al 1996] have shown that the multiple version systems even developed
’independently’ of each other are likely to fail dependently. The key for success is
whether the classifiers in a system are diverse enough from each other, or in other
words, that the individual classifiers have a minimum of failures in common. If one
classifier makes a mistake then the others should not be likely to make the same
mistake. Nevertheless, a high level of diversity is not forthcoming by simply
integrating N classifiers to form a multi-classifier system. Particularly, in the case of
combining neural networks it is not easy to achieve high level diversity between the
trained neural nets by just manipulating initial conditions, architecture and learning
parameters due to the methodological similarity of supervised training algorithms. The
study carried out by [Partridge et al. 1996] found that the gain on diversity by these
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strategies is limited. In terms of diversity generated, the strategies they studied were
ranked in the following order with the most diverse strategy first: type of neural nets >
training sets > architecture of nets >= initial conditions. The ranking again confirmed
the hypothesis established by [Eckhardt et al 1985 and Littlewood & Miller 1989]
which states that classifiers implemented by different methodologies may produce
higher level diversity than other variations. Neural networks and decision trees are
different learning methods and therefore a combination of them is potential to achieve
diverse and better systems. In addition, employing the technique of input decimation
and data partitions could provide further improvement on diversity, which can be
justified by the way neural nets are developed. Neural nets are trained to learn from the
data provided so they are data-dependent. Different data set may represent different
dominant knowledge of the problem. The success of the Boosting technique [Freund &
Schapire 1996] is one example, in which the classifiers are forced to learn different
knowledge in a data set by adding some weight to "hard" patterns.
This paper will describe the technique of input decimation by selecting salient features
for developing classifiers, and the methodology of combining neural networks and
decision trees to construct a multiple classifier system. Then it presents some measures
of diversity and reliability for a system. These are followed by the results of applying
these techniques to a real-world problem, i.e. the osteoporosis disease classification.

2 Input Decimation with Selection of Salient Features

Partridge et al (1996) have explored various possible strategies to improve diversity
between the neural nets. Their results indicate that using different data subsets could
generate more diversity than manipulating the other parameters, e.g. initial conditions
(weights, learning rate) and structure of nets. Tuner & Oza (1999) tried to use different
subsets of input features in various sizes to train nets and reported the improvement on
the performance of multiple classifier systems they subsequently built. However, in the
latter study they selected the features according to correlation coefficient of features to
the corresponding output class. Our research [Wang, et al 1998] found that selecting
features with such a method usually produces poor results except for some simple,
linear problems. We developed some other techniques for identifying the salience of
input features and the comparative study [Wang, Jones & Partridge 1999] indicates that
our techniques performed better for complicated, noise real-world problems.

� Identification of salient input features
A number of techniques we investigated for identifying salience of input features are
developed based primarily on neural network technology. Two of them are our own
proposed methods, i.e. neural net clamping and the decision tree heuristic algorithm.
The other two methods are input-impact analysis [Tchaban et al 1998] and the linear
correlation analysis which is used as a base line. The details of investigation can be
found in [Wang, Jones and Partridge 1999].

� Input decimation
The features are ranked in accordance with their value of salience, i.e. the impact ratio
in the clamping results or significant score with decision tree heuristic. The larger are
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the value the more salient the features. Then different numbers of salient input features
can be selected from the top of ranks to form subsets of features for training classifiers.

� Data partitioning
Each dimensionality-reduced data set (including the original data set) will be
partitioned at random into two subsets at a ratio of about 70:30, i.e. a training-
validation set and a test set. Then the training-validation set is further partitioned into
two sub-subsets: Qt and Qv, i.e. a real training set (Qt = 40%, say) and a validation set
(Qv=30%). The latter partition is carried out N times to create N training sets and their
corresponding validation sets. This strategy is different from the Bagging in that the
sampling is controlled by a specific rule [Wang and Partridge 1998] to meet a specific
overlap rate between the subsets. This rate could be altered from 0 (no overlap, i.e.
disjoint) to 1 (completely overlap) in order to purposely examine diversity created by
the data partitions.

3 Multi-classifier System (MCS)

3.1 Multi-classifier Systems of Neural Networks

The technique of a multiple classifier system of neural nets has been widely used in
various applications. However, a multiple classifier system does not always produce
better performance because the members in such a system, i.e. the trained neural nets
are highly correlated and tend to make the same mistakes simultaneously. So much
attention and effort have been put into finding methods that could create diversity
between nets.
This study focused on investigating constructing multiple classifier systems with the
multi-layer perceptrons neural nets trained by using different subsets of input features
(even initial weights and number of hidden units are also varied). Only multi-layer
perceptrons are utilised here primarily because they are the most popularly used type of
neural nets in the constructions of multiple classifier systems. The procedure we used
for building a multiple net system is below. For each input decimated data set:

(i) Partitioning the data set with the procedure described in the earlier section.
(ii) Training and validating neural nets with the training and validation data sets

respectively. (Three nets designed with 3 different number of hidden nodes
were trained with each training set using different initial conditions. Thus a
cube of 27 nets in total were produced and placed in a pool as the candidates
of classifiers. )

(iii) Constructing multiple net systems by randomly selecting the nets from the
candidate pool.

(iv) Estimating the diversity and assessing the performance with the test data set.

3.2 Multiple Classifier Systems of Decision Trees

A decision tree is a representation of a decision generating procedure induced from the
contents of a given data set. Induction of a decision tree is a symbolic, supervised
learning process using information theory, which is methodologically different from
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the learning of neural networks. We use the C5.0 decision tree induction software
package (as a black box) -- the lasted development from ID3 [Quinlan 1986], to
generate the member candidates of trees.  Moreover, a heuristic algorithm is developed
based on the trees induced to determine the salience of input features for input
decimation.
The procedure for building a multiple tree system is the same as the one for building
multiple net systems except that the candidates are the decision trees induced by
varying pruning levels.

3.3 Hybrid Multiple Classifier Systems

With two different candidates of classifiers, i.e. neural nets and decision trees,
available, it is now possible to combine them to construct hybrid multiple classifier
systems. A specific mechanism was designed to build a combined MCS, in which the
number of classifiers from each type is controlled by a given ratio. For an N classifier
system, m of N classifiers must come from a designated candidate type pool and the
remaining (N-m) from another. For instance, if m is the number of trees in an MCS,
altering m from 0 to N, we can obtain a set of hybrid systems that composed of
different numbers of trees (from 0 to N) and a complement number of nets (from N to
0). In fact, when m=0, the hybrid systems become the multiple classifier systems
purely composed of neural nets. On the other hand, when m=N, the systems are the
pure multiple tree systems.  In this way, the previous two types of multiple classifier
systems are just two special cases of hybrid systems.

3.4 Decision Fusion Strategies

For the multi-classifier systems of neural nets two decision strategies, i.e. averaging
and majority-voting, can be employed to determine the system output because the
outputs of individual members (nets) are continuous. For the systems of decision trees,
voting or winner-takes-all strategies appear appropriate because the outputs of trees are
categorical.

4 Diversity Measures and Performance Assessment

Littlewood & Miller defined some measures in terms of probability of simultaneous
classifier failure, such as, E(�) — the probability that a randomly selected classifier, �,
from N classifiers fails on a randomly selected input, E(�2) — the probability of two
classifiers selected at random from N classifiers will both fail on a random input, and
variance Var(�)=E(�2)- E(�)2. These quantities were derived on assumption of infinite
sets of classifiers and inputs, and intend to measure independence of failure. In reality,
both the numbers of classifiers and input instances are likely to be very small.
Therefore, Partridge et al (1997) have defined some other measures for those situations.
Notations:

M = the number of test patterns,
N = number of classifiers in system A, (usually, N set to an odd number)
kn = the number of patterns that fail on exactly n classifiers in A
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The probability pn that exactly n classifiers fail on a randomly selected test pattern x is
defined as:

4.1 Reliability Measures

The following are some probabilities usually defined as reliability measures.
� The probability that a randomly selected classifier in A fails on a randomly

selected input:

Similarly,
� The probability that two classifiers selected from A at random (without

replacement) both fail on a randomly selected input:

� In general, the probability that r randomly chosen classifiers fail on a randomly

chosen input can be formulated as:
In addition, the probabilities, e.g. p(1 out of 2 correct), that 1 out of 2 randomly
selected classifiers produces correct answer, p(2 out of 3 correct), etc, have also been
used for measuring the reliability of a system.

4.2 Coincident Failure Diversity (CFD)
 
 The essence of developing multiple classifier systems is to reduce chance that members
in a system make mistakes coincidentally. Therefore, a diversity that measures
coincident failures of N members on the same input can be estimated by the following
equation.
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 CFD � [0, 1]. CFD = 0 indicates either all failures are the same for all classifiers—
hence no diversity; or there is no test failure at all, i.e. all classifiers are perfect and
identical—hence no diversity (no need for diversity if a perfect classifier is produced).
CFD=1 when all test failures are unique to one classifier, i.e. p1 =1.
The probability that the majority of the classifiers, (N+1)/2, in A produce the correct
answer for a randomly chosen input:

4.3 Assessment of Classification Accuracy

The classification accuracy of a multi-classifier system can be measured by the
generalisation. However, this measure has a serious drawback, i.e. its value does not
really indicate the true performance of a classifier when a test data set is unbalanced.
For dichotomy classification problems the Receiver Operation Characteristic (ROC)
curve is an effective measure of performance. It can avoid the above drawback by
showing the sensitivity and specificity of classification for two classes over a complete
domain of decision thresholds. The sensitivity and (1-specificity) at a specific threshold
value or/and the area under the curve are usually quoted as indicators of performance.

5 Application to Osteoporosis Problem

We have applied our techniques to a number of real-world problems after tested them
on some artificial problems. Here we present the results of one of those real-world
problems, i.e. osteoporosis disease classification (prediction).

5.1 Osteoporosis Problem

Osteoporosis is a disease that causes bones to become porous and to break easily.
Identification of the most salient risk factors for the disease and the use of these risk
factors for predicting the disease development will be very helpful for medical
profession. We have collected the data on 719 cases from regional hospitals. The data
contains 31 risk factors identified initially by the medical field experts as relevant to
the disease. The outcome is a diagnosis decision, i.e. osteoporotic or non-osteoporotic,
based on the T-test score from the ultrasound scanners. It is essentially a classification
problem and therefore taken as application of our techniques. 519 patterns randomly
sampled out of 719 are partitioned to a training set (319) and a validation set (200).
The remaining 200 patterns are kept for testing. The sampling is repeated N (in this
case, N=9) times.
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5.2 Results from the MCS of Nets

Table 1 is a sample of the evaluation results
produced by our multi-version system
program for one of 9-classifier systems of
neural nets.
Block (a) shows the individual performance
of 9 classifiers. Generalisation, sensitivity
and specificity are obtained when the
threshold = 0.5.  The average generalisation
is 0.74. Block (b) shows the coincident
failures of 9 classifiers in this system. Each
row tells that kn patterns failed exactly n
classifiers, e.g. in row 3, 16 test patterns
failed on exactly 2 classifiers of 9, and the
probability p2 is 0.08.
The last block (c) summarises the system
performance defined in the earlier sections.
It can be seen that the generalisation, is
improved by 3% when majority-voting
strategy, G(voting), is employed, compared
with that of the averaging strategy,
G(averaging). The magnitude of
improvement is not significant because the
Coincident Failure Diversity (CFD) among
its 9 members is not high, only around 0.40.
Table 2 summarises the evaluation results of
multiple classifier systems which were built
by respectively picking the classifiers from
4 pools of the nets trained with the top 5, 10,
15 and 20 salient features selected from
original 31 features. The mix MCSs were
also built by choosing 9 nets randomly from
all 4 pools.
It should be noted that all numbers quoted in t
experiments, i.e. 27 MCSs, and their standard
value of individual classifiers in the MCS.

Table 2 The evaluations of the multiple class
G(mean) G(averaging)features

selected average s.d. average s.d.
5 0.715 0.003 0.716 0.003

10 0.732 0.005 0.772 0.008
15 0.734 0.004 0.752 0.003
20 0.700 0.003 0.702 0.003

mix-all 0.721 0.008 0.744 0.008
Table 1. System Assessments

(a) Individual performance
classifier gen. sensitivity specificity

1 0.765 0.516 0.853
2 0.740 0.438 0.882
3 0.760 0.500 0.875
4 0.740 0.438 0.882
5 0.765 0.516 0.882
6 0.760 0.516 0.875
7 0.705 0.531 0.787
8 0.725 0.422 0.868
9 0.700 0.516 0.787

----------------------------------------------------
(b) Classifier coincident failures

n kn pn
0/9 121 0.605
1/9 4 0.020
2/9 16 0.080
3/9 2 0.010
4/9 11 0.055
5/9 4 0.020
6/9 6 0.030
7/9 3 0.015
8/9 4 0.020
9/9 29 0.145

--------------------------------------------------
he Table are the average value over 27
 deviations (s.d.). G(mean) is the mean

ifier systems of neural nets
G(voting) CFD

average s.d. average s.d.
0.725 0.003 0.223 0.070
0.777 0.006 0.465 0.036
0.757 0.008 0.455 0.010
0.712 0.003 0.345 0.074
0.768 0.009 0.476 0.053

(c) System performance

E(Q)= 0.2533, E(Q2)= 0.2056,
Var(Q)= 0.1413,  CFD= 0.4035
p(2 different both fail)= 0.1996
P(1 out of 2 correct) = 0.8050
P(1 out of 3 correct) = 0.8250
P(2 out of 3 correct) = 0.7549
P(1 out of 9 correct) = 0.8550
G(averaging) = 0.7400
G(voting) = 0.7700
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The results can be concluded as follows:
� The diversity CFD in the intra-category MCSs is considerably small (0.18 < CFD

<0.35), which is already expected, varying as the number of features used for nets’
training and the ranking method.

� The inter-category MCSs have larger CFD, which leads to some extent of
improvement compared to the mean of the MCSs with majority-voting strategy
applied.

� The generalisation obtained by the majority-voting strategy in MCSs in any
category is only marginally better than that of MCSs with the averaging strategy,
which suggest that these decision strategies behaved similar in this circumstance.

� The mixed MCSs do increase the diversities (0.40<CFD<0.51) but the
generalisations of majority-voting are not increased proportionally because of
lower mean generalisation over all the individual nets.

� The MCSs constructed wi ned
with 10-salient-feature data

5.3 Results from MCSs of the

Table 3 summarises the results  of
the decision trees induced with the
data by setting the pruning conf
It is obvious that the
diversity CFD increases as
the pruning level rises and
the difference between the
generalisations obtained by
the majority-voting and
mean also increases. The
generalisations by majority-vo
members in those systems. The
the best individual classifiers in
remains almost the same.
Table 4 summarises the evalu
constructed with the trees indu
(i) the multi-classifier
systems built with the trees
trained by the 10 selected
features out-performed the
others; (ii) All the tree’s
MCSs have relatively higher
CFD. The mixed MCSs yield
the highest CFD (0.614). In
general,
� Multi-classifier systems

of the decision trees have h
� The generalisation perform
� Trees are much quicker to 
th the nets from some specific groups (e.g. nets trai
 set) produce the best performance.

 Decision Trees

of evaluations on the MCSs that were only composed
 all 31 input features (i.e. no input decimation) in 

idence level to 10%, 25%(the default level) and 50%.

tin  of
 t of
 t till

at ere
ce ate

ig
a
de

Table 3. Performance of the tree’s MCSs
pruning
level(%)

worst
tree

best
tree

G(mean) G(voting) CFD

10 0.680 0.755 0.726 0.750 0.490
25 0.650 0.745 0.709 0.740 0.592
50 0.655 0.735 0.692 0.740 0.629
g are about 2.4-4.8% higher than the mean value
systems yield generalisation almost as good as tha
he systems even though the overall generalisation s

ion results for the multi-classifier systems that w
d by using the selected features. The results indic
her CFD diversity (than those of the neural nets), but
nce is no better (or worse) than the MCSs of the nets.
velop.

Table 4. Tree MCSs with input decimation
features
chosen

worst
tree

best
tree

G(mean) G(voting) CFD

10 0.710 0.785 0.748 0.780 0.574
15 0.685 0.750 0.720 0.750 0.557
20 0.660 0.750 0.715 0.745 0.592

mix-all 0.660 0.765 0.723 0.771 0.614
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5.4 Results of Hybrid MCSs

The results from the hybrid
systems are depicted in Figure 1.
With majority-voting strategy
applied, the MCSs built purely
with the neural nets (m=0, i.e.
nets=9, trees=0) have relatively
lower diversity (CFD= 0.445 on
average) but a little bit higher
generalisation, G(voting)=0.783,
and the highest G(average)
because of higher individual
performance of the trained nets.
On the other end, the MCSs built
purely with the decision trees
(m=9) have higher diversity
(CFD=0.543 on average) but
slightly lower generalisation
G(voting)=0.781, and much
lower G(average). By introducing 
dominated MCS, CFD is increased
learned different knowledge embedd
the generalisation with the majority-
m=4). Nevertheless, when the numbe
the voting-performance of the MC
decreases, but magnitude of reducti
line in the figure shows the average
using averaging decision strategy. It
increases, the averaging-performan
performance of the decision trees.

6 Conclusions

This paper investigated the diversity
induced decision trees and the meth
create hybrid multiple classifier syst
have shown that the classifiers train
are more diverse and performed be
Higher performance achieved by th
features means that input decimatio
not only in reducing the dimensions
of classification. With a higher div
consistent performance when tested
between the trained neural nets is s

0.74

0.76

0.78

0.80
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er
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0.72 0.5
G(voting)
G(average)
CFD
a certain number of the diverse trees to the nets-
, which means that nets and decision trees have
ed in the data set and that they are diverse. Hence,
voting strategy is then improved (nearly 3% when
r of trees in the MCS is further increased (m>=5),

Ss on average deteriorates because the diversity
on on the performance is very small. The middle
 generalisation of the hybrid systems achieved by
 shows that as the number of the trees in the MCSs
ce of the MCSs deteriorates because of lower

 between trained neural nets and the automatically
odology of combining these types of classifiers to
ems. The evaluation results presented in this paper
ed with the data sets after input feature decimation
tter than those trained without feature selection.
e neural nets (or trees) trained with less salient
n by ranking salient features was very successful
 of the data set but also in improving the accuracy
ersity the system is more reliable and produces
 with different data sets. However, the diversity
till not high enough to improve the performance

Figure 1 Diversity and generalisation
performance of the hybrid multiple classifier

0.70
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Number of the trees in an MCS
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significantly. The trees we induced appeared more diverse but have lower individual
generalisation.
The multiple classifier systems constructed with the classifiers selected only from the
same candidate pool (either trained neural nets or induced decision trees) can improve
generalisation performance to a relatively small extent due to lower diversity within
members of the pool when majority-voting strategy is applied. Combining neural nets
and decision trees does create further diversity and consequently improve the accuracy
of classification under the condition that the system is constructed with a majority of
good nets and a minority of diverse-trees.
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Abstract. This paper discusses some of the issues raised by various ap-
proaches to decomposing functions and modular networks, and it offers
a unified framework for multiple classifier (MC) systems in general. It
argues that as yet there is no general approach to this problem although
several approaches provide solutions to situations in which parametric
labelling of a function allows the task facing classifying networks to be
simplified. An MC connectionist system consisting of networks that pro-
cess sub-spaces within a function based upon the similarity of patterns
within its input domain is proposed and evaluated in the context of pre-
vious approaches to modular networks, and in the broader context of
MC systems more generally. This simple automatic partitioning scheme
is investigated using several different problems, and is shown to be effec-
tive. The degree to which the sub-spaces are specialized on a predictable
subset of the overall function is assessed, and their performance is compa-
red with equivalent single-network, and undivided multiversion systems.
Statistical measures of ‘diversity’ previously used to assess voting MC
systems are shown to apply to the measurement of the the degree of spe-
cialization or bias within groups of sub-space nets as well as provide a
useful indicator across the range of MC systems. By successively increa-
sing the overlap between sub-space partitions we show a transition from
experts subnets, through voting version sets to optimal single classifiers.
Finally, a unified framework for MC systems is presented.

1 Multiple Classifier Systems — A Farrago of Options

Approaches to Multiple classifier (MC) systems fall into two broad camps –
although the distinction is not always clear-cut.

– “ensembles” - where a set of networks trained over different initial conditions
combine their solutions either by way of voting for a decision (e.g., Partridge
and Yates, 1996), or by summing their outputs (e.g., Drucker et al., 1994);
a variety names are used for such ensembles, e.g., ‘diverse’ ensembles (used
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below), committees, and multiversion systems; all ensembles attempt to op-
timize a result by exploiting in some way the “average” result across a set
of approximations to the target function.

– “experts” - where a function is divided into sub-spaces that are processed
by different “expert” networks. Each expert’s task is simpler and their ge-
neralization is expected to improve over a single network because dividing
up the function avoids undesirable cross-talk between regions within it - ir-
respective of how representative a training sample is. Subfunctions may be
ex machina quite distinct conceptually, e.g. the what and where vision tasks
(Jacobs, Jordan and Barto, 1991).

In this paper we focus on the “experts” approach and on beginning to unify
the variety of options. First we will review two prominent techniques that use
sets of simpler “expert” functions or sub-functions.

The first technique is the “boosting algorithm” (Schapire, 1990; Drucker,
Schapire and Simard, 1993). In this scheme three networks are trained succes-
sively on sets of patterns filtered by the previously trained ones (the first is
unfiltered). In a subsequent paper (in Perrone, 1993), a modified boosting al-
gorithm was proposed: the second and third networks are trained on filtered
subsets of the training set for the first network, rather than on filtered additio-
nal training sets. Bauer and Kohavi (1998) survey and empirically assess recent
developments, such as Adaboost.

The second prominent technique is the modular architecture first reported by
Jacobs et.al. (Jacobs, Jordan and Barto, 1991) and in (Jacobs, Jordan, Nowlan
and Hinton 1991; Jacobs and Jordan 1991; Nowlan and Hinton, 1991). This
architecture demonstrated that in certain situations there are clear gains to be
made in generalization performance over ‘equivalent’ single MLPs. An important
feature of the modular architecture is that the decomposition is to some extent
learned. Task-specific knowledge identified ex machina with groups of patterns,
e.g. the sex of a speaker (Nowlan and Hinton 1991), is used to label the patterns
being classified. These labels are not part of the task being learned, e.g. vowel
identity, but are used to train a gate network that determines which one of a
set of “experts” will process each pattern. This system was further explored in
(Jordan and Jacobs, 1994; Jacobs, 1997) to allow the system to perform both
tasks simultaneously.

The modular architecture is demonstrably successful when learning what
resources to allocate to a particular task - when the basis on which that task
should be subdivided is identified for it. Where there is no ex machina division
of the input domain into feature sets to be classified and features to be used to
drive the gate networks the architecture needs to learn two things:

1. Which parts of the input domain description to use as inputs to the experts
and which to use as inputs to the gates.

2. Which regions (i.e. categorical divisions) of the output domain are to be
attended to by each gate network.

One route to a general solution is to group the inputs on the basis of their
similarities. This requires no prior knowledge of the function. This approach will
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arbitrarily divide the function up according to the similarities between patterns
in the input domain.

2 Automatic Decomposition

Subdivision of the task is performed by using a Kohonen Feature Map (KFM)
(Kohonen 1989) to ‘partition’ the data. Construction of the set of network sub-
spaces is a two-step procedure:

– the training data for the complete task is presented to a KFM in order to
divide the data into groups whose input descriptions are similar.

– the data in each group is used to train a sub-space network — an expert
subnet.

The final system, the sub-space-net system, is organized as a set of sub-spaces
(e.g. each a trained multilayer perceptron (MLP)) preceded by the KFM, where
each sub-space MLP receives its input from one category of the KFM. A new
input is then fed through the KFM and into the particular sub-space associated
with the category to which this input is assigned. The chosen sub-space computes
with this input and the system output is simply the output of this particular
sub-space as illustrated in Figure 1.

MLP

Kohonen
feature  map

INPUT

OUTPUT

1 2 3 n-2 n-1 n
expert expert expert expert expert expert

MLP MLP MLP MLPMLP

Fig. 1. A multiversion system of n sub-spaces

3 Measuring Diversity

In neural computing, averaging across the ensemble versions is the favoured
decision strategy — i.e. summing the outputs of the individual versions and re-
turning the average as the ensemble output. Bishop (1995) presents an analysis
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of this technique which he calls “committees” of networks. He shows that the
sum-of-squares error (in fact, any convex error function) in the committee per-
formance may be as little as 1/N times the average error of the N constituent
versions. This optimal improvement will be realized when version errors are un-
correlated and have a zero mean. So, in effect, this property defines ensemble
diversity with respect to the summing decision strategy.

Software engineers have also explored ensemble approaches which they call
“multiversion” systems. In this context, voting is the preferred decision strategy
and the coincidence of errors between two or more versions is taken as the
basis for ensemble diversity (e.g. Littlewood and Miller, 1989). Such diversity
is arguably a reflection of the bias associated with the network function and
may be used to support a majority vote across a set of versions.

A first measure of this diversity developed and explored (in Partridge, 1996),
GD, is defined as follows:

GD = 1− p(2)
p(1)

where p(1) is the probability that a randomly chosen version will fail on a random
test, and p(2) is the probability that two randomly chosen versions will both fail
on a random test.

This measure has a value of 1.0 for a maximally diverse set, because when
every test failure is unique to one version p(2) = 0. It has a minimum value
of 0.0 for a minimally diverse set, because if every error is repeated in every
version p(1) = p(2). A subsequent enhancement of this diversity measure has
been proposed, coincident-failure diversity (CFD) by Partridge and Krzanowski
(1997).

These diversity measures (developed for use with voting ensemble systems)
can also be used to assess the degree of ‘specialized expertise’ (i.e. variance)
obtained in a sub-space system. If we have a ‘perfect’ set of non-overlapping
sub-spaces, then any test will be correctly computed by just the appropriate
sub-space and incorrectly computed by the other sub-spaces. If there are N sub-
space nets in the system, then the probability that exactly N − 1 sub-space nets
will fail on a random test will be 1.0, i.e. pN−1 = 1.0. Hence, all other pn values
(i.e. n = 0, 1, 2, . . . , N − 2 and n = N) will be zero. In this case. both GD and
CFD collapse to 1/(N − 1).

These diversity measures thus give us a first indicator that spans the MC
spectrum. If GD −→ 1.0 then treat the MC system as a voting ensemble; if
GD −→ 1/(N −1) then treat the system as expert sub-spaces; and if GD −→ 0.0
then select the best version and use that alone (the same argument holds for
CFD).
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4 Experimental Tasks

1. LIC1: If d((x1, y1), (x2, y2)) is the Euclidean distance between two co-ordi-
nate points (x1, y1)and(x2, y2) then,

LIC1 =
{

true if d((x1, y1), (x2, y2)) > LENGTH
false otherwise

where x1, y1, x2, y2 and LENGTH are all real valued in the range (0,1) to six
decimal places.

2. LIC4: This is a more complex boolean function involving the area of a tri-
angle defined by three x-y co-ordinate points. If � is the area of the triangle
defined by the three co-ordinate points (x1, y1), (x2, y2) and (x3, y3) then,

LIC4 =
{

true if � > AREA
false otherwise

where x1, y1, x2, y2, x3, y3 and AREA are all real valued in the interval (0,1)
to six decimal places.

3. OCR: a data-defined problem; the database that defines it is publicly avai-
lable (aha@ics.uci.edu) and consists of 20,000 uppercase letter images that
have each been transformed into 16 numeric feature values (each feature is
an integer in the range 0 to 15). The original images are derived from a
variety of different fonts and were randomly distorted before the feature vec-
tors were calculated, (Frey and Slate, 1991, give full details and performance
statistics of a recognition system).
This previous study used the first 16,000 image vectors (of the randomi-
zed 20,000) for training purposes and the final 4000 as the test set. We do
likewise (the OCR16 systems). In addition we have run simulations using
three random selections of 9,000 from the first 16,000 vectors as the training
sets (the OCR9 systems). The two LIC tasks were trained and tested on
(different) random sets of 1000 patterns.

5 Experimental Detail

All the networks used were MLPs containing a single layer of hidden units. All
training and test sets of patterns were randomly selected (or generated).

After random initialization of the weights (in range -0.5 to 0.5), all MLPs
were trained with the standard backpropagation algorithm with momentum (Ru-
melhart, Hinton and Williams, 1986). The training regime for each of the three
problems was identical. For each function a “cube” of networks was produced by
varying 3 parameters. These were 3 counts of Hidden Units, 3 seeds to generate
the initial states of the network weights, and 3 seeds to either generate the data
points input (LIC1 and LIC4) or to select at random 9,000 from the first 16,000
training patterns for the OCR9 sets.

To develop the sub-space system the training sets were partitioned using a
two-dimensional KFM, with a three by three output surface (nine partitions) - a
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number consistent with other studies we have undertaken on MC systems, and
having the advantage of being reasonable in terms of computational resources.
There were thus 243 (3× 3× 3× 9) nets trained for LIC1, LIC4 and OCR9 and
81 (3 × 3 × 9) were trained for OCR16. The same process of partitioning was
carried out for test sets using the same KFM weights.

The techniques for developing MC systems (for voting or averaging) have
been fully explained and demonstrated elsewhere (e.g. Partridge and Yates,
1996). Such a MC system is composed of a set of nets each differently trai-
ned on problem data. The differences may be generated by varying the initial
weight set, the number of hidden units, the composition of the training set or
even the network type used (e.g. MLP or Radial Basis Function network).

6 Results

Each OCR system is assessed using either a thresholding criterion, (9T & 16T), in
which a version is correct only if the target output is the only output greater than
0.5; and a maximum strategy, (9M & 16M), in which a version is correct if the
target output unit contains the maximum value (of the 26 outputs), irrespective
of its absolute value.

Table 1 compares the sub-space results (exp as exp column) with those ari-
sing from misusing sub-spaces as non-specialist nets (using an averaging and a
majority-voting decision strategy)as well as both a diverse set of undivided ver-
sions used as a majority-voting system and a single network (both of these latter
two systems were trained on the same resources as the sub-space networks). All
the reported results are averages over ‘cubes’ of networks (described earlier).

Comparisons, over a range of different parameters, indicates that, for LIC1,
sub-space systems perform consistently better (a 25% reduction in residual error)
than diverse voting ensembles.

Table 1. Summary results of sub-space-net systems and diverse multiversion systems.

Data set exp as exp exp as nonexp GD div ensemble GD single net
averaging voting ‘best’5 or 3

LIC1 98.8 78.6 89.6 0.65 98.4 0.62 99.3
LIC4 98.3 61.6 51.2 0.28 96.2 0.75 96.9
OCR9T 90.6 27.7 18.8 0.27 90.6 0.46 89.1
OCR9M 95.0 34.4 18.2 0.34 95.4 0.49 94.5
OCR16T 92.7 27.2 7.5 0.27 91.5 0.54 90.9
OCR16M 96.1 35.4 21.2 0.35 96.1 0.58 95.6

For LIC4 the strategy of using a sub-space system yields a 2% performance
improvement over the best diverse ensemble system. The diverse multiversion
system, for LIC4 in Table 1, was composed of five networks selected from a larger
pool (see Partridge and Yates, 1996, for full details).
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The OCR diverse ensemble results are for populations of the 3 best perfor-
ming nets. The performance of the misused OCR sub-spaces is very low (column
exp as nonexp) — not much better than random guessing among 16 alternati-
ves. On OCR, the performance of the sub-spaces as experts and that of diverse
ensembles of nets is largely equivalent.

The results shown above are for sub-space systems in which each sub-space
is disjoint: each training pattern occurs in exactly one sub-space training set.
However, it is instructive to consider successive relaxations of this constraint
such that any given training pattern may occur in n sub-space training sets
(where n = 1, 2, 3, . . . , N). To illustrate and investigate this idea, the distances
measured between a pattern and the KFM node weights were used to rank the
similarity between a node and a pattern. This allows a pattern to be associated
with more than one node. The sub-spaces overlap to various degrees with each
other, e.g. in an m3 system each sub-space encompasses patterns for which a
node was the 1st., 2nd., and 3rd. most ‘similar’.

Table 2 summarizes the results for sub-spaces with varying degrees of over-
lapping membership when used as experts (i.e., to compute only inputs that fall
within their own sub-space of ‘expertise’). The second (double) column is again
when the sub-space nets are (mis)treated as diverse ensembles using averaging
and majority voting, respectively, as the decision strategies.

Table 2. Summary of performance for overlapping sub-space systems and diverse
multiversion systems (OCR16M).

overlap n exp as exp exp as nonexp GD CFD
sub-spaces, mn averaging voting

m1 95.9 36.0 22.0 0.35 0.40
m3 95.0 69.8 79.0 0.61 0.71
m5 94.3 76.9 91.7 0.71 0.83
m7 94.2 86.1 95.3 0.74 0.90
m9 94.0 94.0 94.0 0.00 0.00

7 Discussion

In Table 2, the best performance results are set in bold type: 95.9% for an expert
subnet system, and 95.3% for a majority voting ensemble. However, these two,
seemingly very different approaches to MC systems, were constructed using the
same sub-space blurring procedure. For the first result, n = 1, and for the
second, n = 7. They are two systems selected from a continuum, and they
both perform very well when appropriately treated as very different kinds of
MC systems. Finally, notice that the diversity measures indicate the optimum
points in the series of MC systems at which to apply the very different decision
procedures to obtain the best results. For the m1 system (i.e. no overlap) GD
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at 0.35 approaches the ‘expert’ optimum of 1/(9 − 1) = 0.125, whereas for the
m7 system the GD of 0.74 approaches the maximum of 1.0.

It seems unlikely that decomposing a function will deliver an actual saving in
resources over a single net. For example, this seems to be the case for the modular
gate architecture. From what can be approximated from published figures, the
modular gate architecture uses more weights over all its experts and gate network
than a single network alone - between 1.5 and 4 times as many1.

The simulations described in this paper have been designed to look at the
utility of automatically subdividing the data sets for both well-specified and
data-defined functions using self-organizing techniques. Such an approach avoids
the requirement for ex machina information and does not require inordinate
amounts of training data.

The diversity indicators, GD and CFD, are the first example of a unifying
feature within the farrago of apparently unconnected approaches to MC systems
— they link voting ensembles and the sub-space systems. A further link was
revealed and illustrated by blurring sub-spaces.

As a first point of departure for a unified framework for the full range of MC
systems, consider the illustration in Figure 2. It shows a hierarchical taxonomy
of MC options, with the names of the options at the nodes and the criteria for
classification on the arcs. It also shows the main cross connections developed
and illustrated in this paper.

versions
used

multinet single net

ensembles
version sets
committees

expert subnets

boosting alg.

voting summing

all

majority in

degree of overlap

agreement
majority
outcome

self-organizing
sub-spaces

gated
modular

indifferent  wrt
selection

specific
selection

no selection

not  all
versions

used

one (or few)
versions
used

coincident-failure
diversity  measures

overlapping
subspaces

disjoint
subspaces

Fig. 2. A hierarchical taxonomy of MC systems with two unifying ‘features’

1 This estimate is on the basis that even if a resource is relatively unused, if it is
required for the architecture to function successfully it has been included as a system
resource
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8 Conclusions

The question of how it may be possible to adequately decompose functions using
automatic decomposition remains open. While the automatic decomposition pro-
cess explored in this paper appears to be as effective as training nets on non-
partitioned pattern sets and combining these in a voting ensembles for particular
network resource levels. Where the input domain is not differentiated apart from
the identity of the classes that are the subject of training then splitting the input
domain up can be seen to have a negative effect. That is to say - for a given set
of resources - when subdivided nets are compared to undivided nets then the
undivided nets may perform better.

The diversity of a MC system is usefully defined as that property of the
component subsystems which can be exploited to produce an overall system
error that is less than the error of any component subsystem. Diversity is thus
not a property solely dependent upon the set of MC subsystems. It must be
considered in relation to a decision strategy — e.g. majority voting, summing,
or subnet selection.

What is required is an efficient means to probe the available networks in order
to establish which of the many (if any) MC approaches will deliver an optimal
system within the specific constraints and requirements of the particular task.
This implies that some unifying framework exists and contains measurable fea-
tures that span the full range of possibilities. We have presented and illustrated
the use of one such probe — a coincident-failure diversity measure. Others will
be needed.
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Abstract.  Various methods exist for reducing correlation between classifiers in
a multiple classifier framework. The expectation is that the composite classifier
will exhibit improved performance and/or be simpler to automate compared
with a single classifier. In this paper we investigate how generalisation is
affected by varying complexity of unstable base classifiers, implemented as
identical single hidden layer MLP networks with fixed parameters. A technique
that uses recursive partitioning for selectively perturbing the training set is also
introduced, and shown to improve performance and reduce sensitivity to base
classifier complexity. Benchmark experiments include artificial and real data
with optimal error rates greater than eighteen percent.

1 Introduction

The idea of combining multiple classifiers is based on the observation that achieving
optimal performance in combination is not necessarily consistent with obtaining the
best performance for a single classifier. However certain conditions need to be
satisfied to realise the performance improvement, in particular that the constituent
(base) classifiers be not too highly correlated, as discussed in [1]. Various techniques
have been devised to reduce correlation between classifiers before combining,
including:  (i) reducing dimension of training set to give different feature sets, (ii)
incorporating different types of base classifier, (iii) designing base classifiers with
different parameters for same type of classifier, (iv) resampling training set so each
classifier is specialised on different subset, and (v) coding multi-class binary outputs
to create complementary two-class problems. In this paper, we investigate how base
classifier complexity affects generalisation in a framework that incorportes correlation
reduction technique (iv), which uses different training sets.  In addition, we introduce
a recursive partitioning technique that uses a measure of inconsistency of
classification to extract a maximally separable subset and to identify inconsistently
classified patterns.  We investigate the effect on combined classifier performance of
leaving out inconsistently classified patterns from base classifier training sets.

Training on subsets appears to work well for unstable classifiers, such as neural
networks and decision trees, in which a small perturbation in the training set may lead
to a significant change in constructed classifier. Effective methods based on
perturbing the training set prior to combining, include Bagging and Boosting.
Training set perturbation methods were generally developed with classification trees
as base classifiers, and do not necessarily improve performance with neural network
base classifiers, since random weight initialisation provides its own perturbation.
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2 Correlation Measure

The partitioning method proposed here is based on a spectral representation of 2-class
target vector with respect to individual binary classifier decisions. The transformation
of binary data may be carried out using a variety of matrices that differ only in row
ordering. For example, the Hadamard transform Tn with entries � {-1,+1} is a
complete orthogonal square matrix that can be expressed as a recursive structure:.

Tn =  
T T

T T

n n

n n

− −

− −−










1 1

1 1
 .

(1)

The Walsh and Rademacher-Walsh transform matrices have similar row entries but
use a different ordering of the 2n functions that collectively constitute the closed set.
The inverse for all these three orderings exists, but since our functions may be
incompletely specified, noisy and contradictory we are interested in information
content, and concentrate on spectral coefficients rather than computation of the
inverse. We can therefore use any spectral ordering, and choose any binary coding
instead of  {+1,-1}. Representing the transform by TnY = S, where Y is the target
vector and if X = (x1, x2... xn), the subscript notation and corresponding meaning for
coefficients up to third order is given in [2] as follows:
s0 correlation between f(X) and constant  

si i=1...n correlation between f(X) and xi

sij i,j = 1...n, i�j   correlation between f(X) and xi � xj

sijk i,j,k = 1...n, i�j�k  correlation between f(X) and xj� xk � xk

(2)

Interestingly, first order coefficients si in (2) provide a unique identifier if the function
is linearly separable (Chow parameters), and although there is no known
mathematical relationship between these parameters and weight/threshold values of a
single perceptron,  implementation tables exist for n � 7 .

3 Extracting Separable Subsets

A constructive approach, similar to the Sequential Learning (SL) algorithm [3], is
selected to partition the training data (for a review of constructive methods for binary
data see [4]). The principle behind SL is to identify and remove a maximally
separable subset of patterns at each partitioning step. It relies on finding a half-space
consistent with all patterns of one class and a maximal subset of the other class - an
NP-hard problem [5]. Various ways of approximating the algorithm can be found in
the literature [6], and we select an approach based upon applying a necessary check
for separability from threshold logic theory.

By assigning one of two classes to each base classifier and repeating b times, each
training pattern may be regarded as a vertex in the b-dimensional binary hypercube:

),,,( 21 mbmmm xxxX �=  xmj and f(Xm) � {0,1} (3)
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By comparing vertices in the hypercube, a value is assigned to each binary component
xj in (3) that we call sensitivity (�) according to the following rule (generalisation of
the first stage of logic minimisation  originally described in [7]):

For all  X1, X2   such that    f(X1) � f(X2)

Assign  |�j|
  =

1
2121

−⊕− XXxx jj

where �j is excitatory = �j

 + if  x1j= f(X1)
                             �j is inhibitory = �j

 - if x1j � f(X1)

(4)

  |�j|
  is therefore inversely proportional to Hamming Distance, and to keep excitatory

and inhibitory contributions separate are labelled �j

 + and  �j

-, and summed over all

patterns. The existence of j
X

σ∑ + > 0 and j
X

σ∑ - > 0 provides evidence that the set

of patterns is not 1-monotonic in the jth component and therefore non-separable. A
discussion of k-monotonicity as necessary and increasingly sufficient conditions for
separability is given in [2] [8]. For a completely specified function and considering
nearest neighbours only, summing �j

 + and  �j

- is identical to spectral summation, and

j
X

σ∑ + and j
X

σ∑ - give the first order spectral coefficients, decomposed into

excitatory and inhibitory contributions. Further details of calculating spectral
contributions, with examples using simple Boolean functions can be found in [6].

To identify a maximal separable subset, each pattern is assigned a measure hmon1,
representing its contribution to separability, based on the summation of evidence of
each component, as follows:
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where signum() ensures that sign of  the jth contribution to h  is based on the

larger of ∑∑ −+

X
j

X
j σσ   and  .

Figure 1 shows a typical plot of cumulative sum of patterns sorted by hmon1.  The
peak is used as the threshold to extract each separable subset. For example in Figure 1
(Gaussian), the second extracted subset for class 1 represented by the smaller peak,
contains approx. 50 patterns which results from thresholding the larger class 1 peak at
approx. 150 patterns. For experiments reported here, four separable subsets (two class
1 and two class 2) are extracted and we refer to the remaining patterns as the
inconsistently classified set (ICS). The first two class 1 (or class 2) extracted subsets
contain unambiguously correctly and incorrectly classified patterns respectively, and
for the two-dimensional artificial data of experiment 3 we were able to observe that
patterns in ICS clustered around the Bayes boundary [9].
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Fig. 1.  Cumulative sum  hmon1 versus number of sorted patterns for two extracted subsets, class
1 and class 2, Gaussian data (left) and Diabetes data.

The ICS is split into approximately k equal subsets, each subset being left out of a
base classifier training set to obtain the new ICS estimate for the next recursion:

ICS(1) = ICS estimate after one recursion using empty ICS  (i.e. no patterns left out)

ICS(m) = ICS estimate after one recursion using ICS(m-1),  m is recursion number

3 Results

Test and train error rates for varying base classifier complexity are presented for
artificial data as well as real problems from Proben1 benchmark datasets (Diabetes,
Cancer [10]). In particular the Diabetes data is difficult to improve with methods that
perturb the training set, allegedly due to noise [11] [12]. Each experiment is repeated
ten times, with a different random 50/50 training/testing split in experiment 1 and 2,
and different random seed for train and test pattern generation in experiment 3. The
artificial data is useful as a development tool for visualising decision boundaries, but
appears much harder to overfit compared with experiment 1 and 2.

All experiments use conventional MLP base classifier with single hidden layer,
Levenberg-Marquardt optimisation algorithm and random initial weights. The
parameters of the base classifier are fixed, but the number of hidden nodes h and the
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number of epochs nepochs are systematically varied. The classifier is run b=50 times
with a random subset (1/k) of ICS left out of the training set of each base classifier.
Decisions of b base classifiers are combined by majority vote, which is reported for
all experiments. Additionally we calculate a weighted combination of classifier
outputs using a single layer perceptron. The orientation weights of the perceptron are

fixed at values proportional to  ∑∑ −+

X
j

X
j σσ or     defined in (4). Although the

spectral counting method described in (4) uses binary decisions to determine
orientation weights, the bias weight is learned by gradient descent with real-valued
classifier outputs (before decision-taking) applied to perceptron inputs. For the
experiments reported here, we found no significant difference in the mean values of
the two combiners, so we only report the majority vote.

Experiment 1:  Cancer 50/50 Training/Testing

For the cancer data the base classifier uses a single hidden node, h = 1. To quantify
performance sensitivity with respect to nepochs and k, the following procedure is
adopted. For each fixed value of k, ICS(1) is first estimated at nepochs = 64, and
nepochs is reduced (log scale) after each recursion using the ICS estimate obtained at
the previous higher value. Figure 2 (a) (b) show training error rate and test error rate
respectively versus nepochs, at k = 2, 3,  �. The case k = � indicates that no patterns
are left out of base classifier training sets, i.e. correlation is reduced by random weight
initialisation alone. Figure 2 (c) shows pre-combined and combined train and test
error rates versus nepochs at k = 2. Figure 2 (d) shows pre-combined and combined
training and test error rates versus k at  nepochs = 8. The pre-combined error rates are
mean over b base classifiers. Combined rate refers to the majority vote combination.
One std error bars are shown for the test rates in (c) (d).

Experiment 2: Diabetes 50/50 Training/Testing

In the first Diabetes experiment k is fixed, k = 2 for h = 1, 2, 3, 4. For each fixed value
of h, ICS(1) is estimated at nepochs = 64, and nepochs is reduced (log scale) after
each recursion using the ICS estimate obtained at the previous higher value. Figure 3
(a) (b) show training error rate and test error rate respectively versus nepochs, for h =
4, 3, 2. Figure 3 (c) shows pre-combined and combined train and test error rates
versus nepochs at h = 2. Figure 3 (d) shows pre-combined and combined train and test
error rates versus h at  nepochs = 8.

In the second Diabetes experiment k, h, nepochs are fixed at 2, 2, 8 respectively for
each recursion. Figure 4 (a) (b) show training error rate and test error rate respectively
versus number of recursions. Figure 4 (c) shows pre-combined and combined train
and test error rates versus number of recursions. Figure 4 (d) shows number of
patterns (%) in ICS versus number of recursions.
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Fig. 2.  Error rates cancer  data, h = 1 (a) train error  rates versus nepochs for k = 2,3, �
(b) test error rates versus nepochs for k = 2,3, �   (c) train (dashed) and test (solid) error rates
before and after combining versus nepochs, k = 2  (d) train (dashed) and test (solid) error rates
before and after combining versus k, nepochs = 8

Experiment 3: Gaussian  400 Training & 30,000 Test Patterns Evenly Divided
between Class 1 & 2, Nepochs = 50.

To develop and understand the method of Section 3, we use the two-dimensional
overlapping Gaussian data of [13], which has class 1{mean (0,0), variance 1}and
class 2{mean (2,0), variance 4}. The Bayes boundary is circular for this problem with
Bayes error rate of 18.49%. The advantage of this simple problem is that we can
visualise decision boundaries and see how the Bayes boundary is approximated.
Typical individual decision boundaries with respect to the circular Bayes boundary
are given for a few base classifiers in figure 5, along with the combined decision
boundary for ICS(2), k = 2, h = 3,  nepochs = 50.
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Fig. 3.  Error rates Diabetes  data, k = 2  (a) train error rates versus nepochs for h = 2, 3, 4
(b) test error rates versus nepochs for h = 2, 3, 4   (c) train (dashed) and test (solid) error rates
before and after combining versus nepochs, h = 2  (d) train (dashed) and test (solid) error rates
before and after combining versus h, nepochs = 8

For the Gaussian data, higher values of h may be used and nepochs is fixed at 50.
For each fixed value of k, ICS(1) is estimated at h =10, and h reduced after each
recursion in single node steps, using the ICS estimate obtained at the previous higher
node. Figure 6 (a) (b) show training error rate and test error rate respectively versus h,
for k = 10, 5, 4. Figure 6 (c) shows pre-combined and combined train and test error
rates versus h at k = 4. Figure 6 (d) shows pre-combined and combined train and test
error rates versus k at h = 7.
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Fig. 4.  Error rates Diabetes  data, k = 2, h = 2, nepochs = 8  (a) train rates versus number
recursions  (b) test rates versus number recursions  (c) train (dashed) and test (solid) error rates
before and after combining versus number recursions  (d) number  of patterns in ICS (%) versus
number recursions.

Fig. 5. Individual and combined boundaries, showing circular Bayes and  Gaussian centres (*).

* * * *

number of recursions

number of recursions

d) patterns in ICS  %

b) combined test  %

c) pre-combined vs combined  %

a) combined train  %
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Fig. 6.  Error rates Gaussian data, nepochs = 50  (a) train rates versus h for k = 10, 5, 4
(b) test rates versus h for k = 10, 5, 4   (c) train (dashed) and test (solid) error rates before and
after combining versus h, k = 4   (d) train (dashed) and test (solid) error rates before and after
combining versus k, h = 7.

4 Discussion and Conclusion

Base classifier complexity is varied by reducing h or nepochs, while at the same time
recursively leaving out a random subset of inconsistently classified patterns from
classifier training sets. The number of patterns left out is determined by k, the number
of random subsets.

What ever value is chosen for k, including k = �, improvement as a result of
combining compared with mean base classifier performance is quite dramatic (figure
2 (c) (d), figure 3 (c) (d) and figure 6 (c) (d)). It appears that as k is decreased the
neural net base classifier can become more complex, without overfitting. Also as k is
decreased, generalisation becomes less sensitive to nepochs (Figure 2 (b)) and h
(Figure 6(b)), so that the tuning required to achieve similar level of performance
should be less difficult.

c) pre-combined vs combined  % d) pre-combined vs combined  %
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The experimental results in Section 3 do not include a comparison with Bagging
and Boosting for these problems. However the case k = � uses perturbation by
random weight initialisation and is therefore similar to Bagging. Also for the two
benchmark data sets results are reported elsewhere, and in particular performance
with Boosting on Diabetes data is shown to be worse than Bagging [12].

In Figure 3 (d) we show the number of patterns in ICS, for successive recursions
with fixed h, k, nepochs.  This is related to earlier work [9] which indicated that the
stability of the ICS estimate may give information on selecting h, k, nepochs.

The background behind the proposed approach is similar to the noisy transmission
channel concept used in Error-Correcting Output Coding (ECOC), which models the
prediction task as a communication problem [14]. ECOC is an example of correlation
reduction technique (v) in  Section 1, and it should be possible to use ECOC codes to
handle the multi-class case.
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Abstract. Many real world classification problems involve high dimen-
sional inputs and a large number of classes. Feature extraction and mo-
dular learning approaches can be used to simplify such problems. In this
paper, we introduce a hierarchical multiclassifier paradigm in which a C-
class problem is recursively decomposed into C − 1 two-class problems.
A generalized modular learning framework is used to partition a set of
classes into two disjoint groups called meta-classes. The coupled pro-
blem of finding a good partition and of searching for a linear feature
extractor that best discriminates the resulting two meta-classes are sol-
ved simultaneously at each stage of the recursive algorithm. This results
in a binary tree whose leaf nodes represent the original C classes. The
proposed hierarchical multiclassifier architecture was used to classify 12
types of landcover from 183-dimensional hyperspectral data. The classi-
fication accuracy was significantly improved by 4 to 10% relative to other
feature extraction and modular learning approaches. Moreover, the class
hierarchy that was automatically discovered conformed very well with
a human domain expert’s opinion, which demonstrates the potential of
such a modular learning approach for discovering domain knowledge au-
tomatically from data.

1 Introduction

Many real world classification problems are characterized by a large number of
inputs and a moderately large number of classes that can be assigned to any
input. Two popular simplifications have been considered for such problems: (i)
feature extraction, where the input space is projected into a smaller feature space,
thereby addressing the curse of dimensionality issue, and (ii) modular learning,
where a number of classifiers, each focusing on a specific aspect of the problem,
are learned instead of a single classifier. Several methods for feature extrac-
tion and modular learning have been proposed in the computational intelligence
community [1],[2].
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Prediction of landcover type from airborne/spaceborne sensors is an impor-
tant classification problem in remote sensing. Due to advances in sensor tech-
nology, it is now possible to acquire hyperspectral data simultaneously in more
than 100 bands, each of which measures the integrated response of a target over
a narrow window of the electromagnetic spectrum [3]. The bands are ordered by
their wavelengths and spectrally adjacent bands are generally statistically corre-
lated with target dependent groups of bands. Using such high dimensional data
for classification of landcover potentially improves discrimination between clas-
ses but dramatically increases problems with parameter estimation and storage
and management of the extremely large datasets.

In this paper we propose a novel modular learning system comprised of an
automatically generated hierarchy of classifiers, each solving a simple two class
problem and having its own feature space. The set Ω of C classes is first par-
titioned into two disjoint subsets referred to as “meta-classes”. A linear feature
extractor that best discriminates the two meta-classes as well as the class parti-
tion itself is learned automatically. The two meta-classes are further partitioned
recursively till the resulting meta-classes have only one of the C original classes.
The binary tree generated as a result has C leaf nodes, one for each class, and
C−1 internal nodes, each having a Bayesian classifier and a linear feature extrac-
tor. We illustrate the methodology by applying a hierarchical multiclassifier to
a twelve class landcover prediction problem where the input space is a 183 band
subset of the 224 bands (per pixel), each of 10 nanometer width, acquired by the
NASA AVIRIS spectrometer over Kennedy Space Center in Florida. Apart from
a significant improvement in classification accuracy, the proposed architecture
also provided important domain knowledge that was consistent with a human
expert’s assessments in terms of the class hierarchy obtained. A significant re-
duction in the number of features from 183 to only one was obtained as a result
of the classifier.

2 Hyperspectral Data

Hyperspectral methods for deriving information about the Earth’s resources
using airborne or space-based sensors yield information about the electromagne-
tic fields that are reflected or emitted from the Earth’s surface, and in particu-
lar, from the spatial, spectral, and temporal variations of those electromagnetic
fields [3]. Chemistry-based responses which are the primary basis for discrimina-
tion of land cover types in the visible and near infrared portions of the spectrum
are determined from data acquired simultaneously in multiple windows of the
electromagnetic spectrum. In contrast to airborne and space-based multispectral
sensors which acquire data in a few (< 10) broad channels, hyperspectral sensors
can now acquire data in hundreds of windows, each less than ten nanometers in
width. Because many landcover types have only subtle differences in their cha-
racteristic responses, this potentially provides greatly improved characterization
of the unique spectral characteristics of each, and therefore increases the classi-
fication accuracy required for detailed mapping of species from remotely sensed
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data. A hyperspectral image is essentially a three dimensional array I(m,n, s),
where (m,n) denotes a pixel location in the image and s denotes a spectral band
(wavelength range). The value stored at I(m,n, s) is the response (reflectance or
emittance) from the pixel (m,n) at a wavelength corresponding to the spectral
band s. There are typically 25-200+ spectral bands in typical hyperspectral data
sets.

Analysis of hundreds of simultaneous channels of data necessitates the use
of either feature selection or extraction algorithms prior to classification. Fea-
ture selection algorithms for hyperspectral classification are costly, while feature
extraction methods based on KL-transforms, Fisher’s discriminant or Bhattach-
arya distance cannot be used directly in the input space because the covariance
matrices required in all these are highly unreliable, given the ratio of the amount
of training data to the number of input dimensions. The results are also difficult
to analyze in terms of the physical characteristics of the individual classes and
are not generalizable to other images.

Lee and Landgrebe [4] proposed methods for feature extraction based on de-
cision boundaries for both Bayesian and neural network based classifiers. After
learning a classifier in the input space, the data is projected in a direction normal
to the decision boundary. Jia and Richards [5],[6] proposed a feature extraction
technique based on segmented principal components transformation (SPCT) for
two class problems. Principal components transform is computed separately for
each group of highly correlated bands. Selection of first few bands from each
group results in a small number of features. Recently, we developed a best-bases
algorithm [7] that extends the local discriminant bases (LDB) approach [8], de-
veloped for signal and image classification. The LDB was generalized to project
an adjacent group of highly correlated bands onto the Fisher discriminant for
each pair of classes in a pairwise classifier framework [9],[10]. For a C class pro-
blem, it required

(
C
2

)
pairwise classifiers to be learned. In this paper, we propose

an algorithm for partitioning the C class problem into a hierarchy of C − 1 two-
class problems, each of which seeks to distinguish between two groups of classes
or meta-classes. The automatic problem decomposition algorithm and Fisher
projection based feature extraction algorithm is presented in the next section.

3 The Hierarchical Multiclassifier Architecture

Different ways of dividing a problem into simpler sub-problems have been inve-
stigated by the pattern recognition and computational intelligence communities.
Each sub-problem, for example, could focus on a different subset of input fea-
tures, different parts of the input space (e.g. mixture of experts [11]), or different
training samples (e.g. boosting [12], bagging [13]). In [9],[10] we proposed a pair-
wise classifier architecture in which each sub-problem focuses on discriminating
between a pair of classes. To be exhaustive, such an approach requires

(
C
2

)
i.e.

O(C2) pairwise classifiers for a C class problem and, therefore, could be compu-
tationally expensive for problems with a large number of classes.
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In this section we describe a new hierarchical multiclassifier architecture that
requires only C−1 pairwise classifiers arranged as a binary tree with C leaf nodes,
one for each class, and C−1 internal nodes, each with its own feature space. The
root node (indexed 1) of the binary tree represents the original C class problem
with its “class-set” Ω1 = Ω. The complete recursive partitioning algorithm is
given below. In this algorithm, the two children of an internal node indexed n
are indexed 2n and 2n+ 1, and its class-set is denoted by Ωn.

BuildTree(Ωn)

1. Partition Ωn into two: (Ω2n, Ω2n+1)← PartitionNode(Ωn)
2. Recurse on each child:

– if |Ω2n| > 1 then BuildTree(Ω2n)
– if |Ω2n+1| > 1 then BuildTree(Ω2n+1)

The purpose of the PartitionNode function is to find a partition of the
set of classes Ωn into two disjoint subsets such that the discrimination between
the two partitions Ω2n and Ω2n+1, also referred to as “meta-classes”, is high. It
also finds a linear projection of the original D dimensional space into a smal-
ler one dimensional space in which such a discrimination is maximum. The two
problems of finding a partition, as well as the feature extractor that maximizes
discrimination between the meta-classes obtained as a result of this partition,
are coupled. In this paper, we use an approach based on our generalized as-
sociative modular learning systems (GAMLS) [14] to solve these coupled
problems, as described in the next section.

In the GAMLS framework, modularity is introduced through soft associa-
tion of each training sample with every module. Initially, each sample is almost
equally associated with all the modules. The learning phase in GAMLS compri-
ses of two alternate steps: (i) for the current associations, update all the module
parameters, and (ii) for the current module parameters, update the associations
of all the training samples with each module. Using ideas from deterministic
annealing, a temperature parameter is used to slowly converge the associations
to hard partitions in order to induce specialization and decoupling among the
modules. A growing and pruning mechanism is also proposed for GAMLS that
automatically leads to the right number of modules required for the dataset.

The hierarchical multiclassifier architecture proposed in this paper is closely
related to the association and specialization ideas of the GAMLS framework.
The goal in the multiclassifier architecture is to partition the problem hierarchi-
cally in its output (class) space. At each level, the set of classes is partitioned
into two meta-classes. Instead of associating a sample with a module, each class
is associated with both the meta-classes. The update of these associations and
meta-class parameters is done alternately while gradually decreasing the tempe-
rature. The complete algorithm is described below.

3.1 Partitioning a Set of Classes

Let Ω be any class-set with K = |Ω| ≥ 2 classes that needs to be partitioned
into two meta-classes denoted by Ωα and Ωβ . Association between a class ω ∈ Ω
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with meta-class Ωγ , (γ ∈ {α, β}) is interpreted as the posterior probability of ω
belonging to Ωγ and is denoted by P (Ωγ |ω).

P (Ωα|ω) + P (Ωβ |ω) = 1, ∀ω ∈ Ω. (1)

Let µω and Σω denote the mean vector and covariance matrix, respectively, of
any class ω ∈ Ω. Let Xω denote the training set comprised ofNω = |Xω| examples
of class ω. For any given posterior probabilities {P (Ωγ |ω), γ ∈ {α, β}}ω∈Ω , the
mean µγ and covariance Σγ (γ ∈ {α, β}) are given by:

µγ =
∑
ω∈Ω

P (ω|Ωγ)µω, γ ∈ {α, β} (2)

Σγ =
∑
ω∈Ω

P (ω|Ωγ)
Nω

[ ∑
x∈Xω

(x− µγ)(x− µγ)T
]
, γ ∈ {α, β}, (3)

where by Bayes rule,

P (ω|Ωγ) =
P (ω)P (Ωγ |ω)

P (Ωγ)
, γ ∈ {α, β}, (4)

and the meta-class priors P (Ωγ) are given by:

P (Ωγ) =
∑
ω∈Ω

P (ω)P (Ωγ |ω), γ ∈ {α, β}. (5)

The class priors P (ω) = Nω

N , where N =
∑

ω∈Ω Nω.
Equation (3) is O(N) and can be reduced to O(|Ω|) by a simple manipulation

leading to:

Σγ =
∑
ω∈Ω

P (ω|Ωγ)
[
Σω + (µω − µγ)(µω − µγ)T

]
, γ ∈ {α, β} (6)

For a c class problem, the Fisher discriminant [15] projects any D(≥ c − 1)
dimensional space into a c − 1 dimensional space. Here, each internal node is
solving a c = 2 class problem (discriminating between meta-classes Ωα and Ωβ)
hence the linear feature extractor based on Fisher discriminant projects the D
dimensional space into a one dimensional space at each internal node of the
multiclassifier tree. This projection is defined in terms of the within class
covariance matrix W that measures a weighted covariance of the classes and is
given by:

W = P (Ωα)Σα + P (Ωβ)Σβ , (7)

and the between class covariance matrix B given by:

B = (µα − µβ)(µα − µβ)T (8)

The Fisher projection w that maximizes the discriminant

J (w) =
wTBw
wTWw

(9)
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is given by:
w = W−1(µα − µβ) (10)

The partitioning algorithm for any set of classes Ω is:

1. Initialize: P (Ωα|ω1) = 1 for some ω1 ∈ Ω and P (Ωα|ω) = 0.5, ∀ ω ∈
Ω − ω1. Temperature T = T0 (user defined parameter).

2. Compute the Fisher projection vector w using (10).
3. Compute the mean log-likelihood of meta-classes Ωγ (γ ∈ {α, β}):

L(Ωγ |ω) = 1
Nω

∑
x∈Xω

log p(wTx|Ωγ), γ ∈ {α, β}, ∀ ω ∈ Ω (11)

where the pdf of Ωγ in the one dimensional projected space is modeled as a
Gaussian:

p(wTx|Ωγ) = 1√
(2π)wT Σγw

exp
[
− (x−µγ)T wT w(x−µγ)

2wT Σγw

]
, γ ∈ {α, β}

(12)
4. Update the meta-class posteriors:

P (Ωα|ω) = exp(L(Ωα|ω)/T )
exp(L(Ωα|ω)/T ) + exp(L(Ωβ |ω)/T ) , (13)

5. Repeat Steps 2 through 4 until the percentage increase in J (w) (Equation 9)
is significant (e.g. 5%).

6. Compute Entropy of meta-class posteriors:

H =
1
|Ω|

∑
ω∈Ω

[P (Ωα|ω) log2 P (Ωα|ω) + P (Ωβ |ω) log2 P (Ωβ |ω)] . (14)

7. If H < θH (user defined threshold) then stop, otherwise:
– Cool temperature: T ← TθT (θT < 1 is a user defined cooling parameter)
– Go back to step 2.

Each internal node n of the binary tree contains a projection vector w(n),
and the parameters (µk, Σk, k ∈ {2n, 2n + 1}). The Bayesian classifier at node
n generates the posterior probabilities P (Ω2n|x, Ωn) and P (Ω2n+1|x, Ωn).

3.2 Combining

After learning the hierarchical multiclassifier, a novel example x can be classified
using the following theorem:

Theorem 1: The posterior probability P (ω|x) of any input x can be
computed by multiplying the posterior probabilities of all the internal



276 S. Kumar, J. Ghosh, and M. Crawford

classifiers leading to the leaf node containing class ω from the root node,
i.e.

P (ω|x) =
D(ω)−1∏

�=0

P (Ω(�)
n(ω)|x, Ω(�+1)

n(ω) ), (15)

where n(ω) is the index of the leaf node containing class ω, D(ω) is the
depth of n(ω), Ω(�)

n is the meta-class at the "th ancestor of node n such
that Ω

(0)
n(ω) = {ω} and Ω

(D(ω))
n(ω) = Ω1 = root node for any ω ∈ Ω.

Proof: The class posteriori {P (ω|x)}ω∈Ω and the outputs P (Ω(�)
n |x, Ω(�+1)

n )
are related as:

P (Ω(�)
n |x, Ω(�+1)

n ) =

∑
ρ∈Ω

(�)
n

P (ρ|x)∑
ρ∈Ω

(�+1)
n

P (ρ|x) (16)

Using (16) the right hand side of (15) can be written as:

D(ω)−1∏
�=0




∑
ρ∈Ω

(�)
n(ω)

P (ρ|x)∑
ρ∈Ω

(�+1)
n(ω)

P (ρ|x)


 (17)

This reduces to ∑
ρ∈Ω

(0)
n(ω)

P (ρ|x)∑
ρ∈Ω

(D(ω))
n(ω)

P (ρ|x) (18)

But Ω
(0)
n(ω) = {ω} and Ω

(D(ω))
n(ω) = Ω1 = Ω, so (18) is reduced to

P (ω|x)∑
ρ∈Ω P (ρ|x) = P (ω|x) (19)

since the denominator in (19) sums to 1.

Once the class posterior probabilities {P (ω|x)}ω∈Ω are known, the maximum
aposteriori probaiblity rule can be used to assign a class label to x:

ω(x) = argmax
ω∈Ω

P (ω|x) (20)

4 Experimental Results

The efficacy of the proposed multiclassifier architecture for hyperspectral data
analysis is shown by experiments using a 183 band subset of the 224 bands,
each of 10 nanometer width acquired by the NASA AVIRIS spectrometer over
Kennedy Space Center in Florida. For classification purposes, 12 landcover types
listed in Table 1. There were ≈ 350 examples for each class. These were randomly
partitioned into 50% training and 50% test sets for each of the 10 experiments.
In all the experiments the tree obtained is shown in Figure 1.
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Table 1. 12 classes in AVIRIS hyperspectral dataset

Num Class Name
Upland Classes

1 Scrub
2 Willow Swamp
3 Cabbage palm hammock
4 Cabbage oak hammock
5 Slash pine
6 Broad leaf oak/hammock
7 Harwood swamp

Wetland Classes
8 Graminoid marsh
9 Spartina marsh
10 Cattail marsh
11 Salt marsh
12 Mud flats

The 12 classes were grouped by a human expert based on traditional cha-
racterization of vegetation into seven upland and five wetland classes (Table 1).
Classes 1, 3, 4, 5, and 6 are all trees which grow in an uplands environment.
Classes 2 and 7 are also trees, but the soil is saturated if not inundated. Clas-
ses 8-12 are generally characterized as marsh grasses. Here the soils are usually
saturated and periodically inundated. Even though willow swamp (class 2) and
hardwood swamp (class 7) are actually wetland species, they were designated
as members of the uplands group by the expert due to their biomass. In light
of these observations, the class partitioning shown in Figure 1 obtained by the
proposed multiclassifier architecture from the training data is remarkable as it
not only conforms to the expert’s opinions but is also able to designate classes
2 and 7 as members of the same group. Using the combining technique descri-
bed in section 3.2, novel examples from the test set were classified. The overall
classification accuracy on the test set averaged over the 10 experiments was fo-
und to be 97%. This was a significant improvement over the 93% classification
accuracy obtained by a Bayesian pairwise classifier architecture that uses class
pair dependent feature selection and a maximum likelihood classifier for each
pair of classes. To compare with a single classifier approach, an MLP with 50
hidden units, 183 inputs and 12 output units was trained until change in training
accuracy was insignificant. The test accuracy averaged over 10 experiments was
found to be only 74.5%. As compared to other feature extraction methods based
on principal component analysis [5] and MNF transforms [16] the classification
accuracy of the hierarchical multiclassifier was at least 10% higher.

A significant reduction in the number of features is also obtained by the pro-
posed architecture because each internal node represents a two class classifier
using only a one dimensional feature space obtained by projecting the 183 di-
mensional input space onto a Fisher dimension. As compared to other feature
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[99.7/98.5]

[99.7/99.1] [99.9/98.7]

[99.3/98.9] [100/99.4] [99.4/98.2] [96/94.8]

[99.4/98.6] [99.2/98.8] (7) (2) [98.5/97.1] (3) (6) (1)

[99.8/98.3] (10) (9) (8) (5) (4)

(12) (11)

Fig. 1.Multiclassifier binary tree for AVIRIS data: The 12 classes are listed in the table.
Each leaf node in the binary tree is labeled with one of the 12 classes it represents.
The numbers on an internal node represent the classification accuracy of the two-class
classifier at that node on the training data and the test data.

extraction algorithms based on the principal components and feature selection
algorithms based on Bhattacharya distance, this reduction in dimensionality was
also very significant.

5 Conclusions

A hierarchical multiclassifier architecture was proposed in this paper for the
analysis of hyperspectral data. An algorithm using the generalized associative
modular learning paradigm was developed for partitioning a set of classes into
two groups and simultaneously finding the best feature projection that distin-
guishes the two groups. The results obtained on a 183 dimensional hyperspectral
data for a 12 class problem were significantly better than approaches based on
other feature extraction and problem decomposition techniques. Moreover, the
automatic decomposition of 12 classes into a binary hierarchy conforms well with
the expert’s opinion and therefore provides significant domain knowledge about
the relationships between different classes.
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Abstract. Multisource classification methods based on neural networks,
statistical modeling, genetic algorithms, and fuzzy methods are conside-
red. For most of these methods, the individual data sources are at first
treated separately and modeled by statistical methods. Then several de-
cision fusion schemes are applied to combine the information from the in-
dividual data sources. These schemes include weighted consensus theory
where the weights of the individual data sources reflect the reliability of
the sources. The weights are optimized in order to improve the combined
classification accuracies. The methods are applied in the classification of
a multisource data set, and the results compared to accuracies obtained
with conventional classification schemes.

1 Introduction

Decision fusion can be defined as the process of fusing information from indivi-
dual data sources after each data source has undergone a preliminary classifica-
tion. In this paper a combination of several neural, fuzzy, genetic, and statistical
decision fusion schemes will be tested in classification of a multisource remote
sensing and geographic data set. Most of the considered decision fusion approa-
ches are based on consensus theory [1].

The need to optimize the classification accuracy of remotely sensed imagery
has led to an increasing use of Earth observation data with different characteri-
stics collected from different sources or from a variety of sensors from different
parts of the electromagnetic spectrum. Combining multisource data is believed
to offer enhanced capabilities for the classification of target surfaces [1,2,3,4].

Several researchers have used neural networks in the classification of multi-
source remote sensing data sets. Benediktsson et al. [5,6] used neural networks
for the classification of multisource data and compared their results to statistical
techniques. They showed that if the neural networks are trained with represen-
tative training samples they can show improvement over statistical methods in
terms of overall accuracies. However if the distribution functions of the informa-
tion classes are known, statistical classification algorithms work very well. On
the other hand if data are combined from completely different sources, they are
not expected to fit well the statistical model and, therefore, neural networks may
be more appropriate.
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The paper is organized as follows. First, consensus theory and its weight sel-
ection schemes are discussed in Section 2. In Section 3 parallel consensual neural
network is reviewed along with neural network approaches with regularization
and pruning. In Section 4 and 5, classification methods based on genetic algo-
rithms and fuzzy methods, respectively, are discussed. Experimental results for
a multisource remote sensing and geographic data set are given in Section 6.
Finally, conclusions are drawn.

2 Consensus Theory

Consensus theory [1,5,6] involves general procedures with the goal of combining
single probability distributions to summarize estimates from multiple experts
with the assumption that the experts make decisions based on Bayesian deci-
sion theory. The combination formula obtained is called a consensus rule. The
consensus rules are used in classification by applying a maximum rule, i.e., the
summarized estimate is obtained for all the information classes and the pattern
X is assigned to the class with the highest summarized estimate.

Probably the most commonly used consensus rule is the linear opinion pool
(LOP) which has the following (group probability) form for the user specified
information (land cover) class ωj if n data sources are used:

Cj(X) =
n∑

i=1

λip(ωj |xi) (1)

where X = [x1, . . . , xn] is an input data vector where each xi is a source-specific
pattern which is multidimensional if the data source is multidimensional, p(ωj |xi)
is a source-specific posterior probability and λi’s (i = 1, . . . , n) are source-specific
weights which control the relative influence of the data sources. The weights
are associated with the sources in the global membership function to express
quantitatively the goodness of each data source [1].

Another consensus rule, the logarithmic opinion pool (LOGP), has been pro-
posed to overcome some of the problems with the LOP. The LOGP can be
described by

Lj(X) =
n∏

i=1

p(ωj |xi)
λi (2)

or

log(Lj(X)) =
n∑

i=1

λi log(p(ωj |xi)). (3)

The LOGP differs from the LOP in that it is unimodal and less dispersed.
Also, the LOGP treats the data sources independently. Zeros in it are vetos; i.e.,
if any expert assigns p(ωj |xi) = 0, then Lj(X) = 0. This dramatic behavior is a
drawback if the density functions are not carefully estimated.
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2.1 Weight Selection Schemes for Consensus Theory

The weight selection schemes in consensus theory should reflect the goodness
of the separate input data sources, i.e., relatively high weights should be given
to data sources that contribute to high accuracy. There are at least two poten-
tial weight selection schemes [5]. The first scheme is to select the weights such
that they weight the individual data sources but not the classes within the sour-
ces. Here, reliability measures which rank the data sources according to their
goodness can be used as a bases for heuristic weight selection. These reliability
measures might be, for example, source-specific overall classification accuracy of
training data, overall separability or equivocation [1].

The second scheme is to choose the weights such that they not only weight
the individual stages but also the classes within the stages. This scheme consists
of defining a function f which can be used to optimize classification accuracy
with the usual maximum selection rule.

In the case when f is non-linear, a neural network can be used to obtain a
mean square estimate of the function, and the consensus theoretic classifiers with
equal weights can be considered to preprocess the data for the neural networks.
Then, a neural network learns the mapping from the source-specific posteriori
probabilities to the information classes. Thus, the neural network is used to
optimize the classification capability of the consensus theoretic classifiers [5].

3 The Parallel Consensual Neural Network

Benediktsson et al. [6] proposed the parallel consensual neural network (PCNN)
as a neural network version of statistical consensus theory. The rationale for the
PCNN is that consensus theory has the goal of combining several opinions, and
a collection of different neural networks should be more accurate than a single
network in classification. It is important to note that neural networks have been
shown to approximate posterior probabilities, p(ωj|zi), at the output in the mean
square sense [7]. By the use of that property it becomes possible to implement
consensus theory with neural networks. The architecture of the PCNN consists
of several stages where each stage is a particular neural network, called a stage
neural network (SNN). The SNN has the same number of output neurons as
the number of data classes and is trained for a fixed number of iterations or
until the training procedure converges. The input data to the individual stages
are obtained by performing data transformations (DTs) of the original input
data. When the training of all the stages has finished, the consensus for the
SNNs is computed. The consensus is obtained by taking class-specific weighted
averages of the output responses of the SNNs. In neural network processing, it
is very important to find the ”best” representation of input data. The PCNN
attempts to improve its classification accuracy by averaging the SNN responses
from several input representations. Using this architecture it can be guaranteed
that the PCNNs should do no worse that single stage networks, at least in
training [8].
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For the DTs, the wavelet packet transformation (WPT) [9] is suggested in
[6]. The WPT provides a systematic way for transforming the input data for the
PCNN. Each level of the full WPT can be considered to consist of input data
for the different SNNs.

The weights selected for the PCNN, LOP, and LOGP can be critical in terms
of obtaining the best classification accuracies. Here a neural network can be used
to obtain a mean-square estimate of f [6]. If Y = D is the desired output for
the whole classification problem, the process can be described by the equation

Λnlopt = argmin
Λ

‖D − f(X, Λ)‖2 (4)

where Λ corresponds to the weights of the neural network.
The update equation for the weights of the neural network is

∆Λ = η‖D − f(X, Λ)‖∇Λf

where η is a learning rate.
Regularization and pruning [9,10] for individual SNNs in the PCNN can also

be critical for the overall classification accuracies. Here, a regularization scheme
in conjunction with Optimal Brain Damages (OBD) is used in experiments.

4 Genetic Algorithms

Genetic algorithms [12] are inspired by the evolution of populations. In a par-
ticular environment, individuals which better fit the environment will be able
to survive and hand down chromosomes to their descendants, while less fit in-
dividuals will become extinct. The aim of genetic algorithms is to use simple
representations to encode complex structures and simple operations to improve
these structures. Therefore, genetic algorithms are characterized by their re-
presentations and operators. Furthermore, genetic algorithms can find a global
minimum under suitable circumstances where neural networks often only reach
a local minimum.

The genetic algorithms create populations of individuals and evolve the po-
pulations to find good individuals as measured by a fitness function. The in-
dividuals can either be represented by a binary string or real values. A fitness
function is defined which measures the fitness of each individual. There are two
major genetic operators: Mutation and crossover. In mutation each bit in the
binary representation is flipped with some small probability The crossover is
done by randomly pairing individuals and then randomly choosing a crossover
point. Both mutation and crossover have their analogous definitions when real
valued representation is used [12].

Genetic algorithms have been used in conjunction with neural networks in
the following three schemes:

1. Training a neural network.
2. Pruning a trained neural network.
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3. Training and pruning of a neural network.

In this paper, the first two approaches are considered. Binary valued repre-
sentation is used to prune trained neural networks. For the pruning only one bit
is needed for each weight in the network. If a bit becomes 0 a connection in a
neural network can be disconnected and consequently the network will be pru-
ned. On the other hand, real valued representation is used here for the training
of a neural network. The reason for the use of the real valued representation is
the large number of parameters involved in the optimization. For instance, in a
PCNN with 6 SNNs, 6 outputs at each SNN, and 6 information classes, there are
at least 222 weights that need to be determined in a one layer neural network
optimizer. It would be very difficult to solve such a problem using binary strings.

The training of a neural network with a genetic algorithm using crossover
and mutation can be very slow. Therefore, a recently proposed extinction and
immigration [13] operator is used here. This operator is based on the fact that
after several generations, the fittest individuals in a population can become very
similar.

5 Approaches Based on Fuzzy Methods

5.1 Fuzzy Integral

The fuzzy integral is a nonlinear functional which is defined with respect to
a fuzzy measure, especially the gλ-fuzzy measure introduced by Sugeno. The
following definition of fuzzy integral comes from [14]:

Let Y = {y1, y2, ..., yk} be a finite set and h : → [0, 1] a fuzzy subset of Y .
The fuzzy integral over Y of the function h with respect to a fuzzy measure g is
defined by

h(y) ◦ g(·) = max
E⊆Y

[
min

(
min
y∈E

h(y), g(E)
)]

= max
α∈[0,1]

[min(α, g(Fα))]

where
Fα = {y|h(y) ≥ α} .

Here, h(y) measures the degree to which the concept h is satisfied by y. The
term miny∈E h(y) measures the degree to which the concept h is satisfied by
all the elements in E. Moreover, the value g(E) is a measure of the degree
to which the subset of object E satisfies the concept measured by g. Then the
value obtained from comparing these two quantities in terms of the min operator
indicates the degree to which E satisfies both the criteria of the measure g and
miny∈E h(y). Finally, the max operation takes the biggest of these terms. One can
interpret the fuzzy integral as finding the maximal grade of agreement between
the objective evidence and expectation. In our case h corresponds to the source
specific posterior discriminative information and g is a fuzzy measure based on
the reliabilities of the data sources. The fuzzy integral is computed for each class.
Then the classification is done by taking the maximum overa all classes.
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5.2 Fuzzy Associate Memories

In experiments, Fuzzy Associate Memories (FAMs) are also considered but they
were proposed by Kosko [15]. The FAMs have similar structure as consensus
theoretic approaches but they map a fuzzy set, A, to another fuzzy set, B,
where A and B do not need to be of the same dimension. The FAM consists
of m rules which are derived from a pre-defined FAM matrix with m elements.
Each rule returns a vector B

′
i . These vectors are then weighted and added to

return the result B. Then defuzzification [15] follows and the classification result
is achieved. Here, the FAMs are used as classifiers rather than combiners.

6 Experimental Results

To compare the approaches above, classification was performed on a data set
consisting of the following 4 data sources: Landsat MSS data (4 spectral data
channels), Elevation data (in 10 m contour intervals, 1 data channel), Slope data
(0-90 degrees in 1 degree increments, 1 data channel), and Aspect data (1-180
degrees in 1 degree increments, 1 data channel).

The area used for classification is a mountainous area in Colorado. It has 10
ground-cover classes which are listed in Table 1. One class is water; the others
are forest types. It is very difficult to distinguish among the forest types using
the Landsat MSS data alone since the forest classes show very similar spectral
response. Two thousand and nineteen reference points were available for each
class. Approximately 50% of the reference samples were used for training, and
the rest were used to test the classification methods.

Table 1. Training and Test Samples for Information Classes in the Experiment on the
Colorado Data Set.

Class # Information Class Training Test
Size Size

1 Water 301 302
2 Colorado Blue Spruce 56 56
3 Mountane/Subalpine Meadow 43 44
4 Aspen 70 70
5 Ponderosa Pine 1 157 157
6 Ponderosa Pine/Douglas Fir 122 122
7 Engelmann Spruce 147 147
8 Douglas Fir/White Fir 38 38
9 Douglas Fir/Ponderosa Pine/Aspen 25 25
10 Douglas Fir/White Fir/Aspen 49 50

Total 1008 1011

The overall classification accuracies for the different classification methods
are summarized in Tables 2 (training) and 3 (test). From Tables 2 and 3 it can
been seen that the LOGP with non-linearly optimized weights outperformed
the best single stage neural network classifiers both in terms of training and
test accuracies. In contrast, the Conjugate Gradient Backpropagation (CGBP)
optimized LOP did not achieve the training and test accuracies of the single stage
CGBP neural network with 40 hidden neurons. However, the CGBP optimized
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LOP improved significantly (between 15% and 25%) on the LOP result with
equal weights in terms of average and overall accuracies of training and test
data.

Table 2. Training Accuracies in Percentage for the Classification Methods Applied to
the Colorado Data Set.

Method Average Overall
Accuracy Accuracy

MED 37.8 40.3
LOP (equal weights) 49.3 68.1

LOP (heuristic weights) 55.8 74.2
LOP (optimal linear weights) 66.2 80.3
LOP (optimized with CGBP) 74.6 83.5

LOGP (equal weights) 69.2 79.0
LOGP (heuristic weights) 69.2 80.5

LOGP (optimal linear weights) 65.1 79.7
LOGP (optimized with CGBP) 89.1 91.4

CGBP (0 hidden neurons) 76.1 84.2
CGBP (40 hidden neurons) 95.6 96.3

PCNN (equal weights) 87.1
PCNN (optimal weights) 91.9

Fuzzy Integral 63.7 85.6
FAM 97.2 97.1

Genetic Algorithm (without pruning) 78.5 80.2
Genetic Algorithm (with pruning) 79.1 80.9

Number of Samples 1008

Table 3. Test Accuracies in Percentage for the Relative Classification Methods Applied
to the Colorado Data Set.

Method Average Overall
Accuracy Accuracy

MED 35.5 38.0
LOP (equal weights) 46.5 66.4

LOP (heuristic weights) 54.9 73.4
LOP (optimal linear weights) 66.1 80.2
LOP (optimized with CGBP) 72.9 82.2

LOGP (equal weights) 69.0 78.7
LOGP (heuristic weights) 66.8 79.6

LOGP (optimal linear weights) 64.3 80.0
LOGP (optimized with CGBP) 75.1 82.3

CGBP(0 hidden neurons) 68.6 79.7
CGBP (40 hidden neurons) 67.0 78.4

PCNN (equal weights) 80.7
PCNN (optimal weights) 80.8

Fuzzy Integral 53.7 75.8
FAM 67.0 78.1

Genetic Algorithm (without pruning) 74.3 80.2
Genetic Algorithm (with pruning) 76.1 82.1

Number of Samples 1011

Two versions of the PCNN were used in the experiments, i.e., PCNNs that
utilize the equal weighting method, and the optimized linear combination based
on a minimum mean-squared error. It can be seen that the PCNN with the opti-
mal weights outperforms the equally weighted PCNN when it comes to training,
but the test accuracies for both methods are similar.

The fuzzy integral was only used in conjunction with the LOP and achieved
lower classification accuracies than the LOP using optimal linear and non-linear
combiners, as can be seen from Tables 2 and 3. The fuzzy integral is somewhat
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Table 4. Source-Specific Overall Training and Test Classification Accuracies.

Source Training Test
Accuracy (%) Accuracy (%)

1 71.5 67.9
2 71.5 67.9
3 41.6 41.3
4 45.4 45.4

sensitive to the selection of the g values for the sources (the accuracies varied
around 2% from the results in Tables 2 and 3 in terms of training and test
for different g values). The best classification accuracies were achieved using
gs based on classification accuracies of the individual data sources. The FAM
trained on the original 7 channel data outperformed fuzzy integral method both
in overall training and test accuracies (between 11.5% and 2.5%).

Although several methods were used in order to speed up the learning of
the genetic algorithms in optimization, the genetic algorithms were extremely
slow as it took them several days to achieve comparable results to the CGBP
optimization. In contrast, the CGBP results were obtained in only a few hours.
However, the genetic algorithms were shown to be very useful for pruning of
the CGBP neural networks and the overall test accuracies were improved after
pruning but the pruned networks had removed over 25% of the connections in
the original networks.

6.1 Consensus Based on Pruning and Regularization

It was investigated how the use of neural network with pruning capabilities [17]
performed in the PCNN. Two types of experiments were done:

1. First, each data source was trained by a neural network with pruning capa-
bilities in order to approximate the source-specific posterior probabilities in
(1). Then, the consensus from these individual neural networks was compu-
ted by the use of a similar type of a network.

2. The whole multisource data set (all seven channels) was trained by a neural
network with pruning and regularization capabilities (”No Consensus”).

In order to use the consensus approach (in 1.), the overall classification ac-
curacies for the individual sources were assessed (see Table 4) after removing
around 50% of the weights in each case.

The results for the combination of source-specific probabilities are shown
in Table 5 and compared to the results of an approach which was trained on
all seven channels in one stage (”No consensus”). The consensus combination
scheme was based on using either pruning or no pruning. In the table it can
be seen that pruning helped in the combination, and that the pruned combiner
outperformed the neural network trained on the original data in terms of both
training and test accuracies. The excellent performance of the pruning combiner,
when compared to the no-pruning combiner, is mostly due to two reasons:
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Table 5. Combined Overall Training and Test Classification Accuracies.

Method Pruning? Training Test
Accuracy (%) Accuracy (%)

Consensus No 73.9 74.2
Consensus Yes 87.5 80.0

No Consensus No 81.1 77.6

1. There was a lot of redundancy in the input to the combiners. (For 4 data
sources with 10 information classes there are 36 inputs and 9 outputs.)

2. A huge number of weights was estimated from a very limited number of
training samples.

The redundancy at the combination stage of a consensus theoretic classi-
fier can be a serious problem when several data sources are used with many
information classes.

7 Conclusions

In this paper, several multisource classification schemes were looked at. The
results presented demonstrate that decision fusion methods based on consensus
theory can be considered desirable alternatives to conventional classification me-
thods when multisource remote sensing data are classified. The LOGP consensus
theoretic classifier was in experiments the best classifier applied in terms of test
accuracies. Consensus theoretic classifiers have the potential of being more ac-
curate than conventional multivariate methods in classification of multisource
data since a convenient multivariate model is not generally available for such
data. Also, consensus theory overcomes two of the problems with the conventio-
nal maximum likelihood method. First, using a subset of the data for individual
data sources lightens the computational burden of a multivariate statistical clas-
sifier. Secondly, a smaller feature set helps in providing better statistics for the
individual data sources, when a limited number of training samples is available.

The genetic approach with pruning showed promise in classification of multi-
source remote sensing and geographic data. The genetic method has the advan-
tage of looking at several possible solutions at once. However, computationally
it can be very demanding. The neural network with pruning and regulariza-
tion is also very promising. The use of hybrid neural/statistical approaches with
pruning and regularization is the topic of future research.
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Abstract. In this paper, the problem of unsupervised retraining of supervised
classifiers for the analysis of multitemporal remote-sensing images is
considered. In particular, two techniques are proposed for the unsupervised
updating of the parameters of the maximum-likelihood and the radial basis
function neural-network classifiers, on the basis of the distribution of a new
image to be classified. Given the complexity inherent with the task of
unsupervised retraining, the resulting classifiers are intrinsically less reliable
and accurate than the corresponding supervised approaches, especially for
complex data sets.  In order to overcome this drawback, we propose to use
methodologies for the combination of different classifiers to increase the
accuracy and the reliability of unsupervised retraining classifiers. This allows
one to obtain in an unsupervised way classification performances close to the
ones of supervised approaches.

1 Introduction

In the past few years, supervised classification techniques have proven effective tools
for the automatic generation of land-cover maps of extended geographical areas [1]-
[5]. The capabilities of such techniques and the frequent availability of remote-
sensing images, acquired periodically in many regions of the world by space-borne
sensors, make it possible to develop monitoring systems aimed at mapping the land-
cover classes that characterize specific geographical areas on a regular basis. From an
operational point of view, the implementation of a system of this type requires the
availability of a suitable training set (and hence of ground-truth information) for each
new image to be categorized. However, the collection of a reliable ground truth is
usually an expensive task in terms of time and economic cost. Consequently, in many
cases, it is not possible to rely on training data as frequently as required to ensure an
efficient monitoring of the site considered.

Recently, the authors faced this problem by proposing a combined supervised and
unsupervised classification approach able to produce accurate land-cover maps even
for images for which ground-truth information is not available [6]. This approach
allows the unsupervised updating of parameters of a classifier on the basis of the
distribution of the new image to be classified. Although the above-mentioned method
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was presented in the context of a maximum-likelihood (ML) classifier, it can be also
applied to other classifiers (in this paper we will also consider radial basis function
neural-network classifiers). However, given the complexity inherent with the task of
unsupervised retraining, the resulting classifiers are intrinsically less reliable and
accurate than the corresponding supervised approaches, especially for complex data
sets. Consequently, it seems interesting to consider the above-mentioned approach in
the context of combination of classifiers, in order to increase the accuracy and the
reliability of the classification system devoted to monitoring the considered area.

In the past few years, significant efforts have been devoted to the development of
effective techniques for combining different types of classifiers in order to exploit the
complementary information that they provide [7]-[9]. However, even if the multiple-
classifier approach has been extensively used in many application domains (e.g.,
character recognition [10]-[11]), little work has been done for applying these
techniques in the context of remote-sensing problems [12]-[13]. Among these few
works, it is worth mentioning the Consensus Theory proposed by Benediktsson [3],
[12]. Such a theory allows one to integrate different classifiers by taking into account
the overall and the class-by-class reliabilities of each classification algorithm.

In this paper, we propose to apply multiple classifiers to monitoring systems
aimed at classifying multitemporal remote-sensing images. In particular, the
combination of ensembles of classifiers able to perform unsupervised retraining is
considered as a tool for increasing the accuracy and the reliability of the results
obtained by a single classifier. The proposed system is based on two different
unsupervised retraining classifiers: a parametric maximum-likelihood (ML) classifier
[14] and nonparametric radial basis function (RBF) neural networks [5]. Both
techniques allow the existing “knowledge” of the classifier (i.e., the classifier’s
parameters obtained by supervised learning on a first image, for which a training set is
assumed available) to be updated in a unsupervised way, on the basis of the
distribution of the new image to be classified. Classical approaches to classifier
combination are adopted.

2 General Formulation of the Problem

We face this problem by focusing on an important group of real-world applications in
which the considered test sites can be assumed to be characterized by fixed sets of
land-cover classes: only the spatial distributions of such land-covers are supposed to
vary over time. Examples of such applications include studies on forestry, territorial
management, and natural-resource monitoring on a national or even continental scale
[15]-[17].

Let { }1
JI

1
2

1
11 ,..,x,xx ×=X  denote a multispectral image of dimensions I�J acquired

in the area under analysis at the time t1, 1
jx  being the feature vector associated with

the j-th pixel of the image. Let { }C21 ,...,, ωωωΩ =  be the set of C land-cover classes

that characterize the geographical area considered at t1. Let X1 be a multivariate

random variable that represents the pixel values (i.e., the feature vector values) in X1.

Finally, let us assume that a reliable training set T1 is available at t1.
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In the context of the Bayes decision theory, the decision rule adopted for
classifying a generic pixel 1

jx  [14] can be expressed as:

( ){ } 1
ji1kk

1
j x/P̂maxarg    x

i

ωωω
Ωω ∈

=∈    if ,  , (1)

where ( )1
ji1 x/P̂ ω  is the estimate of the posterior probability of the class iω  given the

pixel 1
jx . According to (1), the classification of the image X1 requires the estimation

of the posterior probability ( )1i1 X/P ω  for each class Ωω ∈i . Such estimates can be

obtained by using classical parametric (e.g., maximum-likelihood) or non-parametric
(e.g., neural networks, k-nn) supervised classification techniques, which exploit the
information that is present in the considered training set T1 [14]. In all the cases, the

estimation of ( )1i1 X/P ω  for each class Ωω ∈i  involves the computation of a

parameter vector 1ϑ , which represents the knowledge of the classifier concerning the

class distributions in the features space. The number and nature of the vector
components will be different depending on the specific classifier used.

Let us now assume that, at the time t2, a new land-cover map of the study area is

required. Let { } x,..,x,x 2
JI

2
2

2
12 ×=X  be a new image acquired at t2 in the study area,

which is assumed to be characterized by the same set of land-cover classes
{ }C21 ,...,, ωωωΩ = . Let us also assume that at t2 the corresponding training set is

not available. This prevents the generation of the required land-cover map as the
training of the classifier cannot be performed. At the same time, it is not possible to
apply the classifier trained on the image X1 to the image X2 because, in general, the

estimates of statistical class parameters at t1 do not provide accurate approximations

for the same terms at t2. This is due to several factors (e.g., differences in the

atmospheric and light conditions at the image-acquisition dates, sensor nonlinearities,
different levels of soil moisture, etc.) that alter the spectral signatures of land-cover
classes in different images and consequently the distributions of such classes in the
feature space.

In this context, we propose two different unsupervised retraining approaches to
overcome the above-mentioned problem: the former is a parametric approach, based
on the ML classifier; the latter consists of a non-parametric technique based on RBF
neural networks. Both techniques allow the parameter vectors p

1ϑ  (corresponding to

the parametric approach) and n
1ϑ  (corresponding to the nonparametric approach),

which are obtained by supervised learning on the first image X1, to be updated in a

unsupervised way, on the basis of the distribution p(X2) of the new image X2 to be

classified. However, the intrinsic complexity of unsupervised retraining procedures
may lead to less reliable and accurate classifiers than the corresponding supervised
ones, especially for complex data sets. In this context, we propose the use of a
multiple-classifier approach to integrate the complementary information provided by
ensembles composed of the parametric and the nonparametric classifiers considered.
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In the proposed multiple-classifier approach, at the time t1, N different classifiers are

trained by using the information contained in the training set available T1. In

particular, a classical parametric ML classifier [14] and N-1 different configurations
of the nonparametric RBF neural networks [5] are used. As a result, a parameter
vector p

1ϑ , corresponding to the parametric approach, and N-1 parameter vectors n
i1ϑ ,

i=1,…,N-1, corresponding to the nonparametric RBF approach, are derived. Such
vectors represent the “knowledge” of the classifiers concerning the current image X1.

Then, at time t2, the considered classifiers are retrained in an unsupervised way by

using the information contained in the distribution p(X2) of the new image X2. At the

end of the unsupervised retraining phase, a new vector parameter is obtained for each
of the N classifiers used. At this point, the classification results of the considered
ensemble of classifiers are combined by using a classical multiple-classifier approach
in order to improve the results provided by the single unsupervised classifiers.

3 The Proposed Unsupervised Retrainig Techniques

The main idea of the proposed unsupervised retraining techniques is that the first
approximate estimates of the parameter values that characterize the classes considered
at the time t2 can be obtained by exploiting classifier’s parameters estimated at the

time t1 by supervised learning. Then such rough estimates are improved on the basis

of the distribution p(X2) of the new image X2. In the following, a detailed description

of the proposed unsupervised retraining techniques is given.

3.1 The Proposed Retraining Technique for an ML Classifier

In the case of an ML classifier, the parameters vector that represents the “knowledge”
of the classifier present in the new image X2 can be described as

( ) ( ) ( )[ ]C2
C
222

2
212

1
2

p
2 P,,.....,P,,P, ωθωθωθϑ = , where i

2θ  is the vector of parameters that

characterizes the density function ( )i22 /Xp ω (e.g., the mean vector and the covariance

matrix of �i in the Gaussian case). For each class Ωω ∈i , the initial values of both

the prior probability ( )i
0
2P ω  and the conditional density function ( )i2

0
2 /Xp ω  can be

approximated by the value computed in the supervised training phase at t1. Then, such
estimates can be improved by exploiting the information associated with the
distribution ( )22 Xp  of the new image X2. In particular, the proposed method is based

on the observation that the statistical distribution of the pixel values in X2 can be

described by the mixed-density distribution:

( ) ( ) ( )∑
=

=
C

1i
i22i222 /XpPXp ωω  , (2)
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where the mixing parameters and the component densities are the a priori
probabilities and the conditional density functions of classes, respectively. In this
context, the retraining of the ML classifier at the time t2 becomes a mixture density

estimation problem, which can be solved by using the EM algorithm [18]-[20] as
described in [6]. The estimates obtained for each class Ωω ∈i  at convergence are the

new parameters of the ML classifier at the time t2.

3.2 The Proposed Unsupervised Retraining Technique for RBF Neural-Network
Classifiers

The proposed nonparametric classifier is based on a Gaussian RBF neural network
that consists of three layers: an input layer, a hidden layer, and an output layer. The
input layer relies on as many neurons as input features. Input neurons just propagate
input features to the next layer. Each one of the K neurons in the hidden layer is
associated with a Gaussian kernel function. The output layer is composed of as many
neurons as classes to be recognized. Each output neuron computes a simple weighted
summation over the responses of the hidden neurons for a given input pattern (we
refer the reader to [5] for more details on RBF neural-network classifiers).
In the context of RBF classifiers, the conditional densities of equation (2) can be
written as a sum of contributes due to the K kernel functions kϕ  of the neural

network [21]:

( ) ( ) ( ) ( ) ( )∑∑
==

==
K

1k
k22k2

C

1i
i22i222 /XpP/XpPXp ϕϕωω  , (3)

where the mixing parameters and the component densities are the a priori
probabilities and the conditional density functions of the kernels. Equation (3) can be
rewritten as:

( ) ( ) ( ) ( )∑ ∑
= =

⋅⋅=
C

1i

K

1k
k22ki2k222 /Xp/PPXp ϕϕωϕ  , (4)

where the mixing parameter ( )ki2 /P ϕω  is the conditional probability that the kernel

kϕ  belongs to class �i.  In this formulation, kernels are not deterministically owned

by classes and so the formulation can be considered as a generalization of a standard
mixture model [21]. The value of the weight wij that connects the jth hidden unit to the
ith output node, can be computed as:

)(P)/(Pw jjiij ϕϕω ⋅=  . (5)

Therefore, as for the ML classifier, the retraining of the RBF classifier at time t2

becomes a density estimation problem, which can be solved by using the EM
algorithm [21].
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4 Strategies for the Combination of Classifiers

We propose the use of different combination strategies to integrate the
complementary information provided by an ensemble of the parametric and
nonparametric classifiers described in the previous section. The use of such strategies
for combining the decisions provided by each single classifier can lead to a more
robust behavior in terms of accuracy and reliability of the final classification system.

Let us assume that a set of N classifiers (one unsupervised retraining ML classifier
and N-1 unsupervised retraining RBF classifiers with different architectures) are
retrained on the X2 image in order to update the corresponding classifiers parameters

by using the procedures described in Section 3. In this context, several strategies for
combining the decisions of the different classifiers may be adopted [22], [9]. We will
focus on three wide spread combination strategies: the Majority Voting Principle [22],
the Bayesian Combination Strategy [9] and the Maximum Posterior Probability
Strategy. It is worth noting that the use of these simple and unsupervised combination
strategies is mandatory in our case because a training set is not available at t2, and
therefore more complex approaches cannot be adopted.

The Majority Voting Principle faces the combination problem by considering the
results of each single classifier in terms of the class labels assigned to the patterns. A
given input pattern receives, therefore, N classification labels from the multiple-
classifier system, each label corresponding to one of the C classes considered. The
combination method is based on the interpretation of the classification label resulting
from each classifier as a “vote” for one of the C land-cover classes. The data class that
receives a larger number of votes than a prefixed threshold is taken as the class of the
input pattern. Generally, the decision rule is a “majority” rule (i.e., the decision
threshold is equal to 12N + ), even if more conservatives strategies can be chosen.

The second method considered, the Bayesian Combination Strategy, is based on the
observation that for a given pixel 2

jx  in the image X2 the N classifiers considered

provide an estimate of the posterior probability ( )2
ji2 x/P ω  for each class Ωω ∈i .

Therefore, a possible strategy for combining these classifiers consists in the
computation of the average posterior probabilities, i.e.,

( )
( )
N

x/P̂

x/P

2
ji

N

1k

k
2

2
ji

ave
2

ω
ω

∑
== (6)

where ( )2
ji

k
2 x/P̂ ω  is the estimate of the a-posteriori probability ( )2

ji2 x/P ω
provided by the k-th classifier. The classification is then carried out according to the
Bayes rule by selecting the land-cover class associated with the maximum average
probability.

The third method considered (i.e. the Maximum Posterior Probability Strategy) is
based on the same observation of the previous method. However, in this case, the
strategy for combining classifiers consists in a winner-takes-all approach: the data
class that has the larger posterior probability among all classifiers is taken as the class
of the input pattern.
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5 Experimental Results

In order to assess the effectiveness of the proposed approach, different experiments
were carried out on a data set made up of two multispectral images acquired by the
Thematic Mapper (TM) multispectral sensor of the Landsat 5 satellite. The selected
test site was a section (380�373 pixels) of a scene showing the area of Cagliari on the
Island of Sardinia, Italy. The two images used in the experiments were acquired in
September 1995 (t1) and July 1996 (t2). Figure 1 shows channels 2 of both images.

The available ground truth was used to derive a training set and a test set for each
image. Five land-cover classes (i.e., urban area, forest, pasture, water, bare soil),
which characterize the test site at the above-mentioned dates, were considered. To
carry out the experiments, we assumed that only the training set associated with the
image acquired in September 1995 was available. It is worth noting that the images
were acquired in different periods of the year. Therefore, the unsupervised retraining
problem turned out to be rather complex.

        

(a) (b)

Figure 1. Band 2 of the Landsat-5 TM images utilized for the experiments: (a) image acquired
in September 1995; (b) image acquired in July 1996.

An ML and two RBF classifiers (one with 150 hidden neurons, i.e. RBF1, the
other with 200 hidden neurons, i.e. RBF2) were trained in a supervised way on the
September 1995 image to estimate the parameters that characterize the density
functions of the classes at the time t1. For the ML classifier, the assumption of

Gaussian distributions was made for the density functions of the classes (this was a
reasonable assumption, as we considered TM images). In order to exploit the non-
parametric characteristic of the two RBF neural classifiers, they were trained using
not only the 6 available bands but also 4 texture features based on the Gray-Level Co-
occurence matrix (i.e. sum variance, correlation, entropy and difference entropy) [23].
After training, the effectiveness of the classifiers were evaluated on the test sets for
both images. On the one hand, as expected, the classifiers provided high classification
accuracy (e.g., 92.81% for the ML classifier) for the test set related to the September
1995 image. On the other hand, they exhibited very poor performances for the July
1996 test set. In particular, the overall classification accuracy provided by the ML
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classifier for the July test set was equal to 35.91%, which cannot be considered an
acceptable result. Also the accuracies exhibited by the two RBF neural classifiers
considered are not very high.

Table 1. Classification accuracy exhibited by the considered classifiers before the unsupervised
retraining.

Classification accuracy (%)Classification
technique

Test set  (September 1995) Test set  (July 1996)

ML 92.81 35.91

RBF1 85.69 77.94

RBF2 90.44 81.09

At this point, the considered classifiers were retrained on the t2 image (July 1996)

by using the proposed unsupervised retraining techniques. At the end of the retraining
process, the three classifiers were combined by using the strategies described in
Section 4. In order to evaluate the accuracy of the resulting classification system, it
was applied to the July 1996 test set. The results obtained are given in Tables 2 and 3.
By a comparisons of these two tables with Table 1, one can see that the classification
accuracies provided by the considered ensemble of unsupervised retraining classifiers
for the July test set are sharply higher than the ones exhibited by the single classifiers
trained on the September 1995 image.

Table 2. Classification accuracy on July 1996 test set after the unsupervised retraining.

Classification technique Classification accuracy (%)

(July 1996 test set)

ML 94.94

RBF1 95.66

RBF2 95.47

Table 3. Classification accuracy for the July 1996 test set after the application of  the
considered combination strategies.

Combination strategy

Majority rule Bayesian combination Maximum a posteriori
probability

96.41% 96.52% 96.12%
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6 Discussion and Conclusions

In this paper, the problem of unsupervised retraining of classifiers for the analysis of
multitemporal   remote-sensing   images   has   been   addressed  by considering a
multiple-classifier approach. The proposed approach allows the generation of accurate
land-cover maps of a specific study area also from images for which a reliable ground
truth (hence a suitable training set) is not available. This is made possible by an
unsupervised updating of the parameters of an ensemble of parametric and
nonparametric classifiers on the basis of the new image to be classified. In particular,
an ML parametric classifier and RBF neural network non-parametric classifiers have
been considered. However, given the complexity inherent with the task of
unsupervised retraining, the resulting classifiers are intrinsically less reliable and
accurate than the corresponding supervised approaches, especially for complex data
sets. Therefore, it is important to use methodologies for the combination of classifiers
in order to increase the reliability and the accuracy of single unsupervised retraining
classifiers.

Experiments carried out on a multitemporal data set confirmed the validity of the
proposed retraining algorithms and of the adopted combination strategy. In particular,
they pointed out that the proposed system is a reliable tool for attaining high
classification accuracies also for images for which a training set is not available.

The presented method is based on the assumption that the estimates of the
classifier parameters derived from a supervised training on a previous image of the
considered area can represent rough estimates of the class distributions in the new
image to be categorized. Then the EM algorithm is applied in order to improve such
estimates iteratively on the basis of the global density function of the new image. It is
worth noting that when the initial estimates are very different from the true ones (e.g.,
when the considered image has been acquired under atmospheric or light conditions
very different from the ones in the image exploited for the supervised initial training
of the classifier), the EM algorithm may lead to inaccurate final values for all
classifiers considered in the ensemble. Therefore, in order to overcome this problem,
we strongly recommend the application of a suitable pre-processing phase aimed at
reducing the differences between images due to the above-mentioned factors.
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Abstract. This paper presents a multiple classifier scheme, known as Multiple
Self-Organizing Maps (MSOM), for remote sensing classification problems.
Based on the Kohonen SOM, multiple maps are fused, in either unsupervised,
supervised or hybrid manners, so as to explore discrimination information from
the data itself. The MSOM has the capability to extract and represent high-order
statistics of high dimensional data from disparate sources in a nonparametric,
vector-quantization fashion. The computation cost is linear in relation to the
dimensionality and the operation complexity is simple and equivalent to a
minimum-distance classifier. Thus, MSOM is very suitable for remote sensing
applications under various data and design-sample conditions. We also
demonstrate that the MSOM can be used for hyperspectral data clustering and
joint spatio-temporal classification.

1     Introduction
Satellite and computer technology is producing ever richer, more accurate and timely
data about the Earth at a high definition scale and in all spectral, spatial and temporal
forms. The result is that the discrimination capability of data for classification
purposes has continuously improved. In the new century, the greatest challenge from
a remote sensing perspective is to find an automatic, efficient and flexible way to
maximally extract and exploit useful information from all available data sources to
produce more accurate, timely and versatile results for applications. Multiple
classifier systems may provide an adequate solution.

Several major problems exist in the current design of classifiers for
(compound) modeling of complex data in remote sensing. These include: a) high
dimensionality; b) complexity of data statistics from disparate sources; c) training
samples and d) sophistication of modeling requirements. The essential issue is the
automatic extraction and efficient representation of high-order statistics of high
dimensional data of disparate sources. A desirable “industry-strength” solution
should: a) have a capability of maximally exploring the discrimination information
from data itself; b) be able to represent high-order statistics at the feature level; c) be
simple in computation and in the operation that enables handling of feature and
decision fusions for joint modeling requirements. Also, it should be versatile, able to
deal with all kinds of design-sample situations and should maximally explore all
possible discrimination information from both labeled and unlabeled samples. With
all of the above in mind, we have developed a multiple classifier scheme, known as
Multiple Self-Organizing Maps (MSOM).

In the following section, we describe the MSOM methodology and analyze
its advantages for classification problems. In Section 3, we present experimental
results with simulated and real remote sensing data to demonstrate the effectiveness
of our method.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 300−309, 2000.
 Springer-Verlag Berlin Heidelberg 2000



2     Methodology: MSOM
An emerging solution to difficult pattern recognition tasks is the multiple classifier
system (MCS). The study of neural networks provides one of the most promising
building blocks in the construction of MCS. The best-known neural network module
is the multi-layer perceptron, which has been applied to remote sensing with other
statistical and decision-fusion techniques (e.g., [1]-[2]). The other mainstream module
is the self-organizing neural network ([3]-[4]), which is probably the most
biologically plausible model from brain-net studies. In fact, the neural model that
appears to most closely resemble the brain cortex spatial organization is the self-
organizing map (SOM) of Kohonen ([3]). In engineering, the SOM is regarded as a
vector quantization method for space approximation and tessellation, which can be
used to faithfully approximate statistical distributions in a nonparametric, model-free
fashion. The SOM learning is also efficient and effective, suitable for high
dimensional processing. Thus, in both statistical and computational terms SOM is a
promising scheme for sophisticated applications.

However, although a single map can generate an overall data coverage, it is
difficult to use the formed map to produce a meaningful and sensible clustering or
classification result (e.g., Fig.2b). This is because the single map lacks an inherent
partition mechanism to uncover and distinguish salient statistical structures for
clustering or classification. To overcome this problem, we introduced a concept of
multiple maps ([5], [6]), in which several, smaller maps are used and fused in various
ways to explicitly represent class or cluster regions for their statistical distributions.
Through the use of “multiple maps” to deliberately specialize the representation of
clusters or classes, not only can each region be approximated very well due to the map
elasticity, but also the region borders can be dealt with to achieve an “optimal”
compromise between the classes. The MSOM allows high-order statistics of classes to
be extracted and represented, in both overall generalization and local specialization
terms. Based on the above idea, we have developed the MSOM into a powerful
design framework for remote sensing classification, where all kinds of sample
situations can be handled and all sorts of data dependencies over the hyperspectral,
multisources, spatial and temporal domains as well as between input and output
domains can be maximally explored ([6]-[7]).

2.1    MSOM Models
We have developed four basic MSOM models and one extended model, indicating
ways to fuse multiple maps for different purposes. Fig. 1 depicts the schematic
architectures of these, being a) supervised MSOM (sMSOM); b) unsupervised
MSOM (uMSOM); c) two feedforward mapping MSOMs (fMSOM); d) augmented
MSOM (aMSOM), and e) joint MSOM (jMSOM). Fig. 2 illustrates formation results
of various basic models on a simulated data set for comparison.

The MSOM models are natural extensions of the original Kohonen SOM
(also inspired by the Hecht-Nielsen CPN), where the fundamental change is that the
single map is replaced by multiple maps. We treat the CPN (Outstar module of
Grossberg, too) as a hierarchical mapping or labeling extension to the flat architecture
of SOM. There are two CPNs, one is feedforward and the other is augmented
(denoted as fCPN and aCPN, respectively). The strength of the SOM structure is that
it generalizes and specializes discrete samples in a continuous approximation fashion.
Whereas, the MSOM approach allows the multiple maps to generalize the class-
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oriented regions from discrete samples and specialize at the region boundaries at the
same time.

               
                                      e)

Fig. 1. Architectures: a) sMSOM; b) uMSOM; c) fMSOM: c1) fMSOM1 and c2) fMSOM2;
d) aMSOM. Here, x is input and y are desired output vectors. z is augmented vector, (x, y).
e) jMSOM. Input: pixel data and label vectors plus their respective CCVs (e.g., D- and L-Input,
D- and L-CCV) in 2 time slots, T1 and T2. Output: label images in 2 time slots (i.e., L-Out).

(a) (b) (c) (d)

(e) (f) (g) (h)
Fig. 2. SOM/MSOM comparison: a) test data distribution, b) SOM, c) LVQ/SOM; d) uMSOM:

2 maps, e) uMSOM: 2 maps, f) uMSOM: 6 maps, g) aMSOM: 2 maps, h) aMSOM: 6 maps.

sMSOM and uMSOM. Both sMSOM (Fig.1a) and uMSOM (Fig.1b) have a one-
layer, flat architecture, similar to SOM, with multiple maps. The difference is that one
is supervised and the other is unsupervised. The former deploys multiple maps to
approximate class distributions that need to be specified by adequate class-designated
samples. In this sense sMSOM is largely reliant on labeled samples to discriminate
classes. Whereas, the latter uses only unlabeled samples and has an inherent partition
mechanism to discover statistically sensible structures from the data, where the
multiple maps are formed together to partition the data space, ideally in a non-
overlapping manner, for clustering purposes (Fig.2d).
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Further, LVQ (Kohonen’s Learning Vector Quantization) can be applied to
minimize the classification or clustering errors. In the case of sMSOM classification
errors are corrected if a wrong sub-map wins the competition with respect to a
specific sample. Whereas, with uMSOM, clustering errors are corrected if the winning
units do not belong to the sub-map of the majority winners in the competition.

fMSOM and aMSOM. Inspired by Hecht-Nielsen CPNs (both feedforward and
augmented), feedforward MSOM (fMSOM, Fig.1c) and augmented MSOM
(aMSOM, Fig.1d) are two labeling architectures for hybrid classification based on the
uMSOM. fMSOM has a two-layer architecture that implements a two-step,
feedforward association/mapping for uMSOM. The first is the normal uMSOM
formation for clustering and the second is the association and labeling of clusters for
classification. Because of two levels of representation of cluster structures at both the
sub-map and unit levels by uMSOM, there are two fMSOMs for the purposes of
mapping. The first one (fMSOM1) implements the mapping at the sub-map level and
the second (fMSOM2) implements the mapping at the unit level. If the class
structures are not too complex (e.g., not too fragmented within one class and
relatively separable between classes), a formed uMSOM requires far fewer labeled
samples to label the cluster structures (i.e., with sub-maps) corresponding to the class
structures (label vectors). In this case, fMSOM1 should be used to implement the
cluster-map and class-label association. Otherwise, fMSOM2 can be used to
implement the more complex cluster-class associations at a more detailed, cluster-unit
level. With the labeling structure, classification errors can be identified after the initial
formation of the uMSOM layer. Again, the LVQ algorithm can be applied to refine
the uMSOM formation, particularly at the class-borders, to minimize errors.

Another labeling scheme is called aMSOM, which has a one-layer, flat
architecture, similar to uMSOM, that associates both the input, X, and output, Y,
vectors in an augmented manner (forming the vector Z). In this way, aMSOM is able
to simultaneously explore the cluster structures from both input and output vectors
and, at the same time, associate the input and output vectors for cluster-to-class
mappings. aMSOM is a truly hybrid scheme that can fully explore the clustering
information and the class-mapping information from both the input and output
sources in a mutual conditioned manner.

Among the basic MSOMs, aMSOM is the most advanced model, not only
because of its capacity for joint modeling of both input and output data but also its
capability to flexibly manipulate the augmented vectors. Depending on the
availability of samples, it can take any part of the augmented vector (e.g., Z, X, Y or
any part of them) to process either at training or in production. For example, aMSOM
can process input X or any part of it with known missing features (which should be
nullified if the corresponding Y is not available). Whenever, Y is available then the
association between ( , )X Y  can be learned. Obviously with the simultaneous
representation of multiple features in a joint vector form, a close association and
mutual conditioning between all sources and features (including input-output) will
occur after a repeated presentation of cross-linked, even partial samples.

In addition, the joint vector can be expanded to include all sorts of data or
labeling attributes, where sequential expansion and training is possible, where the new
fields are subsequently trained in a successive manner with the already formed fields.
Sometimes, progressive training is also useful, where the model begins to learn with
some carefully selected, representative samples for areas or classes of interest and
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then moves to generalize in other areas or classes. In a word, aMSOM is a versatile
scheme for practical applications.
jMSOM. We have extended the aMSOM to joint MSOM (jMSOM) for remote
sensing applications. Fig.1e depicts the architecture of jMSOM as a feature fusion and
spatio-temporal classification model. The joint vector has been extended to enclose all
sorts of spectral, spatial and temporal, as well as geographical data sources and their
respective label vectors.

Because of the simultaneous presence of all features, jMSOM is able to
exploit all data source dependencies between the various sources and within sources,
over both spatio-temporal and input-output domains, in a mutual conditioned manner.
Not only is it able to form a compound, statistical model of class-conditional
distributions of all features for classification, but also due to the flexibility of aMSOM
we can operate and manipulate the input and output domains, temporally and
spatially, to exploit the full potential of the data and samples. For example, temporal
data and partially labeled samples, if these are available, are used to form the
respective domains. The multiple temporal mappings are formed simultaneously
through the strong correlation within temporal data itself and between data and labels.
The same effects occur over all the fused data sources. All the data dependencies
within and between the spectral and hyperspectral domain, the spatial and temporal
domain, the geographic sources, and between the input and output can be explored.

In addition, we can manipulate the output results over its spatial and temporal
domains in an iterative manner. For example, after an initial training we output the
classification results into a separate, label image and recursively use and update that
image, spatially and temporally, to refine the formation of the jMSOM layer. This
generates a desirable, spatial and temporal relaxation effect in a statistical sense on the
final classification result since it lets the MSOM achieve a compromise in minimizing
the approximation errors at both the scene-overall and local pixel-neighborhood
levels.

Furthermore, in the spatial domain we introduce a so-called contextual co-
occurrence vector (referred to as CCV) that measures the spatial frequencies of the
feature values over a local image extent (e.g., a 3x3 neighborhood). A label CCV is
formed by coding the label co-occurrence frequencies over the 3x3 context. For
spectral data features, we use a separate front-end uMSOM (preferably using a
uMSOM of multiple, connected rings of a 1D topology) to process the whole scene of
multi-dimensions first and then use the formed 1D uMSOM to produce the cluster-
labels over the local context as the data CCV features. In the temporal domain, as we
already mentioned, the jMSOM is able to learn from any temporally labeled samples
to associate the temporal features over both data and label domains. At the
classification stage, we can use any temporal features, separately or jointly, to
produce desired temporal outputs over the time slots. We will further demonstrate the
jMSOM with a real bitemporal data set.
2.2    Learning Equations
MSOM training is a competitive learning process that uses the simplest, Euclidean
merit, i.e.,

    || ( ) ( ) || min {|| ( ) ( ) ||}, ,z t m t z t m tw k i i k− = −∀  (1)

to learn from samples, z. In most of cases, we select K winners,   N wK k= { }, in which

  wk  is the kth winner (    w w= 1). We use z to represent a joint input and output vector,
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    ( , )x y , however, in the different processing contexts, z can be x, y, or any part of x or
y. The term mi j,  is a weight vector at the ith unit of the jth sub-map. The following
SOM equation increases the matching by decreasing the distance between x and     mi j,
as well as its neighbors,

    m t m t t z t m ti j i j i j, , ,( ) ( ) ( ){ ( ) ( )}+ = + −1 α ,     i M j∈ (2)
in a neighborhood, around w, over a grid-like topology of 2D (or 1D). The
neighborhood is chosen with a size beginning large to avoid the stuck-vector problem
and decreasing with t to a small size. The learning rate, α, also decreases. The MSOM
learning has a relaxation effect to maintain and organize the sub-maps and their units
into a topological order that fit and partition the sample feature space in self-
discovered clusters over every dimension. This provides the representation and
discrimination capacity for high dimensional and complex data.

To effectively fuse and coordinate the multiple maps, we introduce a
secondary learning using the same formula with a lower rate (e.g., one half of α). It is
invoked if the other winners (e.g., second and third) fall into a different sub-map from
that of the first winner, w,

m t m t t z t m ti j i j i j, , ,( ) ( ) . ( ){ ( ) ( )}+ = + −1 0 5α ,   i N w C CK i w∈ − ∧ ≠{ } . (3)

Here, N K  forms a secondary, K-nearest neighborhood of w and Ci and Cw  are the
cluster-map labels of unit i and w. In a similar way to the ordering of units by Eq. 2,
the above equation has a self-organizing effect on the ordering and coordination of
topological adjacent sub-maps through the localized specialization of the cross-border
units. This improves the generalization and specialization capability of MSOMs over
the map borders, to allow a smooth distinction between sub-maps.

2.3    Optimality Analysis
We use the sMSOM as an example to analyze the Bayes optimality of the MSOM
scheme. Let     M M MS L= ∪ ∪1 ...  denote a super map of an sMSOM, a union of sub-
maps  M i , each of which consists of a grid of topologically linked, prototypic units.
Let F X Y Y YS S L: ...→ = ∪ ∪1  denote a corresponding partition of X intoYS , a union
of sub-spacesYi  as class regions. Let us define a class-region indicator function with
respect to  Yi ,

    
I x

x Y x Y

x Y x Y
i

i i i i

i i i i
( )

( ,
( .

=
∈
∉





1   if ) ,   with label  occurs in 
0   if ) ,   with  does not occur in 

ω ω
ω ω

We also define a classification figure-of-merit function with point probability
p(x),

    
∆ r M r M x I x p xS i i

i x

L

( )( ) = ( ) −[ ]
= ∀
∑ ( ) ( ) ( )

2

1, 
,

to set a sub-space specific merit between M i  and Yi . With respect to x, r M i( ) is an
actual class-map output from   M S  by the minimum-distance rule and  I i is a desired
sub-space output Yi  (label ω i) to which x belongs. To a givenM S , we need to find an
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estimate, r M S( ) , with the “best” probability that minimises the above SSE (sum
squared errors). Taking the extremality, we have

    
∆ r M S r r( )( ) == *

    
r M x p x I x p xi

i x

L

i
i x

L
* ( ) ( ) ( ) ( )( ) − =

= ∀ = ∀
∑ ∑
1 1

0
, , 

,

which is equivalent to
    

r M x p x I x p xi
i x

L

i
i x

L
* ( ) ( ) ( ) ( )( ) =

= ∀ = ∀
∑ ∑
1 1, , 

.

With respect to a specific  ω i, for any x  we then obtain the result

    r M x p x p Y xix i* ( ) ( ) ( | )( ) =∀∑ ,  w h i c h  i m p l i e s  t h a t

E r M x p Y xi i* ( ) ( | )( ){ } = =( )p xi( | )ω . The last equation means that the mean of best

estimates of each formed sub-map M i  approximates the Bayes probabilities of each

  ω i in the minimisation of SSE sense. The left side (ie, E r M xi* ( )( ){ }) indicates a

mean approximation process that minimises the distance between a sub-map M i  and
a region   Yi  (notably, the sMSOM and LVQ algorithms realize an iterative version of
such a mean error minimization process), while the right side indicates an estimation
process that maximises class Bayes probabilities, p xi( | )ω . Also on the left the final
decision uses the k-NP rule on minimum-distance while on the right the decision uses
the Bayes rule on maximum probability in solving class overlappings.

From the last equation, we have established an explicit relationship between
minimization of class-region specific squared error between  M i  and   Yi  (in which  M i
maintains and approximates a class distribution function f x i( | )ω ) and estimation of
Bayes probabilities    p xi( | )ω . If we assume the equiprobability, i.e.,

    p p i ji j( ) ( ),ω ω= ≠ , then with the Bayes rule to a given sample x ’ we
have    ω ω ω ω= ≥i i jp x p x: ( | ) ( | )' ' , ∀j . In practice, this means that, with the use of
“class-maps” for representation and approximation of class   f x i( | )ω , the distance-
minimization process on     f x i( | )ω  resembles a probability-maximization process of
Bayes learning on p x i( | )ω . At classification, in the same way as the maximum-
likelihood method, sMSOM uses the minimum-distance rule in replacement of the
maximum-probability rule for Bayes decisions. Class prior probabilities   p i( )ω  can
also be used, of course. The elastic map form for representation of class statistical
distributions by sMSOM can faithfully approximate complex class structures. In this
sense, the MSOM is a statistically sustainable MSC scheme that is able to explore the
meaningful regularities from data in complex, noisy and hyperdimensional
environments.

Thus, subject to training samples and proper training, we have demonstrated
the empirical Bayes optimality of sMSOM for supervised classification. A similar
analysis is applicable to all other MSOMs, either unsupervised or hybrid. The main
reason is the use of multiple maps to effectively represent cluster or class structures.
Our experiments on many data sets (e.g., Fig. 2) demonstrate and strongly support our
analysis for MSOMs.

306 W. Wan and D. Fraser



3     Experiments
We have generated several simulated data sets and used many real data sets to
demonstrate the performance of various MSOMs and usefulness of MSOM for
practical applications. Examples with a simulated set are shown in Fig. 2, where best
results were obtained with aMSOM and six maps, with 0.3% errors (Fig. 2h).
3 .1    Hyperspectral Data Clustering
We obtained a subset of a Jasper-Ridge AVIRIS scene with image size of 256 by 256.
We chose to use only 152 of the original 224 bands after removal of some
superfluous, water absorption, and noisy channels, etc. There are high correlations
between adjacent bands and between band segments over the spectral domain.
Automatic exploitation of these natural correlations can be of great help in
discriminating ground classes at more precise levels. We implemented a uMSOM
(using 4 maps with 3x3 units) to test the unsupervised clustering capability on this
data. Without labeled samples, uMSOM has sensibly placed the 4 cluster-maps into
the high dimensional space with the exploitation of high dependencies between the
adjacent bands and over the whole spectral domain. The sub-map level captures the
major cluster structures as the most meaningful regularities of this data (shown in
Fig.3), while the unit level can be used to produce more detailed structures. It shows
that the uMSOM has clearly discriminated the various ground objects in four classes.
It is also observed that with the increase of the dimensions the computation time
increases only linearly in relation to the dimensionality. For comparison, it takes 129
seconds to process 5D of data and 3,924 seconds to process 152D of data on a slow
Intel 486 computer.

Fig. 3. Hyperspectral clustering by uMSOM: 4 clusters.

3 .2    Joint Spatio-Temporal Classification
A bitemporal TM scene with two July and September sets (referred to as two J2/S2
temporal fields) is used to demonstrate the jMSOM model for spatio-temporal
classification. Only 5 bands (TM2-5 and 7) of the TM data are used. The data comes
with ground truth (Fig.4a) and training coordinates (Fig.4cd) for four classes of Corn,
Soybeans, Wheat and Alfalfa/Oats displayed in four greylevels, from dark to bright
(black is null on the truth and training images). Fig.4b illustrates a clustering result,
while Fig.4e-h show several classification results.

Using the overall KIA metric (OKIA), Table I shows that both jSOMa and
jMSOMa outperform GMLC (indicating that the classes are non-Gaussian) if only the
raw ( , )x y  is used. All jSOMd and jMSOMd and jSOMl and jMSOMl outperform
jSOMa and jMSOMa, indicating the effectiveness of using interpixel CCVs over
either data or label spatial domains. Both jSOMt and jMSOMt outperform jSOMa and
jMSOMa indicating the usefulness of the temporal dimension. Finally, jSOMf and
jMSOMf that use all spatio-temporal contexts substantially outperform all the sub-
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models. The above results demonstrate the effectiveness of joint modeling by
jMSOM. Moreover, MSOM always outperforms SOM in extraction of class-specific
discrimination information despite the fact that sometimes the results of jSOMf
appear better than those of jMSOMf in OKIAs. This turns out to be due to a mistaken
selection of the second training site for Alfalfa/Oats on S2 (Fig.4d), which indicates a
class transition on that site from Wheat to Alfalfa/Oats between J2 and S2. The
jMSOM’s result (Fig.4f) has clearly captured such a temporal change of classes. In
addition, jMSOM always produces an intermediate clustering result (Fig.4b), showing
that the six clusters have basically matched the major class patterns of the four classes
in the scene. This graphically illustrates why MSOM always discriminates better than
SOM does.

(a) (c) (e) (g)

(b) (d) (f) (h)
Fig. 4. JMSOM experiment with bi-temporal site: a) ground truth; b) jMSOMf (6 clusters) for
joint J2-S2; c), d) training images for J2-S2 (note site for Alfalfa/Oats on S2 instroduces
mistakes); e), f) jMSOMf calssification images for J2-S2 (note transfer of classes on that one
Alfalfa/Oats site); g), h) jSOMf class images.

Table 1. Classification Comparison: * is affected by a mistake in selection of a site.
OKIA (%) J2 S2

GMLC 44.81 48.89
jSOM/jMSOMa 52.87/52.81 52.78/53.39
jSOM/jMSOMd 55.32/56.40 53.54/54.68
jSOM/jMSOMl 58.32/60.14 53.18/57.76
jSOM/jMSOMt 67.00/65.10* 67.72/63.03*
jSOM/jMSOMf 70.37/72.85 69.59/68.36*

In addition, we have used the ground truth to train the same jMSOMf and
achieved a match of 98.23/98.84% against 100% as an expected perfect match to the
truth for J2/S2. Compare this to the match of 70.37/72.85% when using 6% of the
truth as training samples (including mistakes). This shows that, for this particular site,
supplying more samples or more sources provides more discrimination information so
that the jMSOMf is capable of exploring the full capacity of that discrimination
information by joint modeling of the spatio-temporal contexts over both input and
output domains.

4     Conclusion
From the above experiments, we have demonstrated the following. (1) The MSOM is
a versatile design scheme, able to handle all supervised, unsupervised and hybrid
design situations. The MSOM architectures and operations are simple, which allows
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them to process easily various sample and modeling situations. (2) Various MSOMs,
uMSOM in particular, have a better representation structure and discrimination
capacity than that of the SOM. This allows uMSOM (and other MSOMs) to exploit
discrimination information from the data itself without the necessity for
comprehensive labeled samples. (3) MSOM has an effective representation of high-
order statistics of high dimensional and complex data, where every dimension is
maintained and processed by all of the multiple maps in a joint association with other
dimensions. No source and dimension related dependency information is necessarily
lost in the model configuration. The computation is efficient in regard to the
dimensionality. Finally, (4) the jMSOM is a compound modeling scheme that is able
to model a joint vector that augments all of the possible spectral, geographic, spatial
and temporal features. jMSOM is able to exploit all of the source and domain
dependencies from the joint vector for joint spatio-temporal classification and
multisource fusion. The model is especially flexible in dealing with temporal
processing, where partial temporal samples can be used to form a temporal contextual
model, sequentially and incrementally, over the time slots. Such a contextual model
can be used, for example, for crop monitoring and precise yield estimation purposes.
To summarize, the MSOM is a powerful and flexible MCS scheme for classification
or estimation applications.

We have demonstrated the great potential of the proposed MSOM approach
to complex remote sensing classification problems. In the new era of remote sensing,
we need to establish an industry-strength MCS scheme with essential machine-
intelligence capabilities that can be used to automatically explore the massive amount
and rich variety of data for joint classification and estimation applications. To
conclude, we believe we have provided a strong basis for further research in searching
for such a statistically sustainable solution for the remote sensing industry.
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Abstract. We have developed the notion of lexicon density as the true
metric to measure expected recognizer accuracy. This metric has a variety
of applications, among them evaluation of recognition results, static or
dynamic recognizer selection, or dynamic combination of recognizers.
We show that the performance of word recognizers increases as lexicon
density decreases and that the relationship between the performance and
lexicon density is independent of lexicon size. Our claims are supported
by extensive experimental validation data.

1 Introduction

The ability of a recognizer to distinguish among the entries in a lexicon clearly
depends on how “similar” the lexicon entries are. The “similarity” among entries
depends not only on the entries themselves but also on the recognizer. Assume
for example that we have a naive word recognizer that recognizes only the first
character of each word. Performance of such a recognizer would certainly be poor
on a lexicon where all entries start with the same letter and good on lexicons
where starting letters of all entries are different. Similarly, a simple recognizer
that would estimate the length of each word would perform well on lexicons
where entries differ significantly in their length and poorly on lexicons with
entries of the same length.

Previously, only lexicon size was used to measure how difficult it is for a reco-
gnizer to distinguish entries of a given lexicon [1]. Even though this is clearly not
ideal, researchers have correctly observed that recognizers have more difficulty
with large lexicons. The reason for this observation is simple—when lexicons
are large, their entries are more likely to be “similar”, hence on average the
lexicon size appears to be an adequate measure of lexicon difficulty for a given
recognizer.

The concept of lexicon density and the strong correlation between lexicon
density and performance of word recognizers opens many opportunities for im-
proving efficiency and performance of recognition systems.

Consider for example an application where the lexicon is fixed with several
different recognizers to choose from. An example of such an application could
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be a system for recognizing words in the legal amount of bankchecks [2]. An
easy way to determine which recognizer would most likely perform the best is
to compute the lexicon density with respect to each recognizer and use a table
similar to Table 1 to determine expected performance of each recognizer and
then choose the one(s) with best expected performance.

one two three four five
six seven eight nine ten
eleven twelve thirteen fourteen fifteen
sixteen seventeen eighteen nineteen twenty
thirty forty fifty sixty seventy
eighty ninety hundred thousand dollars
dollar and only

Fig. 1. Handwritten legal amount recognition involves the recognition of each word
in the phrase matched against a static lexicon of 33 words.

A different application with dynamically generated lexicons is the street name
recognition in Handwritten Address Interpretation (HWAI). Here, lexicons are
generally comprised of street name candidates generated from the knowledge of
the ZIP Code and the street number. In fact, it is in such cases that the notion
of lexicon density holds the greatest promise. If there are several recognizers to
choose from, there should be a control mechanism that dynamically determines
in any given instance which recognizer must be used. The determination can be
based on the quality of the image, the time available, and the lexicon density. It
could be decided, for instance, that if the image is noisy a particular recognizer
should be favored based on training data. Similarly, a specific recognizer might
be rendered ineffective if the lexicon density is high. This could happen if the
recognizer depends heavily on a feature, say the length, and all the lexical entries
have the same length.

Another application of lexicon density is in dynamic classifier combination.
Consider the combination architecture in Figure 2. Let us say that for speed
reasons we have determined that a particular recognizer goes first (position of
classifier1 in Figure 2). On any given image instance, the lexicons that are fed
to the remaining two classifiers are changing dynamically, albeit they are some
subset of the original lexicon. By using the lexicon density of the various “sub-
lexicons” that are fed forward, a decision can be dynamically made as to which
recognizer takes the position of classifier2 and which one takes the position of
classifier3.

Other possible use of lexicon density is in evaluating recognition results. Ima-
gine that we have to assign some confidence to the first choice. We could compare
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52768 1
classifier 2 classifier 3classifier 1

10

Fig. 2. The choice of which classifier becomes classifier2 and which one becomes clas-
sifier3 can be dynamically determined using the notion of lexicon density.

the matching scores of the first and second choices to determine how confident
we are in our answer. It would however be more meaningful to also consider
how likely it is for the top few choices to be confused by the recognizer, i.e.
compute the “local” density. In such a case we could use additional information
obtained during recognition (like number of segments or the optimal character
segmentations) to reduce the number of possible combinations.

1.1 Our Results

In this paper, we propose a new, more accurate measure of difficulty of a given
lexicon with respect to a given recognizer that we call the lexicon density. We
define the lexicon density as a quantity that depends both on the entries in the
lexicon and on a given recognizer. Intuitively, the higher the lexicon density the
more difficult it is for the recognizer to select the correct lexicon entry.

We show that it is indeed the lexicon density and not the lexicon size that de-
termines the difficulty of a lexicon for a given recognizer. Our experiments show
clearly that recognizer performance is closely correlated with lexicon density and
independent of lexicon size. Our evaluation methods are quite robust. We have
tested the dependence between recognizer performance and lexicon density on a
set of 3000 images, for each image generating 10 lexicons of size 5, 10 lexicons
of size 10, 10 lexicons of size 20, and 10 lexicons of size 40.

We obtained our experimental results using a segmentation-based recognizer
of handwritten words called WMR (the Word Model Recognizer [3]). However,
our results can be readily generalized to almost any recognizer of handwritten
or printed words.

1.2 Other Measures

The speech recognition community realized the need for a measure that captured
the difficulty of the recognition task in a given instance. The notion of perplexity
was introduced in [1]. Perplexity is defined in terms of the information theoretic
concept of entropy. S(w) = 2H(w), where S is the perplexity and H is the
entropy for a word w.

2 Recognizer-Dependent Distance

Before defining the lexicon density, let us first discuss the concept of a distance
between two ASCII words with respect to a given recognizer. Having two words,



Use of Lexicon Density in Evaluating Word Recognizers 313

w1 and w2, we would like to measure how far word w2 is from word w1, or better
yet how difficult it would be for a given recognizer to confuse words w1 and w2.
One way to determine a distance between two ASCII words with respect to a
segmentation based recognizer is to use the minimum edit distance between w1
and w2—see for example [5]. This approach can be used with recognizers that
are able to correctly segment a word image into characters without recognizing
the characters first, as is the case for recognizers of printed words. In such a case,
one can use samples of training words and training characters to determine the
cost of elementary edit operations (deletion, insertion, and substitution) with
respect to a given recognizer.

In this paper, our focus is on recognizers of handwritten words and phrases
(even though the ideas presented here could be modified for any word recogni-
zer). Such recognizers typically combine character segmentation with recognition
and hence the minimum edit distance cannot be used. To compute a lexicon den-
sity that depends on a specific recognizer (WMR in our case), we will use the
recognizer-dependent image-independent slice distance introduced in [4].

In what follows, we will briefly describe computation of the slice distance for
WMR. Interested reader can find the details in [4]. Given an image of handwrit-
ten word, WMR first oversegments the image into subcharacters. Then in the
recognition phase, given a word from the lexicon, the segments are dynamically
combined into characters so as to obtain the best possible match between the
word and the image; that is, to minimize the total distance between features
of character templates corresponding to the letters in the ASCII word and the
features of segment combinations from the image. Figure 3 shows a typical ex-
ample of an image of a handwritten word together with segmentation points
determined by WMR.

Fig. 3. Segmented handwritten image in contour representation

Imagine now, that WMR is presented with this image and the lexicon consists
of two entries—“Wilson” and “Amherst”. After dynamically checking all the
possible segment combinations, WMR would correctly determine that the best
way to match the image and the word “Wilson” is to match segments 1-4 with
“W”, segment 5 with “i”, segment 6 with “l”, etc. The best way to match the
image against “Amherst” would be to match segment 1 with “A”, segments 2-
5 with “m”, segment 6 with “h”, segment 7 with “e”, segment 8-9 with “r”,
segment 10 with “s”, and finally segment 11 with “t”—see Figure 4. Clearly the
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score of the second matching would be worse then the score of the first matching,
hence the recognizer would correctly choose “Wilson” as its first choice.

A m h e r s t

W i l s o n

Fig. 4. Matching of ASCII words with image

Figure 4 illustrates how confusions could possibly arise in determining the
best possible answer. Letter “A” was matched with the same part of the image
as the left part of letter “W”, left part of letter “m” was matched with the
same “slice” of the image as the right part of “W”, right part of letter “m” was
matched with the same slice of the image as letter “i”, etc. Hence to determine
how difficult it would be to confuse “Wilson” and “Amherst” we have to first
determine, how difficult it is to confuse “A” with the left part of “W”, left part
of “m” with the right part of “W”, right part of “m” with “i”, etc. Thus in
general we must have information about how easy it is to confuse a slice of
one character with a slice of another character. And not only that. Since we
do not know the image before hand (and we want the distance to be image
independent) we have to consider all the possible ways of confusing “Wilson”
with “Amherst”; i.e. we have to consider all possible segmentation points of
a hypothetical image and all possible ways of matching words “Wilson” and
“Amherst” with the segments of such image. Then we choose the worst-case
scenario (i.e. the smallest distance) among all possible combinations. This would
be the measure of confusion between “Wilson” and “Amherst”.

Elementary distances between slices of different characters can be computed
during the training phase of WMR and stored in several 26 by 26 slice-confusion
matrices. These matrices are a natural generalization of confusion matrices bet-
ween whole characters [4]. To compute the slice distance between two ASCII
words w1 and w2, we consider all the possible meaningful (depending on words
w1 and w2) numbers of segments, and all possible ways of combining the seg-
ments to match individual characters of each word. Character boundaries from
each word determine the boundaries of slices. The slice distance between words
w1 and w2 is then the minimum sum of elementary slice distances for each such
combination. We denote the minimum slice distance between two ASCII words
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w1 and w2 by msd(w1, w2). The dynamic program described in [4] computes the
minimum slice distance in time O(|w1| · |w2| · (|w1|+ |w2|)).

3 Lexicon Density

We are faced with a problem of determining density in a discrete space of points
(=words). Notice that in our case, there is really no concept of dimension of the
space (in fact the dimension of our space is infinity) which makes our task only
more difficult.

Consider the following hypothetical situation. We have n points that are
exactly distance 1 apart. This is easy to imagine for 2, 3, or 4 points—see Figure
5. Clearly, the density should be different for a different number of points, in
fact, it should increase with the number of points. Thus in this particular case,
one would want to define the density as ρ = f(n) where f(n) is an increasing
function of n. The function f(n) depends on a particular recognizer and has to
be determined from experimental data.

(a) (b) (c)

1
1

1 1

1

1 1
11

1

Fig. 5. Visualization of the special case where all the points are distance 1 apart: (a)
2 points, (b) 3 points, (c) 4 points.

Given a word recognizer R, we denote by dR(w1, w2) an image independent
recognizer dependent distance between two ASCII words w1 and w2. Such di-
stance should measure the difficulty of confusing words w1 and w2 by recognizer
R. Our split distance msd(w1, w2) is an example of such function.

Based on the considerations given above, we can define lexicon density in the
following way.

Given a recognizer R and a lexicon L with words w1, . . . , wn, we define the
density of lexicon L with respect to recognizer R as

ρ(L) = ρR(L) =
n(n − 1)

∑n
i,j=1 dR(wi, wj)

fR(n) (1)

where fR(n) is some increasing recognizer-dependent function.
Thus lexicon density is defined as the reciprocal of the average distance bet-

ween lexicon entries multiplied by function fR(n).
We have experimented with several definitions of function f(n). Setting

f(n) = log n
2 = log10

n
2 led to a complete independence of performance and
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lexicon size. The experimental data and the corresponding graph for this choice
of f(n) are shown in Table 1 and Figure 6. These results seem to be conforming
to the intuitive notion of lexicon density we set out to define. Recognition ac-
curacy decreases with increasing lexicon density and if the density is the same,
although the lexicon sizes may be different, the recognition accuracy stays about
the same.

4 Experiments

We have designed simple yet very effective procedure to evaluate the dependence
of the performance of WMR on the lexicon density and on the lexicon size. We
have used a set of 3,000 images from the “bha” series (CEDAR CDROM)—this
set contains images of words extracted from handwritten addresses on U.S. mail
and is used as a standard for evaluating performance of word recognizers by the
research community at large.

For each image we have randomly generated 10 lexicons of sizes 5, 10, 20
and 40. Each lexicon contained the truth (the correct answer). For a specific
size, the lexicons were divided into 10 groups depending on their density—the
most dense lexicons for each image were collected in the first group, second most
dense lexicons for each image were collected in the second group, the least dense
lexicons for each image were collected in the tenth group1. We have tested the
performance of WMR on each of these groups.

Table 1 shows the performance of WMR on 40 different groups of lexicons
for f(n) = logn/2. Figure 6 shows the corresponding graph. Each column cor-
responds to different lexicon size, groups of lexicons in each column are ordered
by decreasing density. Each cell of the table shows the average lexicon density
for a particular group of lexicons together with the percentage of first choice of
WMR being correct and the percentage of the correct answer among the first
two choices.

The results clearly indicate a strong correlation between lexicon density and
recognition performance and show that the performance of WMR is in fact
independent of lexicon size.
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Table 1. Performance of WMR on lexicons of different size and different average
densities using f(n) = log n/2. The corresponding graph for this table is shown in
Figure 6

Lexicon Size 5 10 20 40
Density 110.9 114.5 199.9 247.4

1st correct 83.12 72.37 60.03 47.58
1st or 2nd correct 95.93 89.82 81.01 68.57

Density 89.0 111.9 181.2 229.4
1st correct 85.72 76.04 62.60 49.42

1st or 2nd correct 96.96 91.36 81.92 70.24
Density 76.6 110.2 165.6 211.0

1st correct 87.82 78.24 66.87 53.89
1st or 2nd correct 97.63 92.89 84.65 72.51

Density 67.1 108.7 151.9 197.4
1st correct 89.22 81.01 68.70 53.69

1st or 2nd correct 97.56 93.43 85.82 74.24
Density 58.4 93.0 126.8 161.1

1st correct 91.12 85.55 74.81 64.83
1st or 2nd correct 98.23 95.63 89.72 81.21

Density 52.0 83.6 115.8 150.1
1st correct 92.29 85.82 78.14 67.27

1st or 2nd correct 98.37 95.96 91.73 83.85
Density 46.4 68.6 103.0 132.0

1st correct 93.16 88.72 82.98 74.61
1st or 2nd correct 98.73 96.56 93.83 87.22

Density 41.4 67.8 94.7 123.2
1st correct 95.10 90.52 85.22 76.14

1st or 2nd correct 98.87 97.26 94.26 89.62
Density 36.4 53.7 85.3 110.5

1st correct 95.66 92.13 86.59 80.38
1st or 2nd correct 99.03 97.60 94.43 91.32

Density 36.4 53.7 85.3 110.5
1st correct 96.70 93.49 88.29 82.32

1st or 2nd correct 99.27 97.73 95.63 92.26
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Fig. 6. Dependence of the performance of WMR on lexicon density for f(n) = log n/2.
Recognition accuracy decreases as lexicon density increases. Note that while lexicon
sizes are different, as long as the density is approximately the same, the recognition
accuracy also stays approximately the same.
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Abstract. This paper presents a multi-expert system for dynamic signature
verification. The system combines three experts whose complementar
behaviour is achieved by using both different features and verification
strategies. The first expert uses shape-based features and performs signature
verification by a wholistic analysis. The second and third expert uses speed-
based features and performs signature verification by a regional analysis.
Finally, the verification responses provided by the three experts are combined
by majority voting.

1 Introduction

The use of electronic computers in gathering and processing information on
geographic communication networks makes the problem of high-security access
basically important in many applications. For this purpose, several systems for
automatic personal verification can be used [1]:
� physical mechanisms belonging to the individual (i.e. key or badge);
� information based systems (i.e. password, numeric string, key-phrase);
� personal characteristics (i.e. speech,  finger-print, palm-print, signature).

Among others, personal characteristics are the most interesting since they cannot
be lost, stolen or forgotten. Moreover, signature is the common form used for legal
attestation and the customary way of identifying an individual in our society,  for
banking transactions and  fund transfers. Therefore, automatic signature verification is
of great interest also for commercial benefits due to the wide range of applications in
which signature verification systems can be involved.

Signature is the result of a complex process based on a sequence of actions stored
into the brain and realised by the writing system of the signer (arms and hands)
through ballistic-like movements. More than other forms of writings, signatures of the
same person can be very different depending on both physical and psychological
condition of the writer: short–period variability is evident on a day-to-day basis, it is
mainly due to the psychological condition of the writer and on the writing conditions
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(posture of the writer, type of pen and paper, size of the writing area, etc.); long-
period variability is due to the modifications of the physical writing system of the
signer as well as of the sequence of actions stored in his/her brain [2].
Therefore, the development of signature verification systems is not a trivial task since
it involves many biophysical and psychological aspects related to human behaviour as
well as many engineering issues [3, 4, 5].

Recently, many important results have been achieved toward a deeper
understanding of the human behaviour related to hand-written signature generation
[6,7,8], and several powerful tools (dynamic time warping  [9], propagation classifiers
[10], neural networks [11, 12]) and emerging  strategies (regional-oriented comparison
strategy [13], multi-expert approach [14,15]) have been successfully applied to
signature verification [16,17].

In this paper, a new system for dynamic signature verification is presented. The
system combines three experts for signature verification. The first expert uses shape-
based features and performs signature verification by a wholistic analysis. The second
and third expert uses speed-based features and performs signature verification by a
regional analysis. Each stroke of the segmented signature is processed individually
and its genuinity is verified. Successively, the verification responses for the entire set
of strokes are averaged to judge the genuinity of the input specimen. The verification
responses provided by the three experts are finally combined by majority voting.
The paper is organised as follows: Section 2 describes the process for signature
verification. The architecture of the new system for signature verification is presented
in Section 3. Section 4 presents the three experts for signature verification and the
rules for decision combination. The experimental results are presented in Section 5.

2 The Process of Signature Verification

Figure 1 shows the main phases of the signature verification process [16]. The first
phase concerns with the acquisition of the input signature. If on-line signature are
considered, data acquisition is performed by graphic tablets or integrated graphic-
tablet displays.  The second phase concerns preprocessing, whose aim is to remove
noise and to prepare the input data for further processing. In this phase, the
segmentation of signature into basic components and strokes is performed, depending
on the particular strategy used for signature comparison. In the feature extraction
phase, relevant features for the verification aims are extracted from the preprocessed
signature. In the comparison phase, the extracted features are used to match the input
signature and the reference specimens. The result is used to judge the authenticity of
the input signature. Two types of errors can occur in signature verification: type I
errors (false-rejection) caused by the rejection of genuine signatures, and type II
errors (false-acceptance) caused by the acceptance of forgeries [16,17].

The information in the reference database (RD) about signatures of the writers
enrolled into the system plays a fundamental role in the process of signature
verification and must be carefully organised. RD is generally realised during
controlled training sessions according to two main approaches. The first approach is
based on the selection of an average prototype of the genuine signatures together with
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additional information about writer variability in signing. [18]. The second approach
uses as reference information one or more genuine specimens. Even if this approach
implies time-consuming verification procedures it is more suitable for modelling the
singular process of signing whose nature is extremely variable [9].

Fig. 1. The process of Signature Verification.

3 Strategies for Signature Comparison

In the comparison phase, the test signature St is compared against the Nr reference
signatures Sr, r=1,2,...,Nr which are available in the reference database. This phase
produces a single response R which states the authenticity of the test signature:

R
0 iff the test signature is a forgery

1 iff the test signature is genuine. 
=





In order to face the enormous variability in hand-written signatures, different
strategies for signature matching have been used. They can be classified into two
main categories: [16]: wholistic and regional.

� Wholistic matching. In this case the test signature St , considered as a whole,
is matched against each one of the Nr reference signatures S1, S2,...,SN

r

. Of course this
approach does not allow any regional evaluation of the signature. In fact, each
matching of St with Sr produces the response Rr:







=
 .S  tocompared when genuine  results Siff1

S  tocompared when forgery a resultsSiff0
R

rt

rt 
r

Then, the final response R is defined as:
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R
0 iff  r = 1,2,...,N   :   R  =  0

1 otherwise.                                  

r r

=
∀




� Regional matching.  In this case both the test signature S
t

 and the reference
signature S

r

 are split into n segments (S
t

1, S
t

2,...,S
t

k,...,S
t

n) and (S
r

1,S
r

2,...,S
r

k,...,S
r

n),
respectively.  The matching between S

t

 and S
r

 is performed by evaluating the local
responses R

r

k obtained by matching S
t

k against S
r

k, for k=1,2,...,n:




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 .S  tocompared when genuine  results Siff1

S  tocompared when forgery a results Siff0
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This approach allows a regional analysis of the signature, but it is carried out in a one-
by-one comparison process: i.e. the test signature is judged to be a genuine specimen
if and only if a reference signature exists for which, in the comparison process, a
suitable number of segments of the test signature are found to be genuine.

An improved regional strategy for signature comparison is the multiple regional
[13,14,16]. In this case each segment S

t

k of the test signature is matched against the

entire set of the corresponding segments (Sk

1, Sk

2, ...,Sk

N 
r

) of the Nr reference signatures

S1,S2,...,SN 
r

. Therefore for each segment Sk

t

 of the test signature, a local verification
response R

t

k is obtained as:





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                                                                                        otherwise.  1

S  tocompareden forgery wh a results S:N1,2,...,=r  iff  0
R k
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k

tr

k
r

The test signature is judged to be a genuine specimen if a suitable number of
segments are found to be genuine. This approach allows a regional evaluation of the
signature without requiring a large set of reference signatures [16].

4. A Multi-expert System for Signature Verification

The system for signature verification presented in this paper is based on a multi-
expert verification procedure which combines the responses of three experts by
majority voting. The experts differ in terms of both strategies for signature
comparison and feature type. The first expert performs a wholistic analysis of the
signature by evaluating the effectiveness of the segmentation procedure. Shape-based
features are used for this purpose. The second and third expert performs signature
verification by a regional analysis based on speed-based features. A multiple regional
matching strategy is adopted for this purpose. In the following the three experts are
described and the combination rule is illustrated.



324 V. Di Lecce et al.

4.1 The First Expert (E1)

The first expert  evaluates the genuinity of the test signature by the analysis of the
segmentation results. For the purpose, a recent segmentation technique based on a
dynamic splitting procedure is used [19]. It segments the test signature according to
the characteristics of the reference signatures. The segmentation procedure consists of
four steps.
� First, the procedure detects the local maxima (CSPMAX) and  minima (CSPMIN)
in the vertical direction of the signatures. These two sets of points are considered as
Candidate Splitting Points (CSP) and a simple procedure is adopted to identify the
points of  CSPMAX and  CSPMIN  for the splitting.  In the following we discuss the
procedure for the set CSPMAX (the procedure for CSPMIN is similar). Figure 2a shows
three reference specimens S1,S2,S3   and a test signature St. The CSPsMAX are marked
with “*”.

(a)                                    (b)

Fig.2. Matching between test and reference signatures

� In the second step, the procedure determines the warping function between
the  CSPsMAX of each reference signature and those of the test signature which satisfies
the monotonicity, continuity and boundary conditions [20], and which minimises the
quantity

∑=
=

K

1k
k )d(cD ,

where ck=(ik,jk), (k=1,2,…,K) is the sequence of indexes coupling CSPsMAX of the

reference and test signature, and d(c ) d(z (i ), z ( j ))k
r

k
t

k=  a distance measure in
the representation space of the signatures. Figure 2b shows the best coupling
sequences for the signatures in figure 2a.
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� In the third step, the sequence of indexes ck=(ik,jk), k=1,2,…,K, is used to
detect the CSPsMAX of the reference and test signatures that are directly matched; i.e.
that are one-by-one coupled [19]. Table 1 reports the set of CSPMAX directly matched
to points of the test signature (see Figure 2b).

Table 1. Set of CSPMAX directly matched

1
st  Reference Signature  1,2,3,4,6,7,8,9,10

2
nd  Reference Signature  1,2,3,4,8,9,12

3
rd  Reference Signature  1,2,5,11,12

� In the fourth step the CSPsMAX of the test signature that are always directly
matched to all the reference signatures are used to segment the test and the reference
signatures.

Table 2. Set of splitting points.
          Test Signature   1   2   4   9

   1
st  Reference Signature   1   2   4   8

   2
nd  Reference Signature   1   2   4   9

   3
rd  Reference Signature   1   2   5   11

For instance, the CSPMAX number 1,2,4 and 9 of St are always directly matched to
points of S1, S2 and S3.  Therefore the CSPMAX number 1,2,4 and 9 are the splitting
point for the signature St. The corresponding splitting points for S1,S2,S3 are reported
in Table 2.

On the basis of the segmentation results, the expert computes the following index
to evaluate the genuinity of the test signature:

signature test  theof Points Splitting Candidate ofNumber 

signature test  theof strokes splitted ofNumber 
R1 = .

The verification rule is the following:
� if  R1<T1

1    then: Test signature = “False”
� if  T1

1�R1�T1

2    then: Test signature = “Rejected”
� if  T1

2<R1    then:  Test signature = “Genuine”
where T1

1 and T1

2 are two personal thresholds (different from writer to writer) detected
from analysis of the minimum and maximum value of the index R1 for the set of
genuine specimens.

4.2 The Second Expert (E2)

The second expert adopts a multiple regional verification strategy and an elastic
matching procedure for the verification of each segment of the test signature. The
authenticity of each stroke of the test signature is evaluated by matching the stroke
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against the corresponding stroke of each reference signature. In our system, a speed-

based dissimilarity measure is used to match couple of genuine specimens rS  and St:

∑=
=

K

1k
k )d(cD

where ))(jz),(id(z)d(c k
t

k
r

k = , and )(iv k
r and )(jv k

t is the velocity of the tip of

the pen (computed from the displacement vectors) of the signatures Sr and St, at points
ik and jk, respectively. The stroke is considered a genuine sample if and only if the
least value of the dissimilarity measure is lower than the regional threshold which is
the worst dissimilarity measure obtained by matching all the pairs of coupled strokes
of the reference signatures [9,19]. This procedure provides the vector of local
verification responses for the strokes of the test signature (Rt

1,R
t

2,…Rt

Nt) where, for
each stroke Sk

t

, the local verification response R
t

k is:
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From the vector of local verification responses, the second expert computes the index:

                             
signature test  theoflength 

signature test  theof strokes genuine oflength 
R 2 = .

The verification rule is the following:
� if  R2<T2

1    then: Test signature = “False”
� if  T2

1�R2�T2

2    then: Test signature = “Rejected”
� if T2

2<R2     then:  Test signature = “Genuine”
where thresholds T2

1 and T2

2 are detected from analysis of the range of variability of
R2 for set of genuine specimens.

4.3 The Third Expert (E3)

The vector of the local verification responses (Rt

1,R
t

2,…Rt

Nt) is also used by the third
expert. The verification index for this expert is:

                             
signature test  theof strokes ofNumber 

signature test  theof strokes genuine ofNumber 
R3 = .

The verification rule is the following:
� if  R3<T3

1    then: Test signature = “False”
� if  T3

1�R3�T3

2    then: Test signature = “Rejected”
� if T3

2<R3     then:  Test signature = “Genuine”
also in this case the threshold values T3

1 and T3

2 are detected from analysis of the
range of variability of R3 for set of genuine specimens.
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4.4 The Combination Criterion (E-MV)

The decisions of the three experts  are combined by majority voting [15,16]:
� if at least two decisions are "genuine" the final response is  "genuine";
� if at least two decisions are "false" the final response is  "false";
� otherwise the final response is  "rejected".

5 Experimental Results

For the experimental phase, fifteen writers have collected the genuine signatures and
other fifteen persons have produced the forged samples in daily writing sessions. In
each session, the writer has had about ten minutes to practice himself with the
electronic tablet and five minutes to affix up to five signatures. The forgers attended
the writing sessions and training themselves in imitating the genuine signatures. After
enrolment, for each writer a database of fifty genuine signature and fifty forgeries
were available. All specimens have been suitably normalised [19]. Five additional
genuine specimens have been collected for each writer and used to find out the
optimal set of three specimens for reference, according to a correlation-based analysis
on the local stability [21,22].

Fig.3. Verification result of a test signature

Figure 3 reports a test signature (genuine signature of writer #1). For this specimen
the system provide the correct result since the verification responses of the three
experts are:
� (E1) (global analysis) Verification Response=G
� (E2) (regional analysis) Verification Response=G
� (E3) (regional analysis) Verification Response=G
(The local responses for E2 and E3 are: St

1=G;  S
t

2=F;  St

3=G; St

4=G; St

5=R).

Table 3a. Verification responses: signer #1 - genuine signatures

n. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50

E
1 G R F G G G G G R G G G G G G G F G G G G R G G G G R G G G G F F G G G G R G G G R G G G G G G G G

E
2 G G F G G R G G G G G G G G G G G G G G F G G G G G G G G G G G G G G G G G G G F G G G G G R G F G

E
1 G G G G G G G R G G G G G G G R G G G G F G G G F G G G G G G G G G G G G F G G G G G G G G G G F G

E
-M
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Table 3b. Verification responses: signer #1 - false signatures
n. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50

E
1 F F F F G F F R R F F F F R R R F F F F F F F G F F F F F G F G F F F F F F F F F R F G F F F F R R

E
2 F F F F F F F F G F F F F F F F F F F F F F F F G F F F F F F F F F F F F F F F F F F F F F F F F F

E
1 F F F F F F F F G F F F F F F F F F F F F F F F F F F F F F F R F F R F F F F F F F F F F F F F F F

E
-M

V F F F F F F F F G F F F F F F F F F F F F F F F F F F F F F F R F F F F F F F F F F F F F F F F F F

The verification responses for signer #1 are reported in Table 3a (genuine
signatures), and 3b (forgeries). This result shows to  what extent the three expert are
complementary. Precisely, E2 and E3 agree more times (88/100) than E1 and E2
(72/100), and E1 and E3 (71/100). In fact, E2 and E3 use speed-based features while
E1 uses shape-based features and a different comparison strategy.

For the 15 writers, the performances for E1 are Type I Error = 5.1%, Type II Error
= 0.75%, Rejection = 7.2%; for E2 are Type I Error = 4.5%, Type II Error = 1.05%,
Rejection = 6.5%; for E3 are Type I Error = 5.7%, Type II Error = 0.95%, Rejection =
6.2%. When the decisions of the three experts are combined, the performances are
reported in Table 4. The net result is Type I Error=3.2%, Type II Error=0.55%,
Rejection=3.2%.

Table 4. System Performance

Signer #1 #2 #3 #4 #5 #6 #7 #8 #9 #10 #11 #12 #13 #14 #15

Type I 6% 4% 4% 0% 2% 6% 2% 4% 2% 4% 0% 4% 2% 4% 4%

Type II 2% 0% 2% 0% 0% 0% 0% 2% 0% 2% 0% 2% 0% 0% 0%

Rejection 4% 2% 4% 2% 4% 2% 2% 4% 8% 2% 4% 2% 2% 2% 4%

6 Conclusion

A multi-expert system for dynamic signature verification is presented in this paper.
The system combines three experts by majority voting. The experts are based on
different features and verification strategies. Complementarity among experts has
been achieved by different feature sets and classification strategies. The first expert
uses shape-based features and performs signature verification by a wholistic analysis.
The second and third expert uses speed-based features and performs signature
verification by a regional analysis.
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Abstract. In this paper we propose a multi-expert architecture, particularly
suited for verification systems, which attempts to offer the performance advan-
tages of a serial approach while retaining the reliability of a parallel combina-
tion scheme. In this framework, criteria for evaluating the reliability of both the
intermediate answers and the final response are provided, together with a
method for the determination of an optimal reject option. This architecture has
been tested on a signature verification application, confirming the effectiveness
of the proposed approach.

1   Introduction

In many complex classification problems, a decision must be taken between two alter-
native classes. Applications such as automated cancer diagnosis, signature verifica-
tion, and fraud detection fall in this category. In these cases, frequently the distribu-
tions of the two classes is so skew (with one class much less frequent and largely
overlapping with the other one) that it is necessary to employ a large set of different
features to reliably distinguish between samples coming from distinct classes. How-
ever, the excessive size of the feature vector could make impracticable the construc-
tion of reliable classifiers and thus it could be advisable to split the features among
different feature sets and consider a different expert for each of the feature sets indi-
viduated. In this way, each expert is tailored on a particular feature set, and can em-
ploy the most appropriate learning techniques and classification algorithms. In the
general case, the whole classification system is thus accomplished by combining the
outputs of the various experts with some suitable rule so as to take the final decision
on the basis of all the single decisions [1].

A situation which allows the construction of classification systems particularly effi-
cient is when it is possible to establish a hierarchy among the feature sets obtained
such that, by examining the feature sets in a proper order, it could be possible to de-
cide about one of the classes without considering the remaining features. An example
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of this case is given by the systems for verification and/or validation [2]. A verifica-
tion system is a specialized type of classifier devoted to ascertain in a dependable
manner whether an input sample belongs to a given category; a typical use of this kind
of systems is for authentication purposes (e.g. validation of a signature on a check,
identity verification of fingerprints or retinal patterns). Such systems usually have only
two possible output classes: the input sample can either be recognized as a genuine
instance of the category (it will be termed a positive sample), or it can be considered
as extraneous (a negative sample). Some systems make also provisions for a third
possible kind of outcome: the system realizes its inadequacy for classifying in a reli-
able way the sample at hand, and abdicates the task invoking the intervention of a
more powerful system, if available, or of a human operator; in this case we say that
the sample is rejected by the system.

In most applications of verification systems the role played by the two classes
(positive and negative samples) are very far from being symmetrical: usually the costs
incurred when a negative sample is misclassified as positive (the sample is a false
positive) are dramatically higher than those of a positive sample treated as negative
(false negative). Thus, a conservative strategy is to assign a sample to the positive
class only if there is a very strong supporting evidence, while the assignment to the
negative class can be based on a somewhat weaker ground.

A typical approach for this kind of systems is to organize the experts in a decision
tree [3,4] so as to minimize the number of experts employed to reach the final deci-
sion. A serious drawback of such approach is that a possible error in the first layers of
the tree could propagate up to the final stage. This can heavily affect the classification
performance in applications where the main goal is to obtain a very reliable decision,
possibly coupled with an assessment of the confidence of the decision.

In this paper, we propose a suitable combining architecture, the Cascaded Multiple
Expert System (CMES), in which the experts are serially connected according to the
hierarchy established. Each expert considers a particular feature set and, for each in-
coming sample, provides an output class together with a reliability estimate of its
classification act. After each expert, a decider determines if a decision sufficiently
reliable has been reached, thus stopping the analysis of the remaining features. In the
opposite case, the decider activates the following experts in the cascade, forwarding to
them the partial decision and the associated reliability. In this way, only the experts
necessary to ensure a decision sufficiently reliable are activated. The decision of stop-
ping the analysis or activating the following stages is made according to a threshold on
the reliability value. The threshold is chosen so as to ensure, on the basis of the re-
quirements of the application domain, the best tradeoff between rejects (which imply
the activation of the successive experts in the CMES) and errors.

The proposed architecture represents a hybrid solution between a pure serial topol-
ogy and a parallel one. A similar approach is proposed by Rahman and Fairhurst [5],
which describe a generalized serial topology (the Modified Distributed Tree Classi-
fier). The main difference that distinguishes our approach from that of Rahman and
Fairhurst is that this latter relies, for its final decision, on the response of only one
expert, the last activated. In our proposal, instead, all the partial decisions taken by the
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intermediate experts are considered and used to reach and strengthen the final decision
and to evaluate the final reliability.

The proposed architecture has been tested on a signature verification application,
employing a large database of signatures produced by 49 different writers. The results
obtained confirm the effectiveness of the presented method.

2   The Proposed Approach

The proposed architecture is made up of a cascade of stages: all but the last stage are
decision stages which consider different set of features, while the final stage, which is
a combination stage, intervenes only if the previous stages were not able to take a
decision. An overview of the system is given in Fig. 1.
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≈ ≈

Fig. 1. The proposed architecture for a verification system

Each decision stage is made of an expert, devoted to the classification of an input
sample, and of a decider. The expert is a two-class classifier (positive or negative).
The decider, on the basis of the output vector provided by the corresponding expert
estimates, by a suitably defined parameter, the reliability of the classification decision
and isolates all the samples that can be reliably considered as negatives. On the other
hand, if either the sample is considered positive or the classification reliability is not
sufficient, the sample is forwarded to the next stage. If none of the decision stages was
able to assign the sample to the negative class, the last stage (combination stage) re-
ceives their answers (including the estimated reliabilities), and on their basis chooses
the most appropriate class. Notice that while the attribution to the negative class can
be done by a single expert, a sample can be assigned to the positive class only after
taking into account the results of all the decision stages.

Before going in details about the flow of the decision process, we briefly explain
the used notation: we will denote as M the number of decision stages, so the total
number of stages is M+1. The reliability parameters, whose values range from 0 to 1,
are in general indicated with �, and the reliability thresholds (formally defined here-
after) with �. These symbols have a subscript denoting the stage they refer to. So
�1, … ,�M, and �c  respectively denote the reliability evaluated in the intermediate
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decision stages and in the final (combination) stage, and �1, … ,�M and �c are the cor-
responding thresholds.

The verification process starts by presenting the input sample to the first stage. If its
response is that the sample is negative and the reliability �1 associated to this decision
is higher than a suitably fixed reliability threshold �1, the system concludes that the
sample is negative and the process stops. Otherwise the sample is forwarded to the
next stage, where the same process takes place, until either the sample is recognized as
negative or the final stage is reached. The samples forwarded up to the last stage are
those recognized as positives by the preceding stages, no matter the associated reli-
ability, or those recognized as negatives, but with reliability lower than the threshold.
The final stage combines the information regarding the decisions taken by the previous
stages, i.e. the class the sample was tentatively attributed to (in the following called
vote) and the reliabilities associated to each vote. The combination stage takes the
final decision according to a weighted voting criterion, i.e., by performing a sum of
the votes for each class, each weighted by the corresponding reliability, and attributing
the signature to the class that achieves the highest score. This stage can decide for a
reject if the reliability �c associated to the winner class (see Section 2.2) is below a
threshold �c.

Section 2.1 illustrates the criteria used for evaluating the reliability of the classifi-
cation decisions and for determining the optimal values of the reject thresholds for the
decision stages, while section 2.2 will present with more detail the combination rule of
the final stage and the corresponding reliability definition.

2.1 The Decision Stages

As discussed in [6], the low reliability of a classification can be traced back to one
of the following situations: a) the considered sample is significantly different from
those present in the training set; b) the point which represents the sample considered in
the feature space lies where the regions pertaining to different classes overlap.
To distinguish between classifications which are unreliable because a sample is of
type a or b, let us define two reliability parameters, � a and � b, whose values vary
between 0 (completely unreliable) and 1 (very reliable). The two parameters are asso-
ciated with each expert and each parameter is a function of the expert output vector.
Suitable definitions of the reliability parameters for some classifier types can be found
in [6,7].

A parameter � providing an inclusive measure of the reliability of a classification
can be computed by combining the values of � a and � b. The form chosen for ��is:

},min{ ba ψψψ = . (

This is certainly a conservative choice because it implies that a low value for only
one of the parameters is sufficient to consider unreliable the whole classification.
However, this is consistent with the kind of classification system considered, which is
aimed at achieving the highest reliability.
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We will now describe the method for determining the optimal values of the thresh-
olds; the rationale of this method has already been described in [6], but with some
restriction that will be removed in the present paper. We will first present the method
in its most general form; then we will show its application to the decision stages.

It is assumed that an effectiveness function P is defined which, taking into account
the requirements of the particular application, evaluates the quality of the classifica-
tion in terms of correct recognition, misclassification and rejection rates, where, for
the decision stages, rejection simply means that the following stage has to be acti-
vated. Under this assumption the optimal reject threshold value, determining the best
trade-off between reject rate and misclassification rate, is the one for which the func-
tion P reaches its absolute maximum.

The requirements of the particular application domain are specified by attributing
costs to misclassifications, rejects and correct classifications. In [6] it is assumed that
these costs are invariant with the classes; in this paper the method is generalized to the
case in which the cost of an error is different as a function of the actual class.

To operatively define the function P, let us refer to a general classification problem.
Suppose that the samples to be classified can be assigned to one of N+1 classes with
labels 0, 1, …, N, where 1, …, N are the labels of the real classes and 0 is a fictitious
class label indicating the reject of the sample. For each class i=1,…,N let us call Rii the
percentage of samples correctly classified, Rij the percentage of samples erroneously
assigned to the class j (with j�i) and Ri0 the percentage of rejected samples. For the

same class i, let 0
iiR  and 0

ijR  indicate respectively the percentage of samples correctly

classified and the percentage of samples erroneously assigned to the class j, when the
classifier is used at 0-reject. If we assume for P a linear dependence on Rii , Rij and Ri0 ,

its expression is given by:
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In other words, P measures the actual effectiveness improvement when the reject
option is introduced, with respect to the performance of the expert at 0-reject. The
quantity Cij  denotes the cost of assigning to the class j a sample belonging to the class

i. It is worth noting that, for j=0, we indicate the cost of rejecting a sample coming
from the class i, while, when j=i, the cost represents actually the gain associated to a
correct classification. Obviously, for each class i, the following relation must hold:

ijjCC iij ≠≠∀≥ ,00 (3)

Since Rii , Rij and Ri0 depend on the value of the reject threshold �, P is also a func-

tion of �. Starting from the results presented in [6] it is possible to show that the fol-
lowing relation holds:
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where Dii(�) and Dij(�) (with j�i) are respectively, the occurrence density curves of
correctly classified and misclassified samples for the class i as a function of the value
of �. In other words, Dij(�) d� is the fraction of samples of class i assigned to class j
with a reliability in the interval [�, �+d�].

The optimal value � *  of the reject threshold � is the one for which the function P
gets its maximum value. In practice, the functions Dij(�) are not available in their
analytical form and therefore, for evaluating � * , they should be experimentally de-
termined in tabular form on a set of labeled samples, adequately representative of the
target domain. The optimal threshold � *  can be eventually determined by means of an
exhaustive search among the tabulated values of P(�). It is easy to show that, in case
of costs independent of the classes the results coincide with those reported in [6].

In the case of the decision stages of our verification system, the number N of
classes is equal to two and we can use the index 1 to denote the positive class and the
index 2 for the negative class. It is worth recalling that the system uses �� only if the
sample is assigned to class 2; hence we actually do not need to define the costs C11 and
C21. Since the samples which are rejected by an intermediate stage are re-examined by
the following stages, we can assume that rejecting a sample has a negligible cost, thus
having C10 = C20 = 0. The definition of the gain for correct recognition C22 is based on
the estimation of the advantage deriving from the reduction of the number of samples
that need to be passed to successive stages if the current one can safely assign them to
the negative class. This advantage is not limited only to the computational cost im-
provement, as it might seem. Also the overall recognition rate can benefit from the
sample filtering done in early stages, since the successive experts have to deal only
with a subset of the possible kinds of negative samples, and thus their training be-
comes simpler. Finally, the misclassification cost C12 is used to take into account the
penalty incurred by the system if a positive sample is mistakenly considered negative.
It is usually strongly dependent on the application requirements; for example, in inter-
active applications it is often simply a measure of the nuisance perceived by the user
for having to repeat the verification process, while in off-line applications it might be
the actual cost of a check performed by a human operator. In typical applications we
expect that C12 >> C22, thus forcing the system to choose a �� which permits only a
very low misclassification rate.

In order to make each expert able to specialize on those cases that are not dealt with
properly by the preceding stages, the expert training is performed in a sequential
fashion. The expert of the stage k is trained only after the expert of the stage (k-1) has
been trained and the optimal threshold of its decider has been determined. Further-
more, for training the expert of stage k only those samples of the training set are used
which are not definitely classified as negatives by the preceding decision stages. In
this way, the task of determining the class boundaries becomes simpler, since only a
subset of the possible variants of negative samples has to be taken into account; fur-
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thermore, the classification can be based on specialized features which are particularly
effective on this subset, while might be not equally appropriate in the general case.
The determination of the optimal threshold also requires a set of labeled samples, as
we have pointed out before. For similar reasons, also for this set we consider at each
stage only the samples that have been passed through by the preceding stages.

2.2 The Combination Stage

The combination stage receives as its input the classes guessed by the decision stages
and the corresponding reliabilities; that is, for each stage k it receives a pair (Ck, �k).
These results are combined by means of a weighted voting scheme, using as weights
the � of each stage scaled by a constant factor which takes into account the overall
reliability attributed to that stage. More formally, for each class j a vote Vj is computed
as follows:

∑
=

⋅=
jC

kkj

k

CkWV ψ),( (5)

where the factor W � [0,1] depends on both the stage and the guessed class. The com-
biner then assigns the sample to the class Cc that received the maximum vote. Notice
that the behavior of the scheme proposed in [5] correspond to having W(k, Ck) = 0 for
k � M. In the general case the values of W can be determined on the basis of the classi-
fication performance of each stage on a representative data set, for example by esti-
mating the a posteriori probability that the expert k is right when it guess the class Ck.

Once the class Cc has been determined, the combiner has to evaluate the reliability
�c of this response on the basis of the � of the intermediate stages. The definition of
the reliability is given, according to the considerations in the preceding section, in

terms of two parameters, a
cψ  and b

cψ , which characterize the two possible situations

that give rise to unreliable classifications.
First we define two auxiliary quantities, which represent the degree of confidence

of the decision stages with respect to the two classes:
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that is, �1 represents the maximum weighted reliability for the winning class, and �2 is
the maximum weighted reliability for the other class (or 0 if all the decision stages
agree on the winner class).

Given these definitions, the reliability factors can be evaluated as follows:
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Once we have determined the reliability of the combiner output, we can apply to
the final stage the method presented in subsection 2.1 for defining an optimal reject
threshold.

It is worth recalling that this time the threshold is used for both the classes, and not
only for the negative samples. In fact, the final stage has three possible outcomes: the
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sample is assigned with high reliability to the positive class, the sample is assigned
with high reliability to the negative class, or the system decides that it is not able to
classify the sample with sufficient reliability.

It follows that for the final stage the whole cost matrix Cij has to be defined. We
may assume that the gain for correct classification and the cost of a reject are not
dependent on the class of the sample, that is C11 = C22 and C10 = C20. On the other hand,
we can expect that the costs of a misclassification are quite different for the two
classes; in particular, for most applications of a verification system C21 >> C12. Moreo-
ver, since the combination stage is the last stage of the system, errors in its outputs
cannot be easily detected and recovered later, so the misclassification costs for both
classes are probably quite higher than the cost of a reject.
In section 3 we will illustrate an experimental testing of our method for a typical ap-
plication of a verification system (off-line signature verification). In that context, an
example of reasonable values for all the application dependent parameters will be
given.

3. Experimental Results

The proposed method has been tested on a signature verification application for which
reliable techniques are currently requested. In signature verification three different
types of forgeries should be taken into account: random forgeries, produced without
knowing neither the name of the signer nor the shape of its signature, simple forgeries
produced knowing the name of the signer but without having a sample of his signa-
ture, and skilled forgeries produced by imitating the shape of the original signature.
Since both random and simple forgeries can be very different from genuine signatures,
because in both cases the writer does not know the model of the genuine signature, it
seems reasonable to consider random and simple forgeries as one category. Conse-
quently, the proposed system is made up of three stages: the first one will cope mostly
with random and simple forgeries, the second one mostly with skilled forgeries, and
the final stage will consider the cases about which the two previous stages were not
able to take a decision.

The features used have been selected among those well known in the literature and
extensively used in other signature verification systems. We have considered two of
the descriptions proposed by Huang and Yan in [8]: the projections of the outline of
the signature and the high pressure regions. We have defined for the first one a feature
vector of 120 elements, and for the second one a feature vector of 30 elements. The
first feature set, as documented in [8], is able to detect most of random and simple
forgeries, even if a number of skilled forgeries can deceive it. On the contrary, the
second feature set revealed extremely discriminant for distinguishing between skilled
forgeries and genuine signatures.
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Both the experts in the first and the second stage are based on neural classifiers
(Multi-Layer Perceptron Networks with three layers of neurons).

The database used contains 1960 signatures produced by 49 writers, selected in in-
homogeneous social and cultural contexts and differing in sex, age and profession. For
each writer, 20 genuine signatures, 10 simple forgeries and 10 skilled forgeries have
been included. Skilled forgeries have been produced by writers after a preliminary
training phase in which they tried to reproduce each signature about twenty times.

To have an estimate of the performance of the proposed system, we report the ex-
perimental results, in terms of FAR (False Acceptance Rate, i.e. the percentage of
forgeries classified as genuine) and FRR (False Rejection Rate, i.e. the percentage of
the genuine signatures classified as forgeries). We consider: i) the two experts working
stand-alone; ii) the experts working according to the proposed architecture at 0-reject,
i.e. without reject in the third stage (�c=0) and, finally, iii) considering the reject op-
tion. Results regarding i) and ii) are reported in Table 1, while results regarding iii) are
in Table 2. For cases ii) and iii), the cost coefficients used for the decision stages are
C22 = 1 and C12 = 10.

Table 1 highlights that the performance of the two experts working separately is not
particularly good; in fact, both the FAR of the first stage (Outline) on skilled forgeries
and the FRR of the second stage (High Pressure Regions) is significantly high. The
use of the experts according to the architecture proposed, operating at 0-reject (this is
obtained by fixing the threshold �c to zero) allows the performance to be significantly
improved on the forgeries, as it is evident from the last row of Tab. 1. In fact, the FAR
is, as wanted, significantly lower than the one of each single expert used (about 67%
less on random, 40% less on simple and 20% less on skilled forgeries). However, in
this case the FRR of the overall system is over twice the FRR of the first stage work-
ing alone (5.71% vs. 2.65%). This is due to the fact that the FRR of the second stage
(High Pressure Regions) of the whole system is very high, i.e. 12.04%, and this limits
the possibility of obtaining good results in terms of the whole FRR.

Table 1. Results in terms of FRR and FAR obtained by the experts constituting the first and the
second stage, working separately, and by the proposed system without the reject option in the
third stage. Last row reports the percentage relative improvement of the FAR and the FRR
obtained by using the system without reject option, with respect to the best single expert.

FAR
FRR

Random Simple Skilled

Outline (First Stage expert) 2.65 0.09 7.14 38.98

High Pressure Regions (Second Stage expert) 12.04 0.86 12.45 26.12

Proposed CMES (without reject option) 5.71 0.03 4.29 20.82

Relative improvement -115.47% 66.67% 39.92% 20.29%

The addition of the reject option to the third stage, with cost coefficients
C11 = C22 = 1, C10 = C20 = 2, C12 = 4 and C21 = 10, determines a significant performance
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improvement, as evident in Table 2. In fact, the FRR becomes less than that of the best
single expert working separately (2.04 vs. 2.65) and the FAR on random and skilled
forgeries further decreases. Particularly effective is the result on random forgeries,
whose relative FAR is almost zero. In conclusion, the system obtains a relative reduc-
tion of 23% in terms of FRR and of 51%, in the average, in terms of FAR.

Table 2. Results in terms of FRR, FAR and reject rate (RR) obtained by the proposed CMES
on the whole database.

Genuine Random Simple Skilled
FRR RR FAR RR FAR RR FAR RR
2.04 3.67 0.01 0.02 4.29 0.00 19.80 1.22

4.   Conclusions

In this paper we have presented a multi-expert architecture particularly suited for
verification systems. For this architecture, we have given some criteria for evaluating
the reliability of the response and a method for the determination of an optimal reject
option. The effectiveness of our proposal has been experimentally evaluated in the
context of a signature verification application, where a significant improvement in the
reliability of the system has been demonstrated.
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Abstract. In this paper we emphasize the need for a general theory
of combination. Presently, most systems combine recognizers in an ad
hoc manner. Recognizers can be combined in series and/or in parallel.
Empirical methods can become extremely time consuming, given the very
large number of combination possibilities. We have developed a method
of systematically arriving at the optimal architecture for combination of
classifiers that can include both parallel and serial methods. Our focus
in this paper, however, will be on serial methods. We also derive some
theoretical results to lay the foundation for our experiments. We show
how a greedy algorithm that strives for entropy reduction at every stage
leads to results superior to combination methods which are ad hoc. In
our experiments we have seen an advantage of about 5% in certain cases.

1 Introduction
Machine recognition of isolated handwritten words, especially cursive script, is
a difficult problem. The problem is made tractable only when constrained by a
lexicon, a list of words that includes the truth of the image as one of its elements.
Research in handwritten word recognition (HWWR) has traditionally focused
on relatively small lexicons, typically comprised of 10 - 1000 entries. Features
extracted from the image are matched against every lexicon entry by an expen-
sive matching algorithm, and a confidence value is computed for each lexicon
entry [5]. The lexicon entries are ranked in decreasing order of confidence. While
this paradigm has proven to be sufficient for many applications from check amo-
unts to street names in mail addresses, there are other applications wherein the
lexicons are large (of the order of 10,000 entries or more) and it is no longer prac-
tical to compare the features extracted from the image with every lexicon entry.
Some means of rapidly eliminating large parts of the lexicon as being unlikely
matches is called for. This process is called lexicon reduction, and serves to ra-
pidly trim the original lexicon down to a tractable size for a word classifier. It is
a known fact that classifier performance declines with increasing size of lexicon.
This may be attributed to the presence in large lexicons of several entries that
the classifier finds difficult to distinguish from the reference. By eliminating some
of these entries, lexicon reduction results in improved recognition performance.
Classifiers can combine in either series or in parallel. Figure 1 shows the architec-
tures possible. This paper is about developing a general theory for combination
of classifiers. In particular, we want to discuss the theoretical and complexity

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 340–350, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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Fig. 1. Two Classifier Combination Models. Parallel Combination methods can have the
classifiers acting independently in terms of both looking at the same original lexicon. Serial
methods are clearly dependent on each other as the second classifier in the series depends
on the results of the first classifier.

issues pertaining to lexicon reduction and the serial combination of classifiers.
Let us assume for the discussion in this paper that the word recognizer is the
classifier and the lexical entries are the classes. Further, let us begin by discus-
sing the case of two classifiers. We shall later see how the methodology developed
can be readily generalized to any number of classifiers. The method of parallel
combination of classifiers would submit the same lexicon to both classifiers and
combine the results using a variety of methods, such as logistic regression and
Borda Count [3,7]. On the other hand, in serial combination, classifiers that ope-
rate later in the engine deal with smaller lexicons. In fact, lexicon reduction is
central to the serial combination methods.

Table 1 shows a few serial combination methods using 3 classifiers. We take
note of the fact that the number of possibilities is very large. First, if there are
3 classifiers, they can be ordered in 3! = 6 ways. Further, given the original
lexicon L0 of length |L0|, the reduced lexicon output by classifier C1 can be of
|L0 − 2| different sizes (not counting the cases when the entire lexicon or just 1
entry are returned). For L0 = 2768, it amounts to 6 × 2766 = 16,596 possible
configurations for the architecture.

The motivation for this paper stems from the difficulty confronted by a desi-
gner in choosing the correct architecture. Empirical methods are typically used
by researchers. However, as the number of classifiers increases and the size of
the lexicon (L0) increases, the situation quickly gets out of hand. Our objective
is to develop the theory that will provide the guidelines for choosing the best
method of serial combination.

If one were to consider parallel combination methods as well, the possible
configurations increase further. Table 1 shows how different architectures can
be configured mixing the notion of serial and parallel combination. We have
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Table 1. There are n! different ways in which n classifiers can be arranged in series.
Ax indicates the accuracy of reduction after first stage of classification with classifier1
and Ay after the second stage. x andy are the sizes of the reduced lexicons.

Architecture Ax Ay A1

102768 50 1
classifier 1 classifier 2 classifier 3

A50 = 70.87% A10 = 39.23% 34.40%

2768 1
classifier 2 classifier 1 classifier 3

500 50

A500 = 62.77% A50 = 60.77% 46.60%

2768 50
classifier 1

1
classifier 3

A50 = 70.87% 52.40%

2768
classifier 1

1
classifier 3

10

A10 = 66.43% 53.83%

shown just a few examples. It should be apparent that the possibilities are very
large. We will describe a universal combination architecture that will allow us
to enumerate every possible configuration. Searching for the optimal choice of

Table 2. Various configurations are possible when parallel and serial methods are
mixed. Ax, Ay, and Az have the same meaning as above.

Architecture Ax Ay Az A1

A500 = A50 = A10 =
classifier 2

classifier 1

classifier 3
lexicons 
union of 

500 10

50 12768

62.77% 26.80% 57.10% 46.83%
A100 = A10 = A5 =

classifier 1

classifier 2

classifier 3
lexicons 
union of 50 12768

50 5

70.87% 70.87% 27.77% 52.40%

the architecture is clearly an open research problem. We will develop a greedy
algorithm that uses entropy measures to search the optimal architecture. We
have experimented with 3 classifiers and present our results (Table 1).

2 Universal Combinator

Let us consider the following model for possible combinations of N classifiers C1,
C2, . . ., CN (Figure 2). Without loss of generality we can assume that the clas-
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Table 3. The GREEDY algorithm described in this paper performs better than the tradi-
tionally used parallel combination methods and the ad hoc serial combination methods.

Architecture A1

1704
classifier 1

classifier 3

1

1704
regresion

linear

79.08%
1704

classifier 1

classifier 3

1

1704
count
borda

79.74%

1704
classifier 1

1
classifier 3

5

83.01%
GREEDY (our method described here) 84.31%

sifiers are running in the same order as they are enumerated. Given an unknown
pattern x and a lexicon L1, the run of the first classifier C1 produces a ranked
list R1 of the words in the lexicon and their associated probabilities. A part
R0
1 of that ranked list is sent to the final decision maker, a part R2

1 contributes
to the lexicon (for a UNION and/or INTERSECTION with other parts of the
lexicon) of the second classifier C2, while another part R3

1 is used for building
the lexicon of the third classifier C3, and so on.

Parts R2
1, R

3
1, . . ., R

N
1 of the ranked list R1, that was output from the run of

the first classifier, are used in building lexicons for the classifiers, that run after
the first one, R2

1 for C2, R3
1 for C3, . . ., RN

1 for CN . Now, when the run of the first
classifier is over, it is the turn of the second classifier C2 to run with lexicon L2
built from part R2

1 of the ranked list, produced by the first classifier C1, that is
sent to C2. The result of the run of the second classifier C2, as before, is a ranked
list R2 of the words in the lexicon L2 and their associated probabilities. A part
R0
2 of that ranked list is sent to the final decision maker, a part R3

2 contributes
to the lexicon of the third classifier C3, while another part R4

2 is used to build
the lexicon of the fourth classifier C4, and so on. When the run of the second
classifier is over, the third classifier C3 run with lexicon L3 built from R3

1 part
of the ranked list, produced by the first classifier C1, and part R3

2 of the ranked
list, produced by the second classifier C2. The output is a ranked list R3 of the
words in the lexicon L3 and their associated probabilities, parts of which are
used to build lexicons for following classifiers. The same procedure is repeated
for all classifiers that follow in the recognition engine. The final decision maker
outputs the final decision as a ranked list or the top choice.
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Our conjecture is that the universal classifier combination model with suita-
bly chosen parameters R0

1, R2
1, R3

1, . . ., RN
1 , R0

2, R3
2, . . ., RN

2 , . . ., R0
N−1, RN

N−1
represents all possible classifier combination of N classifiers. The model gets its
power from the fact that certain Rq

p values can be 0. In fact, if the only non-zero
values are accorded to R0

1 . . . R0
N−1, then the classifiers only contribute to the fi-

nal decision combinator (Figure 2) and the architecture becomes purely parallel.
Further details of the universal combinator will be reserved for another paper in
preparation [4].

2
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L  -  denotes the lexicon used by classifier(i)i

R  -  denotest the part of rank list, produced byj
i classifier(i), used in forming of lexicon L j

Fig. 2. Universal Classifier Combination Model

3 Entropy Measure
Given a lexicon Li, an unknown pattern x, and a classifier Ci which assigns a
probability pw to each word (w) in the lexicon, the initial entropy of the system
is given by

E1 = −
∑

w∈L1

pw ln pw .
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Our conjecture is that the entropy monotonically reduces as the lexicon keeps
getting smaller. There are two cases to be considered. We will show here that
the conjecture holds if the classifiers are error free. That is at every stage, the
classifier preserves the true choice in the reduced lexicon. Since the last classifier
in a serial engine returns just 1 choice, this case assumes that the final recognition
choice returned by the cascade of classifiers is correct. In fact, the conjecture
holds for cases when the classifier is not necessarily error-free. We will skip the
proof of this second case for now.

Lexicon L1 is split into L2 and L1 \ L2. H2 is the entropy associated with
the lexicon L2 (with the corresponding a posteriori probabilities) and G2 is the
entropy associated with the complement L1\L2. The total entropy of the system
is given by

E2 = α2H2 + (1− α2)G2 ,

where α2 is a parameter.
Lexicon L2 is split into L3 and L2 \ L3. H3 is the entropy associated with

the lexicon L3 and G3 is the entropy associated with the complement L2 \ L3.
The total entropy of the system is given by

E3 = α2(α3H3 + (1− α3)G3) + (1− α2)G2 ,

where α2 and α3 are parameters.
We can prove that the entropy of the system keeps decreasing as the lexicon

gets reduced (under certain conditions), provided the reduced lexicon always
contains the true choice1.

If after application of classifier Ci the lexicon is reduced to L1={c1,. . . ,ck}
then the new probability of x to be the word ci is p̄i =

pi

p1 + . . .+ pk
.

Let the initial entropy of the system be E0 = −
n∑

i=1

pi ln(pi). Since the clas-

sifier Ci is error-free, we can choose α1 = 1. The entropy of the system after the
reduction is

E1 = −
k∑

i=1

pi

p1 + . . .+ pk
ln(

pi

p1 + . . .+ pk
) =

1 We use the following two results,
Corollary 1:

(x + y) ln
x + y

2
≤ x ln x + y ln y ≤ (x + y) ln(x + y)

Corollary 2:

A.x1 ln x1 + x2 ln x2 + . . . + xn ln xn ≤ (x1 + x2 + . . . + xn) ln(x1 + x2 + . . . + xn)

B.x1 ln x1 + x2 ln x2 + . . . + xn ln xn ≥ (x1 + x2 + . . . + xn) ln
x1 + x2 + . . . + xn

n
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=
1

p1 + . . .+ pk

k∑

i=1

pi ln(pi)− ln(p1 + . . .+ pk)

Let S = p1 + . . .+ pk, then
E0 − E1 =

(
1

p1 + . . .+ pk
− 1)

k∑

i=1

pi ln(pi)−
n∑

i=k+1

pi ln(pi)− ln(p1 + . . .+ pk)

which is greater than

(
1

p1 + . . .+ pk
− 1)(p1 + . . .+ pk) ln

p1 + . . .+ pk

k
−

−(1− (p1 + . . .+ pk)) ln(1− (p1 + . . .+ pk))− ln(p1 + . . .+ pk)

Hence,
E0 − E1 ≥ −S lnS − (1− S) ln k − (1− S) ln(1− S)

Let us define f(y) (Figure 3).

f(y) = −y ln y − (1− y) ln k − (1− y) ln(1− y)

f ′(y) = ln
k(1− y)

y

Note that if S ≥ rk, then E0 ≥ E1, i.e entropy is decreasing

r
---

1k

-ln(k)

k
k+1

Fig. 3. Graph of f(y)

3.1 Probability Values for Lexical Entries

Most methods take the image of a handwritten word and a lexicon of possible
words, and rank the lexicon based on the “goodness” of match between each
lexicon entry and the word image. Typically, the word recognizer computes a
measure of “similarity” between each lexicon entry and the word image and uses
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this measure to sort the lexicon in descending order of the similarity measure.
The lexicon entry with the highest similarity is the top choice of the recognizer.
The top m choices are often referred to as the confusion set as it contains the
lexicon entries that are “similar” to the actual lexicon entry that matches the
truth in some feature space.

We have developed elsewhere [1] the groundwork for the use of Bayesian
methodology in integration of recognizers with any subsequent processing by
deriving meaningful probabilistic measures from recognizers. This allows us to
compute the entropy values.

4 Greedy Algorithm

We have developed a “greedy” algorithm to dynamically construct a combinator
of N classifiers. Given a test pattern x and a lexicon L, we first apply the classifier
with the best recognition rate on lexicons of size |L|. We reduce the lexicon in
order to minimize the entropy. This reduced lexicon is sent to the next classifier.
We continue the process until we cannot reduce the entropy any more or the
last classifier is exhausted. The top choice of the last classifier used is the final
recognition choice.
Algorithm

– input: pattern x, lexicon L,
– for (i = 1; i ≤ N; i++) {

1. choose from un-used classifiers the one with the best accuracy performance
on a lexicon of size |L|

2. perform the classification and create a ranked list R from the words in the
lexicon L according to their confidences

3. if ( i == N) {
– return the first entry of R
– exit }

4. for (k = 1; k ≤ |L|; k++) {
– R1 is formed from the first k words of the ranked list R with new a

posteriori probabilities
– R2 is formed from the rest of the words of the ranked list R with new

a posteriori probabilities
– choose appropriate α

(for example: probability of the true choice to be present in the lexicon
R1)

– compute the entropy Hk }
5. find the minimal entropy among Hk , 2 < k < |L|
6. if (H|L| is the minimum) {

– mark the classifier as used, but do not use it in the combination
– keep the same lexicon L }

7. if (H1 is the minimum) {
– return the first entry of R
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– exit }
8. if (Hm is the minimum) {

– mark the classifier as used, but do not use it in the combination
– keep in the lexicon L only the first m words of the ranked list R}

}

5 Experiments

Three word classifiers - CMWR (Character Model Word Recognizer) [2] is Clas-
sifier1, WMWR (Word Model Word Recognizer)[5] is classifier2 and HOL (Ho-
listic) [6] is classifier3 in our experiments. Each of them takes as input a binary
image and an ASCII lexicon, computes a probability each lexicon entry and
ranks the lexicon by decreasing probabilities.

WMR is a fast lexicon-driven analytical classifier that operates on the chain-
coded description of the street name image. Following slant normalization and
smoothing, the image is “oversegmented” at likely character segmentation points.
The resulting segments are grouped and the extracted features matched against
letters in each lexicon entry using a dynamic programming algorithm.

CMR adopts a different approach. After preprocessing and oversegmentation,
segments are grouped in various ways and OCR is performed on the groups to
obtain a graph of possible character candidates. For each lexicon entry, the best
path through the graph is then determined. CMR is computationally more ex-
pensive than WMR. The two recognizers are sufficiently orthogonal in approach
as well as features used to be useful in a combination strategy.

HOL does not perform any segmentation, but uses holistic information such
as length, ascenders and descenders to classify the image.

The individual performances of CMR and WMR are shown in Figure 4. The
Oracle represents the method of combination where a correct result is obtained
in the top choice if either of the recognizers has it correct. Tables 4&5 show
how the entropy of the system reduces with lexicon reduction. In this case the
classifiers are not error free. However, the entropy still goes down. Table 6 shows
that the GREEDY method finds the lowest entropy when compared to other ad
hoc methods of determining the architecture of combination.

6 Conclusions

Research in handwritten word recognition has traditionally concentrated on
small lexicons of 10 - 1000 words. Several real-world applications, such as the
recognition of English prose, involve large lexicons of 10,000 - 50,000 words.
Existing classifiers may still be used for these tasks if preceded by a lexicon re-
duction step. The task of lexicon reduction is that of rapidly discarding from
the original lexicon entries that are unlikely to match the given image. The re-
sulting two-stage architecture is a serial combination or cascading of classifiers,
and is an effective method of dealing with large lexicons in real-life word reco-
gnition scenarios. Moreover, by discarding entries that may potentially confuse
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Fig. 4. Oracle combination shows the best possible results that one could obtain from the
combination of WMR and CMR

Table 4. Note the reduction in entropy after each stage of lexicon reduction on 6 example
image samples for two different architectures.

Image

Samples
51704 1

classifier 2 classifier 3classifier 1
10 101704 50 1

classifier 1 classifier 2 classifier 3

after C1 after C2 final entropy after C1 after C2 final entropy
1 5.577219 3.614541 2.814851 6.294333 4.193750 3.366025
2 5.265298 3.447350 2.646646 5.946801 4.045334 3.217013
3 5.537880 3.594105 2.793283 6.250293 4.175640 3.347035
4 5.047477 3.328180 2.530059 5.701441 3.938757 3.112000
5 5.549012 3.598829 2.799862 6.263592 4.180160 3.352859
6 5.577230 3.615262 2.814670 6.294185 4.194074 3.365882

Table 5. Note the reduction in entropy after each stage of lexicon reduction on 6 example
image samples for two different architectures.

Image

Sampeles
1704

classifier 1
1

classifier 3
5

classifier 1
1

classifier 3
101704

after C1 final entropy after C1 final entropy
1 3.730102 2.761246 4.064764 2.783761
2 3.554187 2.584103 3.897464 2.615539
3 3.708750 2.738524 4.044601 2.762236
4 3.428433 2.461479 3.778463 2.498956
5 3.713430 2.745451 4.049117 2.768770
6 3.730988 2.761039 4.065277 2.783551
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Table 6. Final entropy on various image samples using the GREEDY method and other
ad hoc architectures. Note that the GREEDY method usually has the final lowest entropy.

Image

Samples “Greedy”
1704

classifier 1
1

classifier 3
5

classifier 1
1

classifier 3
101704 51704 1

classifier 2 classifier 3classifier 1
10

1 2.76 2.76 2.78 2.81
2 2.58 2.58 2.62 2.65
3 2.74 2.74 2.76 2.79
4 2.46 2.46 2.50 2.53
5 2.75 2.75 2.77 2.80
6 2.76 2.76 2.78 2.81
7 2.65 2.66 2.69 2.72

the classifier, lexicon reduction results in improved recognition performance.
In this paper, we have presented an overview of lexicon reduction as a problem
in its own right, and discussed some of the issues relating to the design and
construction of different combination methods. We have presented a method of
serial combination of classifiers using a GREEDY algorithm that strives for mi-
nimal entropy of the system. Its recognition accuracy is superior to other ad hoc
combination methods.

We have shown theoretically that if the classifiers are error free, the entropy
of the system must reduce as the lexicon size keeps reducing.

We have introduced the notion of the universal combinator.
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Abstract. This paper explores several ways of combining the MASKS and
MKL-based classifiers which we specifically designed for the fingerprint
classification task. The advantages of coupling these distinct techniques are
well evident; in particular, in the case of exclusive classification, the FBI
challenge requiring a classification error ≤1% at 20% rejection was broken on
NIST-DB14.

1   Introduction

The huge amount of data of the large fingerprint databases (several million
fingerprints) seriously compromises the efficiency of the fingerprint identification
task in AFIS (Automated Fingerprint Identification Systems) for both forensic and
civil applications. Adopting a classification approach is a common strategy to reduce
the number of comparisons during fingerprint retrieval and, consequently, to improve
the response time of the identification process.

According to the typology of fingerprints, five classes (Arch, Left loop, Right loop,
Whorl and Tented arch) are commonly used by exclusive classification techniques.
Unfortunately, exclusive classification approaches suffer from the non-uniform
distribution of the fingerprints among the classes (approximately 90% of fingerprints
belong to only three classes) and from the existence of “ambiguous” fingerprints,
whose exclusive membership cannot be reliably stated even by human experts.
We recently proved [12] [3] that a continuous classification approach, where each
fingerprint is characterized by a numerical vector used for indexing the database,
outperforms exclusive classification both in terms of accuracy and efficiency.

The fingerprint classification problem has aroused a great interest in the scientific
community due to its relevance and intrinsic difficulty, and many papers have been
published on this topic [2] [3] [4] [6] [8] [9] [10] [13]. In some recent works, different
classifiers are combined to achieve better results: for example, in [2], a probabilistic
neural network classifier is coupled with an auxiliary ridge-tracing module and in [8]
a k-NN classifier is combined with a set of ten neural networks.

The aim of this work is to investigate the advantages of coupling the MASKS and
MKL-based classifiers, which we recently introduced:

• MASKS [3] is a structural approach where the fingerprint directional image is
partitioned into homogeneous regions, as the result of an optimization process
driven by a set of dynamic masks.
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• The MKL-based approach [4] relies on a generalization of the KL transform [7]
(which we call Multi-space KL transform or MKL [5]), where multiple subspaces
are used for representing and classifying the patterns.

2   MASKS Classifier

Fig. 1. Functional schema of the fingerprint classifier MASKS

Fig. 1 shows a functional schema of the dynamic masks approach (MASKS): the
fingerprint is initially located and cropped from the whole image (segmentation), then
its quality is enhanced through a filtering in the frequency domain and the directional
image is calculated. A directional image is a discrete matrix whose elements represent
the local average directions of the fingerprint ridge lines.

The basic idea of the method consists in deriving a compact version of the
directional image by partitioning it into homogeneous regions (that is having a low
variance in the orientations of the directional elements), thus obtaining a synthetic
representation. A set of dynamic masks, directly derived from the five fingerprint
classes (A, L, R, W, T), is used for the partitioning step, where each mask is
independently adapted to best fit the directional image, according to a cost function.
The resulting costs constitute a numerical vector (d) which can be directly used as an
access key for similarity searches in a continuous classification approach, or can be
processed by a neural or statistical classifier to obtain an exclusive classification.
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The reader should refer to [3] for a thorough treatment of the dynamic masks
approach.

3   MKL-Based Classifiers

Fig. 2. Functional schema of the MKL-based classifiers

The MKL-based fingerprint classifier relies on a generalization of the KL transform
called MKL (which we introduced in a more general context [5]), where multiple
subspaces are used for representing and classifying multidimensional patterns.

Fig. 2 shows a functional schema of this approach [4]. The first two steps are the
same as in MASKS; the third step is the registration of the directional image, which
performs an alignment with respect to the core point in order to reduce the amount of
translational variation. An enhancement step is then executed to reduce the effects of
noise and to increase the importance of the discriminant elements. The enhanced
directional image is treated as a single vector of n elements (by simply postponing its
rows); in the following we will indicate with xi the n-dimensional vector obtained
from a generic fingerprint i.

The underlying idea of the approach is to find, for each class, one or more KL
subspaces which are well-suited in representing the fingerprints belonging to them.
These subspaces are created according to an optimization criterion which attempts to
minimize the average mean-square reconstruction error over a representative training
set; the reader should refer to [5] for a formal discussion of the MKL related concepts.
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With respect to the general MKL formulation, which is an unsupervised technique
over a global training set, the MKL classifier is implemented here in a two-layer way:
first, a “supervised” MKL partitions the training set according to the class
information, then for each partition an “unsupervised” MKL is applied to calculate a
set of KL subspaces. The number of subspaces for each class is fixed a priori
according to the class “complexity”; in particular, more subspaces are created for
complex classes (i.e. whorl), where the MKL ability to handle non-linear spaces1

allows a more effective indexing to be achieved.
The classification of an unknown pattern is performed according to its distances

from all the KL subspaces. For example, in fig. 3, three KL subspaces (S1, S2, S3) have
been calculated from a training set containing elements from the two classes A and B:
subspaces S1 and S2 have been obtained from the elements in A, while S3 has been
obtained from those in B. Given a new pattern x, the distances from the three
subspaces (d1, d2 and d3) contain useful information for its classification.

Fig. 3. A two-dimensional example of MKL transform, where two subspaces (S1, S2) and one
subspace (S3) are used to represent classes A and B, respectively

More formally, let P be a training set of fingerprints, P ⊂ ℜn, whose classes
(A,L,R,W and T) induce a partitioning of P into 5 subsets: PA, PL, PR, PW, PT; let
K = {kA, kL, kR, kW, kT} be a set of scalars specifying, for each class, the dimensionality
of the subspaces associated to that class and let N = { n

A
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 } be a set of

scalars determining the number of subspaces to be created for each class; then the set
of KL subspaces S = {SA
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obtained by generating, for each training subset Pc (c ∈ { A,L,R,W,T }), the set of nc

KL subspaces { Sc
1
, …, Sc

nc
 } through the MKL optimization procedure described in

[5].
Given a vector x corresponding to an unknown fingerprint, the feature vector (of

dimensionality n
A
+ n

L
+ n

R
+ n
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T
) used for the classification is:

d = [dFS(x,SA
1
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1
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where dFS(x,Si) denotes the distance between the vector x and the subspace Si.

                                                          

1 MKL operates according to a divide-et-impera decomposition which produces a piecewise
linear approximation of the input data.
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• As to continuous classification, the vector itself is used as an access key.

• As to exclusive classification, two simple criteria are used:

1. Minimum distance classifier (MKL-MIN): the fingerprint is assigned to the
class *c  such that:

( )


=
=∈ i

cTWRLA
cFS

nic
Sdminarg c ,min

..1}{

*

,,,,

x

2. K-Nearest Neighbor classifier (MKL-KNN): the fingerprint is classified
according to the k-NN rule.

In order to provide a rejection option, a confidence value in [0,1] is associated to
each fingerprint by the above classifiers:

1. MKL-MIN: the confidence is the normalized difference between the two
smallest distances d1 and d2:

( )2121 / ddddconf +−=
2. MKL-KNN: the confidence is the normalized difference between the number of

occurrences (n1 and n2) of the two most frequent classes among the k nearest
neighbors:

( )2121 / nnnnconf +−=

4   Combining Classifiers for Exclusive Classification

Since MASKS was specifically conceived for continuous classification, its exclusive
classification accuracy is substantially lower than those of the two MKL-based
classifiers and, in this specific case, no significant improvement was obtained by
combining MASKS with the two MKL-based classifiers; hence, in the exclusive
classification results, only combinations of MKL-MIN and MKL-KNN classifiers are
reported.
Several classification schemes may be adopted for combining classifiers in the case of
exclusive classification [11] [1]; some of the most popular are: simple and weighted
averaging, voting schemes [16] and non-linear combinations using rank-based
estimators such as the median. In our experimentation, a simple majority vote rule
proved to be an effective technique:

let C = {C1, C2, …, CNC} be a set of NC classifiers and
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In order to provide a rejection criterion, the confidence of the combined classifier
is defined as the average of the individual classifier confidences. The rejection
criterion simply consists in discarding fingerprints whose confidence is lower than a
fixed threshold.

4.1   Experimental Results

The experimentation was performed on NIST Special Database 14 (DB14) [14],
which consists of 54000 fingerprint images from 27000 fingers. Two different
fingerprint instances (named ”F” and “S”) are present for each finger: the images are
numbered from F00001 to F27000 and from S00001 to S27000.
In accordance with the testing rules adopted by PCASYS developers [2], we tested
the classifier on the last 2700 fingerprints (S24301-S27000). Fingerprints F00001-
F24300 and S00001-S24300 (48600 images) can be used for training the classifiers;
we did not use fingerprints F24301-F27000 for training, since they are impressions of
the same fingers used in the test set.

Three disjoint training sets (TR1, TR2 and TR3), each 9720 fingerprints wide,
were assembled from a subset (3/5) of the available 48600 images. Both MKL-MIN
and MKL-KNN classifiers were trained over TR1, TR2 and TR3, thus obtaining six
different classifiers (see table 1). The classifier MKL-COMB is obtained by coupling
the six classifiers according to the majority vote rule. The parameters used are:
K = {26,28,28,29,28}, N = {1,2,2,3,1}; the number k of neighbors for the MKL-KNN
classifiers is 5. In table 1, the error rates of the different classifiers are reported; it
should be noted that the MKL-COMB error rate is 5.6%, which constitutes a 18%
improvement with respect to the average error of the individual classifiers (6.8%); the
performance of the PCASYS hybrid classifier (probabilistic neural network with
auxiliary pseudo-ridge tracer) is 7.8% [2].
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Fig. 4. Accuracy versus rejection curves. The PCASYS performance was manually sampled
from the graph printed in [2]

Classifier Error
MKL-KNN 1 6.6%
MKL-KNN 2 6.7%
MKL-KNN 3 7.0%
MKL-MIN 1 7.0%
MKL-MIN 2 6.5%
MKL-MIN 3 7.1%
MKL-COMB 5.6%
PCASYS 7.8%

A
verage: 6.8%

Table 1. Errors of the different classifiers
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The graph in fig. 4 shows the accuracy of the classifiers as a function of the
percentage of rejected fingerprints; the results of MKL-COMB and of the best MKL-
MIN and the best MKL-KNN classifiers are reported; the remaining two curves show
the accuracy of the PCASYS system, when used with and without the auxiliary
classifier (PRT) respectively. The gray area of the graph highlights the region where
the FBI requirement (99% accuracy with 20% rejection rate) is met. It should be
noted that only MKL-COMB crosses this region; in particular, a 99% accuracy is
quoted at 17.5% rejection rate. To the best of our knowledge, no other classification
approach met the FBI requirement on NIST databases.
We would like to remark that the particular training and test set used were chosen for
a fair comparison with [2], but very close performances (sometimes better) were
measured on different sets over DB14. Finally, NIST DB4 [15] (4000 fingerprints
wide), which is another common classification benchmark, was not used here since it
does not contain enough fingerprints to train several classifiers on different sets.
However, a single MKL-based classifier performed 92.2% at 0% rejection on that
database [4].

5   Combining Classifiers for Continuous Classification

In continuous classification, each fingerprint is characterized by a feature vector in a
multidimensional space. Assuming that similar fingerprints are mapped into close
points, the retrieval problem can be dealt with as a nearest neighbor search. This
approach enables the problem of exclusive membership of “ambiguous” fingerprints
to be avoided and the system reliability to be regulated by adjusting the size of the
neighborhoods considered.

Combining the two classifiers MASKS and MKL in the case of continuous
classification requires a substantially different approach with respect to that
introduced in the exclusive case. In fact, instead of combining decisions, here we have
to couple continuous measures indicating the distance or “dissimilarity” between
fingerprints.
Let dMASKS(i,j) and dMKL(i,j) be the distances between fingerprint i and j as associated by
MASKS and the MKL-based approach, respectively; defining the combined distance
dCOMB(i,j) as a simple or weighted average of dMASKS(i,j) and dMKL(i,j) is in general not
satisfactory, since they are usually defined over different ranges. A trivial
normalization with respect to their minimum and maximum measured values is still
not effective due to the presence of outliers. Furthermore, an “alignment” between the
two distance distributions is necessary in order to establish a common operating point.

The approach here presented re-maps the two distances into a common domain by
means of a double sigmoid function; then, a weighted average is taken according to a
coefficient w, which denotes the individual classifier performance.

dCOMB(i,j) = (1-w) ⋅ bisigm(dMKL(i,j), mMKL, s1MKL, s2MKL) +

                     w ⋅ bisigm(dMASKS(i,j), mMASKS, s1MASKS, s2MASKS)
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Fig. 5 gives an example of the bisigm function, where the meaning of the input
parameters m, s1 and s2 is graphically explained. In particular, m indicates a
“reference” operating point (which is mapped to 1/2), s1 and s2 denote respectively
the left and right intervals where the function exhibits a near-linear shape. The choice
of such a mapping function allows:

1. the distances lower than (m-s1) to be only softly penalized; this is reasonable since,
in real pattern recognition applications, perfect matching is almost impossible;

2. the distances between [m-s1, m+s2] to be near-linearly mapped;
3. the distances higher than (m+s2), which should be attributed to outliers, to be not

too penalized.

An effective way of choosing appropriate values for m, s1 and s2, for a given
classifier, is to select reference points over the curve denoting the complementary
cumulative distribution of the genuine2 distances; given the distribution fg(d) of the
genuine distances, the complementary cumulative distribution ( )dFg  is defined as:

( ) ( )∫−=
d

gg dttfdF
0

1

( )dFg  indicates the percentage of fingerprint pairs whose distance is greater than d.

Fig. 5. The bisigm function plot for m=5, s1=1 and s2=2

In our experimentation, m, s1 and s2 are chosen such that:

• ( ) 6.0=mFg

• ( ) 95.01 =− smFg

• ( ) 05.02 =+ smFg .

                                                          

2 By “genuine” we denote distances between different impressions of the same finger.
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Fig. 6 shows the histograms of the genuine distances distributions fg(d) and the
corresponding ( )dFg  curves both for MKL-based and MASKS classifiers.

While the values 0.95 and 0.05 are reasonable choices, according to the above
mentioned aims 1 and 3, the empirical choice of the m reference point (0.6) derives
from the visual inspection of both the histograms in fig. 6, which exhibit a maximum
close to this value.

Fig. 6.  f
g
(d) and ( )dFg  for MKL and MASKS; the reference points are marked with vertical

dashed lines

5.1   Experimental Results

NIST DB14 was used as a workbench:

• TR1 (as defined in section 4.1) is used to train the MKL-based classifier and to
adjust MASKS parameters; mMKL, s1MKL, s2MKL, mMASKS, s1MASKS, s2MASKS were tuned
over TR2; the weight w is determined according to the relative global performance
of the MKL-based approach and MASKS over TR2.

• Fingerprints F24301-F27000 and S24301-S27000 constitute the test set.

The parameter values used for the tests are: K = {26,29,29,29,29}, N = {2,3,3,4,1},
w = 0.4.
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Continuous classification performance is provided in accordance with methodologies
MA and MB defined in [3]. Methodology MA assumes an error-free classification
and is carried out by retrieving the fingerprints which are less far than a prefixed
tolerance ρ from the searched one. Methodology MB allows for misclassifications to
be taken into account; to this aim, the search is incrementally extended until a valid
matching is found (eventually up to the whole database), avoiding any possible
retrieval error. Fingerprints are processed according to their distance from the
searched one, in increasing order.

As to methodology MA, the graph in fig. 7 shows the accuracy versus efficiency
tradeoff. The combined classifier clearly outperforms the individual classifiers for
errors greater than 2%, while it collapses to MKL performance otherwise.

As far as methodology MB is concerned, table 2 summarizes the average portion of
database searched for the individual and the combined classifiers. A significant
improvement (35% over the average of the individual performances) is achieved by
COMB.

Table 2. Methodology MB: average portion of searched database

MASKS MKL COMB
6.4% 4.9% 3.7%
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Fig. 7.  Tradeoff between the portion of database searched and the retrieval error, varying the
tolerance ρ, for the individual and the combined classifiers. Some specific values are
highlighted in the table on the right

6   Conclusions

In this work classifier combination has been investigated for fingerprint classification,
which is a real challenging task. Several combinations of the MASKS and MKL-
based classifiers have been tested in both exclusive and continuous classification
scenarios. A heuristic approach to combine distance measures between feature vectors
(produced by different methods) has been proposed; the approach has been designed
to address the problem of distance normalization and “alignment”.

%Err
%DB

MKL MASK COMB
10% 18.4% 21.0% 13.2%
15% 11.1% 12.7% 7.2%
20% 6.2% 8.2% 4.0%
25% 3.2% 5.9% 2.3%
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In both exclusive and continuous classification, the combined classifier
outperforms the individual ones; in particular, as to exclusive classification, better
accuracy (94.4%) than those published so far in the literature on NIST DB14 is
obtained, while, in the continuous classification case, a remarkable result (3.7% of
database searched) is achieved for MB. In order to further improve the performance,
we believe that an interesting research direction is to study the combination of the
methods presented here with other classifiers which exploit features other than the
directional image (on which both MKL and MASKS are based).
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Abstract. Biometric person authentication is a secure and user-friendly way
of identifying persons in a variety of everyday applications. In order to achieve
high recognition rates, we propose an audio-visual person recognition system
based on voice, lip motion and still image. The combination of these three data
sources (called sensor fusion) may be performed in several ways. We present a
method for a sensor normalization based on statistical properties which we call
sensor calibration. The final fusion simplifies to a multiplication or addition of
the outputs of each sensor. This approach is evaluated on a large database of
170 people with a total of 6315 recordings which were recorded in at least two
sessions per person.

1 Introduction

With electronic communication starting to dominate large areas of everyday life, a
safe method of identifying users is essential to prevent data misuse. Home-banking,
tele-shopping and internet services are being used by an increasing number of people.
In these business relationships the partner is only virtually present which means that
identifying him or her by a reliable identification system becomes necessary.
Identification systems, however, are only acceptable if all participants can rely on

the safe identification of the people involved. A password and a PIN number alone do
not meet this heightened need for security. Biometric methods, that is the evaluation
of persona-specific data, may, however, increase the protection of the user and at the
same time improve the convenience of operation.
With the person authentication system SESAM (Synergetic Recognition by still

image, acoustics and motoricity1) [1] biometric information from several different
sensor sources are put together to form a common decision.
In this paper we focus on the sensor fusion within the SESAM system. We pre-

sent a method for obtaining normalized sensor output independent of preprocessing
and classification algorithms being used. This is done by using a statistical descrip-
tion estimated from a training sample. We refer to this whole procedure as sensor
calibration.
This paper is devided into six sections. The next section describes the basic system

outline and the feature extraction and classification methods used for each biometric
1 the abbreviation comes from the German translation Synergetische Erkennung mittels

Standbild, Akustik und Motorik

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 362–371, 2000.
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cue. In section 3 a method for statistical sensor calibration is presented. In section
4 we describe our database used for the experiments. The results obtained and the
testing protocol is described in section 5. In the last section an outlook on further
work is presented.

2 System Outline

The basic concept behind our system is shown in figure 2. This concept was ori-
ginally described in [1]. It utilizes one static and two dynamic biometric modalities
for recognition. The modalities are:

– a still image of a person’s face
– acoustic features of a person’s voice
– the mimic information of the mouth region.

The features are calculated from a short video sequence which is captured while
the person under test is pronouncing a short code word, for example his/her last
name. The recording interval is one second and the code word is fixed, as we use a
text dependent speaker and mimic-recognition.

Fig. 1. Multi-sensory person recognition based on audio and visual sensor sources.

In order to test the system, two different frameworks come into question: a veri-
fication and an identification framework. In the verification case a user provides his
identity and is then approved by the system to really be that person. This can be
said to be a “two-class decision”. On the other side, when identifying a person, the
system has to choose which person out of a more or less large pool of persons known
to the system. This can be called a “multi-class decision”. We use an identification
framework to measure the performance of our algorithms.
The algorithms used for the processing and classification in each sensor cue are

detailed in the next sections.
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2.1 Face Processing

Detecting and locating faces in gray-level images is the first step in a real-world
face recognition system. For our experiments presented in this paper our database is
manually labeled so that we know the face positions in advance.
The face processing consists of a spatial normalization step where the faces are

scaled to a size of 64× 64 pixel. The facial organs such as the eyes and the mouth are
spatially aligned. This is necessary because our classification algorithm is view-based.
To become robust against different lighting conditions the aligned and normalized

face image undergoes an edge extraction step. The edge information is calculated
using a standard sobel edge operator [2]. This edge image is reordered into a vector
and used as a feature vector for the classification.
For recognition of the face features we use the synergetic computer. A detailed

description of the algorithm can be found in [3] and [4].

2.2 Mimic Processing

For motion analysis of the lip movements a sequence of sub-images containing only the
mouth area is extracted from the video sequence. A window centered on the located
mouth positions in each of the original images of the video sequence is used. The
mouth area is normalized to a size of 128 × 128 pixel. We use only 17 consecutive
frames (frame-rate 25 fps) for feature extraction.

Fig. 2. Feature calculation from a lip sequence with optical flow analysis.

An optical flow analysis using the method of Horn and Schunk [5] is applied
to the generated mouth sequence. This algorithm extracts the motion in an image
sequence in a quick and robust manner. The optical flow is calculated between every
two consecutive frames and stored in 16 vector fields of 32 × 32 vectors. In order to
guarantee invariance with respect to spatial and temporal shifts, the power spectrum
from the three-dimensional motion field is calculated. This is then used as the feature
vector in the classification process. In this branch we also use the synergetic computer
for classification.

2.3 Speech Processing

As we have a fixed codeword for each person we use a text dependent approach for
speaker recognition. The first processing step is to window the speech signal using
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a hamming window of 22msec length and 11msec overlap. Each of the i obtained
windows wi of length N = 1924 samples is then input for a fourier based cepstrum
calculation. The fourier cepstrum ci is defined as follows [6]:

ci(0) =

√
1
N

N/2−1∑
ν=0

log |Wi(ν)|, (1)

ci(q) =
1
N

N/2−1∑
ν=0

log |Wi(ν)| cos πq(2ν + 1)
N

,

q = 1, · · · , N/2, (2)

where |Wi| is the power spectrum calculated from the i-th speech window wi

Wi = DFT {wi} . (3)

The ensemble of feature vectors ci is used for classification. The classification itself is
done with a vector quantizer (VQ) [7] approach. For each person a codebook consisting
of 2 code vectors is built during training. Given a sample of i feature vectors ci

obtained from a spoken code word we obtain the score by computing the euclidian
distance of the sample to each personal codebook.

3 Sensor Fusion

The purpose of sensor fusion is to determine which class a given sample of biometric
data belongs to. We assume that the combination of several biometric cues that can
be measured independently and therefore make independent errors leads to a superior
classification performance compared to each single sensor.

X 1

X 2

X n

classification postprocessing

classification postprocessing

classification postprocessing

sensor fusion

Sensor 1

Sensor 2

Sensor n

  processing

  processing

  processing

Fig. 3. Schematic diagram of sensor fusion.

Figure 3 shows the schematic flow diagram of sensor fusion. At first the three
sensors work independently. Each sensor performs data acquisition, then the data is
processed (as described in detail in sections 2.1, 2.2, 2.3). Next the extracted features
are passed on to the classifier. This process is also independent from the classifiers in
the other sensor branches. Each classifier returns a class result and a score for that
class.
In the post processing step, the results of the classifiers can be scaled and combined

in several different ways as explained in the following sections.
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3.1 Distance Measures

The classification algorithms used here are the two mentioned in section 2, namely
the synergetic computer for face and mimic classification and the VQ for speech
classification. Here we want to discuss how to generate a similarity measure in an
identification task that can be used for both methods. Suppose we have K persons
trained to the system. If a person is classified, K distances have to be calculated. In
a naive approach one would say that the person is assigned to the class with the best
distance (using min or max decision rule due to the used classifier). It is not possible
to reject a person as unknown because there always exists one “best” distance.
To overcome this we can use a security threshold for the absolute distance (Di-

stance To Prototype, DTP) or define a relative score measure that allows the intro-
duction of a robust security threshold [1]. Both can be used as input for the sensor
calibration and fusion introduced in the next sections.

1
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Fig. 4. Example for the three proposed distance measures DTP, DTA, DTN ( see text for
definition) displayed for the best score according to the maximum rule

We reorder the K distances in descending (ascending in case of minimum rule)
rank order S(r),with r = 0, 1 . . . , K−1, so that S(0) gets the best score while S(K−1)
gets the worst. We define the Distance To Next (DTN) score measure as

DTN(r) = |S(0)− S(r)| r ∈ [1, K − 1] (4)

Of special interest is the relative distance between the best and the second score
DTN(0).
Another score measure that takes the distance between the average score and the

best score is called Distance to Average (DTA) and is defined as

DTA(r) = S(r)− 1
K

K−1∑
ρ=0

S(ρ); (5)

While the DTN measure always is positive, the DTA measure will change sign for
large r. These values indicate a bad match and so all classes which have other-signed
values can be ignored in the sensor fusion step. Tests for the two proposed score
measures DTP and DTA are reported in section 5.
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3.2 Sensor Calibration

As the results of the sensors come from different classifiers and feature distributions,
they cannot be compared in that form. Therefore we want to estimate a statistical
description so that each sensor calculates a probability for a measurement to belong
to a certain class. The data handled to the fusion module then consists of a set of
class labels and dedicated confidence values. We consider the case of a single sensor
first and look at the decision fusion later.
Given a binary event ω which describes whether the class label k estimated from

the sensor measurement Xk
i points to the correct class (ω = ω0) or not (ω = ω1). Xk

i

is measured using one of the score measures (DTP, DTA, DTN) presented in the last
section. The subscript i denotes the number of the sensor, in our case i ∈ {1, 2, 3}.
We are especially interested in the two probability density functions p(Xk

i | ω0) which
describes the probability for a measurement Xk

i being associated with the correct
class (that is k in that case) and p(Xk

i | ω1) the opposite event.
The probability density function (PDF) for Xk

i can be written as

p(Xk
i ) = p(Xk

i | ω0)pi(ω0) + p(Xk
i | ω1)pi(ω1); (6)

where the a-priory probability pi(ω0) is the recognition rate or ground truth of the
classifier and pi(ω1) = 1 − pi(ω0) is the miss classification rate in the sensor branch
i. This probabilities can be estimated from a training data set. We use the results
reported in a former published paper on this biometric identification framework [1].
The (PDF) is calculated from histograms which are obtained from a training data

set. Figure 5 shows an example of such histograms.
The probability of assigning the right class label to a measurement is according

to Bayes’ theorem:

p(ω0 | Xk
i ) =

p(Xk
i | ω0)

p(Xk
i )

pi(ω0); (7)

The Probability Density Functions (PDF) p(Xk
i | ω0) and p(Xk

i | ω1) are estimated on
the training database. The corresponding strategies are detailed in the next paragraph.
To calibrate the sensor we use the confidence

P (ω0 | Xk
i ) =

Xk
i∫

−∞
p(ω0 | X)dX. (8)

for a match to the right class for mapping the K classifier scores in the i-th branch
Xk

i .

3.3 Decision Fusion

The final step in our fusion approach is the combination of the results obtained from
the normalized sensors. In order to do so simple fusion approaches are used. We
evaluate the sum rule (SUM) which is defined as

Sk =
1
3

∑
i

P (ω0 | Xk
i ) (9)
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Fig. 5. Example for a measured histogram of the distance measure DTN obtained from
2000 trials in the face recognition branch. The first histogram shows the distribution for true
customers while the second was obtained from impostor trials. The two PDFs p(Xi | ω0)
and p(Xi | ω1) are estimated using such histograms.

and the product rule (PROD)

Sk = 3
√∏

i

P (ω0 | Xk
i ). (10)

The maximal score after the combination calculated with one of the distance measures
DTN or DTA is compared with a safety threshold. If the score survives the threshold
the person is classified to the associated class, if not it is rejected as unknown. The
threshold allows to parameterize the system with regards to specific safety require-
ments.

4 Testing Protocol

4.1 Database

The database used for the test of our proposed sensor calibration consists of 6315
samples taken from 170 persons. The samples of each person is recorded in at least
two sessions. Each sample consists of an audio and video sequence showing a person
saying the code word. The data set is divided into two subsets.

Table 1. Data sets used for fusion experiments.

recordings recordings
set persons person total
TOTAL 170 25-60 6315
TRAIN 170 8 1360
TEST 170 17-52 4955

Table 1 gives an overview over our database. The set TRAIN is used to train
the classifiers and to estimate the PDFs for the sensor calibration. The set TEST is
classified to evaluate the system.
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4.2 Estimating the Calibration Data

The sensor fusion experiments are conducted with an identification task. Here all
persons are trained to the system. For recognition no identity claim is made by the
user. The system has to decide whether the user belongs to the set of known persons
and has to assign a class label to him or not. The two PDFs used for sensor calibration
are computed from the training set for each sensor individually. We usually use three
to five samples per person to train the system. Each sensor is trained independently
from the others except for the fact that the data stems from the same sample. To
measure the calibration data we train the system using a leave-one-out method.
To estimate p(Xi | ω0) we leave out one sample of all persons and train the

remaining ones. The left out samples are classified. This is done repeatedly for all
training shots.
For the estimation of p(Xi | ω1) we leave out all training samples of one person.

The remaining persons are trained and the samples of the left out person are classified.
This is repeated for all persons.
The results are counted in two histograms (one for ω0 and one for ω1). This hi-

stograms are transformed into corresponding PDFs by smoothing and normalization.

5 Performance Evaluation

The rates presented here are the false rejection rate (FRR) and the false acceptance
rate (FAR). These rates are dependent on a certain threshold that can be adjusted
when classifying: when lowering this safety threshold, the FRR is decreased, while
the FAR is increased. The rate where both error rates are the same is called EER
and is used in the following section as a measurement for the quality of a certain
configuration.
We have analyzed the influence of the number of sensors and the type of combi-

nation. In table 2 and 3 we show on the one hand the EER and on the other hand
the maximal recognition rate when no safety threshold is applied.

Table 2. Error rates when using only one, two or three sensors for classification, using the
sensor calibration and the fusion method SUM and the score measure DTN.

Sensor EER max
single sensor
audio 5.8% 89.9%
flow 5.9% 90.4%
face 9.5% 83.2%
two sensors
flow and audio 2.7% 95.5%
face and flow 3.2% 94.9%
face and audio 5.9% 89.9%
three sensors
flow, audio and face 2.4% 96.2%

Table 3 shows the same rates that can be achieved using different sensor fusion
methods. The lowest rates are achieved using the sum fusion. For this case figure 6
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Table 3. Error rates when using all three sensors for classification, and different fusion
methods and distance measures.

distance
measure

fusion me-
thod EER max
SUM 2.4% 96.2%DTN
PROD 2.5% 96.0%
SUM 2.3% 96.2%DTA
PROD 2.5% 96.0%

shows the curves for the FAR and FRR rates. From the intersection point of these
curves the EER can be estimated. The overall computing time required to record and
evaluate a person’s data is about 1,5 secounds on a Pentium 200 Mhz.

Fig. 6. The recognition curves for the combined three sensor results using SUM fusion rule
and DTN measure. The EER is the crossover point of the two error curves.

6 Conclusions and Future Work

We have presented a scheme for normalization of a sensor independent from the others
for a sensor fusion architecture. The term sensor calibration refers to the physical
sensor and the feature extraction and classification. Provided there is enough data to
estimate the sensor specific statistics needed for calibration as it is the case in a large
identification system where there are usually many customers, the system performs
very well.
Future work is directed towards the comparison of this method with other pro-

posed fusion schemes, also an extension to person verification is planned. There the
sensor normalization must be done for each person individually or at least a personal
adaption step must be included.
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Abstract. A modular neuro-fuzzy network is proposed for the classification of
musical instruments from the sound they produce. Each module, which is
inherently a fuzzy inference system with the capability of learning fuzzy rules
from data, operates on a distinct subset of input features. All sub-networks are
separately initialized and trained by a two-phase strategy. First, a fuzzy
clustering algorithm is applied to establish the structure of each sub-network as
well as the initial values of its parameters. Then, each sub-network enters a
supervised learning phase for optimal adjustment of its parameters. After
learning, each sub-network encodes in its structure the knowledge learned in the
form of fuzzy if-then rules. The various sub-networks are then combined in a
single modular network that is able to face the complete classification task.
Preliminary experimental results compare favorably with human performance
on the same task and demonstrate the utility of the modular approach.

1 Introduction

Recognizing sound sources in a complex environment is arguably the primary
function of the human auditory system. Recognition is possible, in part, because
acoustic features of sounds often betray physical properties of their sources. While
humans can become skilled at identifying the types of sound sources, no artificial
system, to date, has been built that can demonstrate the same competence. As a
consequence, much attention of the research is devoted to create artificial systems that
can learn to recognize the sound sources in a complex auditory environment. There
are many applications in which automatic sound source identification would be
useful. For example, it would be useful to build intelligent systems that can annotate
[1] or transcribe music [2], [3] to build up safety systems based on the recognition of
particular sound sources (e.g. human voice), for sound data compression, for studies
about the human processes of sound source recognition.

Current research in this area is still mainly based on the Helmholtz's study [4]
concerning the definition of musical "timbre" and the relative perceptual importance
of various acoustic features of musical instrument sound. However, traditional
approaches of computer science in general [5] and Artificial Intelligence [6] in
particular do not offer good solutions in a world such as the musical one,
characterized by its subjective and irrational character.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 372−382, 2000.
 Springer-Verlag Berlin Heidelberg 2000



The goal of this work is to develop an artificial system that automatically classifies
and recognizes musical instruments from the sounds they produce. The work has two
objectives. From a scientific point of view, it intends to deepen the knowledge about
music interpretation through its modelization via adaptive techniques. From an
engineering point of view, it is an attempt to build a piece of an artificial system for
annotation/transcription of musical sounds.

In particular, in this paper we focus on the classification of orchestral musical
instruments into families using a modular neuro-fuzzy network. Both the
classification problem and the network architecture are divided. The classification
task is split into a number of simpler sub-tasks and as many sub-networks are trained
on separate training sets corresponding to different sub-regions of the feature space.
The structure and the weights of each sub-network are first initialized by a fuzzy
clustering algorithm. Then each network enters a supervised learning phase for
optimal adjustment of its parameters. After learning, each sub-network encodes in its
structure the knowledge learned in form of fuzzy rules and processes information
according to a fuzzy reasoning scheme. The various sub-networks are then combined
in a single modular network that is able to face the complete classification task. The
use of such a modular approach, also justified on neurobiological grounds [7], would
permit the formation of high-order computational units that can perform complex
tasks such as that of musical instrument identification. Moreover, one key advantage
is the reduction of the computational complexity of the learning process, which is
globally more affordable with respect to training a single large network to solve the
task as a whole. In addition, the integration of a fuzzy reasoning scheme and a neural
network  helps to develop explicit rather than implicit classification schemes and to
quantify vagueness can exist both in musical sounds themselves and in rules
governing the classification mechanism.

The paper is organized as follows. Section II describes the preprocessing of
musical data and feature extraction. Section III illustrates the architecture of the
proposed modular neural-fuzzy network. In section IV the learning algorithm is
described. Section V presents the experimental results followed by conclusions in
Section VI.

2 Data Pre-processing and Features Extraction

Given a musical instrument, we want to classify it into the correct instrument family
(i.e strings, woodwinds, brass) by processing any instrument tone’s sound signal,
properly sampled at a given frequency.  Typically, in a sound waveform four regions
can be identified according to its energy (Fig. 1). Since the sound waveform is not so
"regular" in time, it is important to take into account spectral features and the time in
which they occur in the signal. Then, both temporal and spectral features should be
extracted from the sampled signal.

To perform this time-frequency analysis we use the short-time Fourier transform
(STFT) which is equivalent to a filterbank where the filter channels are linearly
spaced in center frequency and all channels have the same bandwidth. STFT is
computed by dividing the original signal )( tx  into S segments (called frames), and
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then by computing the Fourier transform )( fX s  of each segment s = 1,...,S. The result

is a spectrogram, which provides the spectrum of the signal in every frame. See Fig. 2
for an illustrative example.

Fig. 1. Typical trend of energy for a sound waveform produced by a traditional
musical instrument. Regions: (A) attack, (B) decay, (C) sustain, (D)release.

0 0 . 5 1 1 . 5 2 2 . 5

x  1 0
4

- 0 .0 2

- 0 .0 1

0

0 . 0 1

0 . 0 2

0 . 0 3

0 . 0 4

 
0 

100 
200 
500 
800 

1000 
 

2000 
 

5000 
 

10000 
 

12000 
 

16000 
  0 0.5 1 1.5 2 2.5 3 3.5        sec 

Hz 

Fig. 2. (a) Tone of a horn (the sound signal )( tx  is sampled with a sampling frequency of 32

KHz). (b) Spectrogram of the signal. The horizontal axis is time, the vertical axis is frequency,
the gray intensity is the harmonic magnitude at a given frequency and time.

The spectrogram provides a very large amount of frequency-time information. We
extract a smaller number of spectral features by considering some particular
frequency bands of biological relevance. Precisely, by simulating the frequency
response of the human cochlea, we divide the range of frequencies U = [100, 16000]
Hz (see Figure 3) by means of the Equivalent Rectangular Bandwidth (ERB) scale
[8], [9] into 24 bands, on the same line of the Critical Bandwidth (CB) scale [10]. The
spectral information is reduced by integrating the spectral magnitude envelope of the
s-th segment, i.e. )( fXs , over the frequencies within each ERB band. Hence, for each

frame Ss ,...,1=  and for each ERB band Bb ,...,1=  we compute the band loudness:

∫
∆+

∆−

=
2

2

bb

bb

f

f

s
b
s dffXL |)(|

(1)

where fb
 and ∆b

 are the center  and the width of the b-th band, respectively. b
sL  can be

regarded as the intensity of the sound signal within a window of frequencies having
the width of a ERB band.

                     (a)                                                                 (b)
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Moreover, we consider only 1 sec of the sampled signal )( tx  (i.e. since sampling

frequency is 32 KHz, we get the first 32000 sound samples) and compute the STFT
with a window’s width of 1/20 sec (i.e. 1600 samples). An overlap of 6.25 msec (i.e.
200 samples) between windows is also taken. As a result, we obtain 20=S  frames.
This is not so restrictive, because typically a classical musical instrument’s sound
reaches its “steady state” energy in less than 1 sec. The result is a cochleagram
(Figure 4) which represents, in the time domain, the loudness of the sound signal
within all the 24 critical bands. Hence, the total amount of resulting features is

4802024 =× .
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Fig. 3. Partitioning of U into 24 ERB critical bands. The vertical lines show the bands’ centers.
The computation of 22

1L  (for frame s=1 and band b=22 having center frequency bf =9739.51

Hz) is also shown in a geometrical sense.

     s
       b

Fig. 4. Cochleagram of the signal in fig. 2a., where s is the frame number, b is the band
number, l is the band loudness. Each square region of the surface represents a feature.

3 The Modular Neuro-Fuzzy Network

In this section we describe the modular neuro-fuzzy network designed for musical
instruments classification. The task of classifying musical instruments can be
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formalized as follows. We assume that P  patterns ( ) Ppxxx P
N

pp ,...,,,..., 11 ==  are

available. Each pattern represents the cochleagram of the note’s sound performed by
an instrument belonging to one of m classes (families) mCC ,...,1  of musical

instruments. The classification task involves assigning a given pattern x  to one of the
m possible classes based on its features, hence it can be represented as a mapping

{ }mNX 10,: →ϕ  where ( ) ),...,( mcccx 1==ϕ  such that 1=lc  and ljmjc j ≠== ,,...,, 10 .

To perform this task we propose the use of a modular neuro-fuzzy network. The
architecture is composed of a number of modules (sub-networks) that operate on
disjoint subsets of the input features without communicating each other. Each module
is a neurofuzzy network capable of classifying a pattern according to a region defined
on the input features. Precisely, the cochleagram is split into sub-regions:  a "low"
part comprising the first 12 bands (from 1 to 12), and a "high" part comprising the last
12 bands (from 13 to 24). Both the low and the high part is further divided into 5
regions, each comprising 4 frames as depicted in Figure 5. Hence, 10 sub-networks
are used; each of them specializes itself by learning a region of the input space made
of 48 features. The sub-network outputs are then properly combined by an integrating
unit which has the role of averaging among the different modules to produce the
desired classification response.

                                      

Fig. 5. Architecture of the modular neuro-fuzzy network. The cochleagram is split into 10
regions that are inputs for sub-networks (here represented by circles). Their responses are
averaged to give the final response.

3.1 Sub-network Structure

In this section the structure of a single sub-network is described. Such structure is
designed to match the inference mechanism of a multi-input multi-output (MIMO)

Σ

Σ

Σ
Global

response

Partial responses
for the low part

Partial responses
for the high part
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fuzzy classifier with the form of a zero-order TSK model, i.e. based on a collection of
K rules of the form:

)()()()(: kmmk
k
nn

k
k viscviscAxAxR ...ANDANDTHENisAND...ANDisIF 1111

for Kk ,...,1= , where kR  is the k-th rule, k
iA  are fuzzy sets defined on the input

variable ix , ni ,...,1= . They are represented by Gaussian membership functions

( ) ( ){ }22exp ikikiiik wxx σµ −−=  where ikw  and ikσ  are the center and the width of the

Gaussian function, respectively. The consequents 
jkv  are fuzzy singletons defined on

the output variable jc  representing the membership value of pattern x  to class jC .

They can be regarded as the center of a symmetric membership function with its
width neglected during the defuzzification process.

By adopting singleton fuzzification, discrete center-of-gravity defuzzification
method and rule inference with the Larsen’s product operator for fuzzy conjunction
and sum as aggregation., the inferred crisp output values (i.e. the class membership
values) for an input pattern ( )00

2
0
1

0
nxxxx ,...,,= , are calculated as:

                           ( ) ( )∑∑
==

⋅=
K

k
kkj

K

k
kj xvxc

1

0

1

0 µµˆ         mj ,...,1=                              (2)

where ( ) ( )∏
=

=
n

i
iikk xx

1

00 µµ  is the activation strength of the k-th rule. Thus the outputs

[ ]10,ˆ ∈jc  of the fuzzy classifier represent the membership degree of the pattern to class

jC . This yields to a "soft" (fuzzy) classification.

The topology of each sub-network, designed according to the working process of such
a fuzzy system, comprises three layers:
1. Layer 1L . Nodes in this layer receive the feature values ( )nxxx ,...,, 21  and act as

fuzzy sets defined on the corresponding input variable. They are arranged into n
groups; each group comprises fuzzy terms of a single input variable. Each node

1Lik ∈  receives the input variable concerned, i.e. ix , and computes the

membership value ( )iik xµ  which specifies the degree to which the input value ix

belongs to the fuzzy set k
iA . The output of node 1Lik ∈  is computed by the

following function:

( ) ( ){ }221 exp ikikiik wxf σ−−=

2. Layer 2L . The number of nodes in this layer is equal to the number of fuzzy

rules. A node in this layer represents a fuzzy rule; for each node, there are n
fixed links from the input term nodes representing the premise part of a fuzzy
rule.  The kth node performs precondition matching of the kth rule by computing
its activation strength, thus its output is:
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( ) ( )∏
=

=
n

i
ikk ff

1

12

3. Layer 3L . Nodes in this layer correspond to the output variables. Each node j

acts as a defuzzifier and computes the output values jĉ  according to (2) :

( ) ( ) ( )∑∑
==

=
K

k
kkj

K

k
kj fvff

1

2

1

23

The weights of the network are { }ikw , { }ikσ  and { }kjv  representing the parameters of

the Gaussian membership functions { }ikµ  and  the consequent values of fuzzy rules,

respectively. Hence the neuro-fuzzy network encodes a set of fuzzy rules in its
topology, and processes information in a way that matches the fuzzy reasoning
scheme adopted. The structure of this neuro-fuzzy network is depicted in Fig. 6.

Fig. 6. Structure of a single sub-network.

3.2 Integrating Units

Finally, one important issue is how to combine the outputs of the ten sub-networks
to form the final output of the classification system. The interconnectivity of a
modular network is usually tuned to the application domain by using some integrating
units that perform the function of mediating among the sub-networks. In our case, two
integrating units are used, one to combine the outputs of the five sub-networks
processing part "low" of the feature space, and the other to combine the sub-networks
processing part "high". The outputs of each integrating unit is a weighted average, as
follows:

                ∑∑
∈∈

=
Lowr

r

Lowr

r
j

rLow
j cc )()()( ˆˆ αα         ∑∑

∈∈
=

Highr

r

Highr

r
j

rHigh
j cc )()()( ˆˆ αα              (3)
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where )(ˆ r
jc is the j-th output of the sub-network processing the r-th sub-region, and

)( rα  are the associated weights. Such weights are chosen so as to give more
importance to the output of modules processing the first frames. Indeed, it has been
demonstrated experimentally that the attack has a great influence in the recognition of
a sound source (if we discard the onset of a sound, the recognition becomes difficult
even for humans). In fact, many sound timbre characteristics are stronger in the early
vibrations than in the last ones (i.e. more in the sound onset than in his “steady state”).
As a consequence, the weights have been chosen according to the following

decreasing function: ( )
r

cr =α , 51,...,=r  where c is a constant value, here set to 3.0.

However, such weights can also be modified as part of the learning by implementing
the integrating unit as a gating network [11].

The final output of the modular classifier is obtained as a simple average of the
partial outputs produced by the two parts of sub-networks.

( )high
j

low
jj ccc ˆˆˆ += 2

1 (4)

Note that each sub-network gives a “soft” classification response, and the average of
them is also “soft”. To obtain hard classification, the highest component of the final
output vector is mapped to 1 while other components are mapped to 0. In other words,
the pattern 0x  is assigned to the class tC  such that { }mt ccc ˆ,...,ˆˆ 1max= .

4 Sub-network Learning

Each sub-network is initialized and trained by a two-phase strategy. The first phase
clusters the feature space to find rules parameters. The second phase uses a supervised
scheme for rule premise and consequent adaptation.

Given a training set ( ){ }PpcxS pp ,...,,, 1==  of  P patterns, the weights of the

network are initialized by clustering the input space and defining the logical
relationship between the cluster membership values and the class labels. The fuzzy c-
means (FCM) algorithm [12] is applied to find clusters in the input space. When
clustering is completed, a collection of K cluster centers, together with cluster
membership values for each training pattern, hereafter denoted by { }pkϖ , are

available. Each cluster center ),...,,( nkkkk wwww 21=  is a prototypical data point in the

feature space nX  that represents the antecedent of the kth fuzzy rule, hence its
components are used to initialize the weights { }ikw  representing the centers of the

Gaussian membership functions in the premise part of the kth rule. Initial weights
{ }ikσ  representing the widths of the membership functions are obtained using the N-

first-nearest-neighbor heuristic: rww hkik −=σ , ni ,...,1=  where hw  is the closest

cluster center to kw  and r is an overlap parameter ranging in [1.0,2.0]. Finally, initial

values of { }kjv  are obtained by taking into account how much patterns belonging to
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class jC  are covered by the k-th cluster. This is done by using the cluster membership

values pkϖ , directly available from the FCM algorithm, and the class label vectors

( )p
m

pp ccc ,...,1= , for all training patterns Pp ,...,1= . as follows:

             ∑∑
==

=
P

p
pk

P

p

p
jpkkj cv

11

ϖϖ       mj ,...,1=

After weight initialization, the network enters the supervised learning phase to
optimally adjust the parameters. A gradient method performing the steepest descent
on a surface in the network parameter space is used [13]. Given the training set, the

goal is to adjust weights so as to minimize an overall error function ∑
=

=
P

p
pP Ee

1

1  with

( )∑
=

−=
m

j

p
j

p
jp ccE

1

2

2
1 ˆ , where p

jĉ  is the  j-th output of the neuro-fuzzy network for the

current pattern px  and p
jc  is the corresponding desired class label. For the sake of

simplicity, the subscript p indicating the current pattern will be dropped in the
following. The general update formula for a generic weight α  is αηα ∂∂−=∆ E

whereη  is the learning rate. Starting at the first layer, a forward pass is used to

compute the activity levels of all the nodes in the network to obtain the current output
values. Then, starting at the output nodes, a backward pass is used to compute α∂∂E

for all the nodes. In summary, the complete learning algorithm is as follows.

1. Initialization: initialize weights { }ikw  and { }ikσ  with center and width of

membership functions determined by clustering, and weights { }kjv  with rule

consequent derived after clustering.
2. Input: Select the next sample ( )cx ,  from S
3. Forward step: propagate x  through the network and determine the class

membership values ( )mcc ˆ,...,ˆ
1

4. Backward step: compute error terms for units 3Lj ∈ , 2Lk ∈  and 1Lik ∈

( )
( ) jj
j

j cc
f

E ˆ−=
∂
∂−=

3
3δ   ,        ( )

( )
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( )
( ) ( )( )∑ ∑

= =
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1 1
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5. Adjustment: update weights { }kjv , { }ikw  and { }ikσ  respectively according to:

( )
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6. If ε<E  then go to step 7. else go to step 2.
7. End.
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4 Experimental Results

To perform the task of classifying musical instruments into families, we used a
dataset of 500 sound samples of 12 orchestral instruments played on their entire pitch
ranges, belonging to three different families: strings (viola, violin), woodwinds
(bassoon, oboe, clarinet, flute, piccolo), brass (tuba,  horn, trumpet, flugelshorn,
muted trumpet). The sound dataset was supplied by K. D. Martin of the MIT Media
Laboratory Machine Listening Group, Cambridge MA, USA.
In these preliminary experiments, all sub-networks were initialized with the same
structure by applying the FCM algorithm with 15 clusters. Each sub-network was
trained for 1000 epochs on 70% of the samples, leaving 30% as test samples. All sub-
networks were cross-validated with 20 different 70%-30% splits, providing a
classification rate on the training set ranging from 93% to 98%. The average
generalization results for the single sub-networks as well as for the whole modular
network are summarized in Table I, while Table II shows a breakdown of the
generalization results in terms of musical families.
Reading such results, it can be seen that the whole modular network provides a better
classification rate on the test set with respect to single sub-networks. This is due to the
effect of the integration unit that averages all the partial outputs: if a sub-network
fails, some others can compensate for its mistake, thus allowing the whole network to
provide a good final response.

Table I. Average classification results of the single sub-networks and the modular network
on the test set for 20 trials using different 70%-30% splits

Sub-networks

1 2 3 4 5
Part Low 82,25 64,66 65,63 69,19 64,61
Part High 76,61 75,63 76,12 75,07 72,28

Modular Network 87,61

Table II. Average classification results of the modular network with a breakdown into
families

Strings
(26 samples)

Woodwinds
(53 samples)

Brass
 (63 samples)

Whole Test Set
(142 samples)

Ave. 80,96 85,84 91,82 87,61
St. Dev. 7,54 3,88 2,80 2,83
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6 Conclusions

A modular neuro-fuzzy network for musical instrument classification has been
proposed. Each sub-network is a connectionist model of a fuzzy classifier, which can
find its optimal structure and parameters automatically. Preliminary experimental
results showed that the proposed modular network is able classify instruments into the
correct family with a success rate that compares favorably with human performance
on the same task. Of course, further work is in progress to improve the classification
results. For example, we are studying the effect of using different structure sizes for
the sub-networks and different types of integrating unit on the modular network
performance. This work represents the first step towards the development of a system
which identifies individual instruments after a first classification into families. The
use of such a taxonomic hierarchy should provide strong computational advantages
over direct classification of musical instruments.
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Abstract. In this paper we consider a category of classification tasks,
where the classification results are sentences of words subject to a given
grammar. The particular nature of grammar-guided sentence recognition
makes classifier combination rules known from the literature not appli-
cable any longer. We propose a conceptually new approach to classifier
combination that consists of three main components: class set reduction,
inconsistency localization, and resolution. The proposed algorithm repre-
sents a framework for classifier combination in grammar-guided sentence
recognition that is applicable to a variety of different tasks. Experimental
results will be shown for the task of spoken email command recognition,
where an acoustic and a visual classifier are combined.

1 Introduction
Traditionally, the classification decision made by a classifier represents an atomic
entity, i.e. a single class name, which is regarded correct or wrong as a whole.
In this paper we investigate a different category of classification tasks, where
the classification results are sentences of words subject to a given grammar.
Examples of this kind of classification tasks are email commands [3] and legal
amount recognition in check reading [1]. If we consider each sentence possibly
generated by the grammar as an individual class, we are faced with a very high
number of classes (possibly infinite) which makes the recognition task difficult.
Moreover, each class, i.e. each sentence, consists of a (possibly large) number of
basic words. Thus if only one of the words is misrecognized, the whole sentence
is not correctly classified. As the number of words in a sentence may vary, for
the same input signal, from one classifier to the other, combination strategies
developed earlier for the classification of atomic entities are not applicable for
grammar-guided classification tasks.

We propose a conceptually new approach to classifier combination dedicated
to grammar-guided sentence recognition. It consists of three main components:
class set reduction, inconsistency localization and resolution. We first introduce
the general concept of grammar-guided sentence recognition. Then, an outline
of the classifier combination algorithm is given in Section 3, followed by a de-
scription of the three main components in Sections 4-6. Finally, we conclude
the paper by a discussion of the application of the proposed classifier combina-
tion approach to recognition of spoken email commands in Section 7 and by a
summary of the work in Section 8.

J. Kittler and F. Roli (Eds.): MCS 2000, LNCS 1857, pp. 383–392, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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2 Grammar-Guided Sentence Recognition

A grammar G = (N,T, P, S) is defined by its finite sets of nonterminals N , termi-
nals T , productions P , and the unique initial nonterminal S ∈ N . The terminals
T are the basic words from which a sentence of the language can be constructed
by concatenation, while the nonterminals N correspond to higher level concepts.
The productions P describe how complete sentences of the language are built
from simpler parts. L(G) is the language generated by G.

In the rest of the paper we will illustrate the various definitions and steps of
the classifier combination algorithm by using the grammar G = (N,T, P, S):

N = { COMMAND, VERB, NUMBER, DIGIT }
T = { display, reply, forward, delete, message, one, two, . . . , nine, zero, oh }
S = COMMAND;
P = { COMMAND → VERB message NUMBER,

VERB → display | reply | forward | delete,
NUMBER → DIGIT | DIGIT DIGIT,
DIGIT → one | two | three | · · · | nine | zero | oh }

which is a simplified version of the email command grammar defined in [3].
Classifiers can be constructed to recognize sentences subject to a given gram-

mar. For instance, hidden Markov models are able to incooperate grammatical
knowledge. In this case the output of the classifier will be an ordered list of N
legal sentences of the grammar, each being possibly associated with a recogni-
tion confidence value. Such a classifier therefore solves the two subproblems of
a sentence recognition task:

– segmentation of an input signal, resp. its representation in terms of feature
vectors, into individual parts, each corresponding to a single word, and

– classification of each individual part

in a unified framework. The integration of a grammar makes sure that the output
sentences can all be produced by the grammar.

3 Outline of Classifier Combination Approach

The prerequisite for classifier combination is k classifiers, each of which provi-
des, for an input signal, a sorted list of N candidate sentences. If we assume
that the correct sentence appears in the lists of all classifiers, we can apply, for
example, the Borda count combination rule which basically sums up the rank
of each candidate sentence in all k ranking lists. Unfortunately, the usual case
in real life is that the correct sentence may not appear at all among the N top
candidates of neither classifier. However, if the majority of the atomic classes
(i.e. the individual words that make up the sentence) output by each classifier
is correct, we may be able to recover the correct sentence by classifier combi-
nation. For this combination the first question is which candidate among the
N to choose from each classifier. In accordance with the Borda count rule we
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Fig. 1. Syntax tree for sentence display message six oh (left) and display message three
oh (right), respectively.

certainly prefer candidates with high confidence (low ranks). On the other hand,
we should select, from the different classifiers, only candidates that are similar
to each other. By considering both criteria we define a score function to select
one candidate sentence from the output of each classifier, see Section 4.

The next step consists of localizing the differences between the selected can-
didate sentences (Section 5) and resolving the inconsistencies (Section 6). The
inconsistency localization is done by comparing the corresponding syntax trees
of the candidate sentences. After the inconsistent parts within each sentence
have been identified, a second round of classification is initiated. It is focused
on the inconsistent parts only and includes classifier combination again. Thus
classifier combination is applied in a recursive way.

As an example, let’s assume that there are two classifiers and two candidate
sentences display message six oh / display message three oh, one from each classi-
fier, are selected based on the score function. The corresponding syntax trees are
shown in Figure 1. Their comparison reveals that the two sentences differ only
in the subsentences six / three, both of which are derived from the nonterminal
DIGIT. This inconsistency is then resolved by applying the classifiers and the
classifier combination procedure again to the localized inconsistent subsentences.

In the following sections all components of the classifier combination proce-
dure will be discussed. For description clarity we assume k = 2 and a formal
description for a generalization to k > 2 classifiers can be found in [4].

4 Class Set Reduction

Given two ranked lists of N candidate sentences, we are concerned with selecting
the one candidate from each list that is most likely to be a distorted version of
the correct sentence. As stated in Section 3, two criteria are involved here: rank
(in accordance with the Borda count rule) and distance of candidate sentences.

4.1 Distance of Sentences

A candidate sentence is a string of terminal symbols of the given grammar. As
such, the distance, or dissimilarity, of two candidate sentences may be defined
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as the string edit distance [2]. From the information theoretic point of view,
however, a sentence goes beyond a simple string of symbols because it is subject
to grammatical rules in a way specified by the corresponding syntax tree of
the sentence. Therefore, we have to take this structural information source into
consideration. In this work we assume that the grammar is unambiguous. That
is, there exists a unique syntax tree for each sentence derived from the grammar1.

The syntax tree of a sentence is an ordered labeled tree whose nodes are
labeled by nonterminal/terminal symbols of the grammar and in which the left-
to-right order among siblings is significant. By incooperating structural informa-
tion, a sentence, or equivalently its syntax tree, can be represented by a sequence
consisting of all subtrees of the root node. The order of the subtrees is exactly
the same as that in the syntax tree from left to right. Given two sentences we
therefore have two sequences of subtrees. By considering subtrees as symbols,
the standard dynamic programming technique [2] can be used to compute a
matching score between the two sequences, i.e. the two given sentences. For this
purpose we only need to specify the cost function c(t1 → t2), where t1 (t2)
corresponds to either a subtree of the first (second) syntax tree or an empty
tree Λ. (The cost function will be discussed later in this section.) Note that this
notation implies the cost for all standard edit operations insertion, deletion, and
substitution. As the result of matching the two sequences of subtrees we obtain
a matching score and the corresponding optimal mapping Π from the first se-
quence t11t

1
2 · · · t1m to the second sequence t21t

2
2 · · · t2n, where tki represents the i-th

subtree of the syntax tree of the k-th sentence generated by the classifier. The
mapping Π consists of pairs (t1i , t

2
j ), (Λ, t2j), and (t1i , Λ), which correspond to edit

operations substitution, insertion, and deletion, respectively.

Recall that our goal is to define a distance function between two sentences
taking into regard the structural information. The matching score resulting from
sequence matching may serve this purpose. However, it suffers from the problem
that the real difference between two sentences is not described in proportion to
their overall size. For instance, two sentences t11t and t21t with common tail t will
be assigned the same distance value independent of the size of t. This effect is
definitely undesired. Our solution to this problem is to set the different parts of
two sentences, resp. the corresponding syntax trees, in relation to their overall
size. Given two sentences T1 = t11t

1
2 · · · t1m and T2 = t21t

2
2 · · · t2n, each represented

by the sequence of their subtrees, let ΠT1T2 denote the optimal mapping from
T1 to T2. Then, the number of common nodes, n(T1, T2), of T1 and T2 can be
counted by:

n(T1, T2) =



0; T1 = Λ or T2 = Λ
0; root labels of T1 and T2 are different
1 +

∑
(ti,tj)∈ΠT1T2

n(ti, tj); otherwise

1 From the practical point of view, this is not a real limitation usually.
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Finally, we define the distance of two sentences T1 and T2 by:

d(T1, T2) =

{
0; T1 = Λ and T2 = Λ

1 − n(T1,T2)
max(|T1|,|T2|) ; otherwise

where |T | denotes the number of nodes in T . Obviously, this distance function
maps two sentences to a real number within [0, 1] and the value zero is only
taken for the case of two identical sentences.

In the dynamic programming technique described above the cost function
c(t1 → t2) is still not defined. Generally, this function models the likelihood that,
due to distortions, t1 is transformed into t2. Therefore, it is directly related to
the difference between t1 and t2. We propose to use

c(t1 → t2) = d(t1, t2).

Implicitly, this specifies the cost for insertion and deletion

c(Λ → t2) = c(t1 → Λ) = 1

as well.
In summary the computation of sentence distance includes the following

steps. The two involved sentences are represented by T1 = t11t
1
2 · · · t1m and T2 =

t21t
2
2 · · · t2n in terms of their subtrees. The dynamic programming technique is

applied to compute a matching score and the corresponding optimal mapping
ΠT1T2 from T1 to T2. Then, the number n(T1, T2) of common nodes of T1 and
T2 is determined based on ΠT1T2 , which finally leads to the distance d(T1, T2).
Note that the cost function for the edit operation substitution is defined by
the distance value of the two involved subtrees. Consequently, the procedure
of distance computation described above is recursively called in the dynamic
programming algorithm.

For our example of the two sentences and their corresponding syntax trees
TS1 and TS2 in Figure 1 the dynamic programming technique will provide the
optimal mapping:

ΠTS1TS2 = {(T11, T21), (T12, T22), (T13, T23)} (1)

To illustrate the procedure of distance computation we consider c(T13 → T23) ≡
d(T13, T23), which is required for computing d(TS1, TS2). The dynamic program-
ming produces a matrix for T13 = T15T16 and T23 = T25T26, see Figure 2. Here
we need, among others, the cost c(T15 → T25) (≡ d(T15, T25)), which is again
solved by the dynamic programming technique, see Figure 2. For this purpose
we need further c(T17 → T27) which is simply 1 because n(T17, T27) = 0 holds.
Moreover, an insertion and deletion operation with cost one each are involved.
We then obtain ΠT15T25 = {(T17, T27)} from the matrix. This leads to:

n(T15, T25) = 1 + n(T17, T27) = 1

and
c(T15 → T25) = d(T15, T25) =

1
2
.
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Computation of c(T13 → T23)

T25 T26

0 1 2
T15 1 1

2
3
2

T25 2 3
2

1
2

ΠT13T23 = {(T15, T25), (T16, T26)}}
=⇒ n(T13, T23) = 4; c(T13 → T23) = 1

5

Computation of c(T15 → T25)

T27

0 1
T17 1 1

ΠT15T25 = {(T17, T27)}
=⇒ n(T15, T25) = 1; c(T15 → T25) = 1

2

Fig. 2. Example of distance computation.

Similarly, we are able to derive n(T16, T26) = 2 and c(T16 → T26) = d(T16, T26) =
0. Based on c(T15 → T25) and c(T16 → T26) we easily get:

ΠT13T23 = {(T15, T25), (T26, T26)}

from the dynamic programming which results in:

n(T13, T23) = 1 + n(T15, T25) + n(T16, T26) = 4.

Finally, the cost c(T13 → T23) is determined to be 1
5 . It can be verified in a

similar way that d(TS1, TS2) = 1
9 .

4.2 Sentence Selection

Recall that the reason for deriving the distance function of two sentences is the
operation of class set reduction. It selects one sentence from each of two ranked
lists of N candidate sentences that is most likely to be a distorted version of the
correct sentence.

As stated earlier, two criteria are investigated for this purpose: rank (in
accordance with the Borda count rule) and distance of candidate sentences. We
consider pairs of candidate sentences, one from each classifier. Each pair (T1, T2)
is evaluated by a score function:

S(T1, T2) = w · (r(T1) − 1) + (r(T2) − 1)
2(N − 1)

+ (1 − w) · d(T1, T2)

where r() denotes the rank of a sentence and takes a value out of {1, 2, · · · , N}.
The first term represents a variation of the Borda count, while the second term
brings the distance of the two sentences into consideration. The two terms are
weighted by the factor w ∈ [0, 1]. The pair (T1, T2) with the smallest score is
accepted to be distorted versions of the correct sentence and fed to the inconsi-
stency localization and resolution step (described in Sections 5 and 6). In case of
multiple pairs, all having the same minimum score, we compare the respective
d() of these pairs and select the pair with the smallest d() value. If ambiguity
remains even in this case, we need some more sophisticated resolution rule.
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Currently, we simply generate a reject, with the consequence that the overall
classifier combination algorithm terminates immediately and outputs a reject.

In our illustration example we simply assume that the sentence pair shown
in Figure 1 will be assigned the smallest score among all possible pairs and
therefore forwarded to the inconsistency localization and resolution step.

5 Inconsistency Localization

Given a pair of candidate sentences determined by the class set reduction step,
we are faced with two possible situations. The two candidates may be identical.
In this case no further action is needed. The classifier combination algorithm
terminates immediately and outputs the sentence as the combination result.

For the case of the two candidate sentences being not identical there exists
at least one identical nonterminal symbol R in the corresponding syntax trees
which has different derivations under the two classifiers. Let T1 and T2 denote
the tree below R (including R) in the two syntax trees, respectively. Further
we assume ΠT1T2 being the optimal mapping from T1 to T2. Then, ΠT1T2 must
contain one edit operation of the type:

– (t1, Λ) ∈ ΠT1T2 , or
– (Λ, t2) ∈ ΠT1T2 , or
– (t1, t2) ∈ ΠT1T2 , where the root labels of t1 and t2 are not identical.

Such a nonterminal symbol indicates an inconsistency in the recognition results
of the two classifiers and must be identified. For this purpose we consider two
syntax tress T1 and T2, both with the same root node label R, and establish a
list of inconsistencies (LOI). At the beginning T1 and T2 are given by the entire
syntax trees TS1 and TS2, respectively, and R is simply the initial nonterminal
symbol S of the grammar. The discussions above lead to the following simple
rules:

1. If |T1| = 1 and |T2| = 1, then LOI(T1, T2)=∅.
2. If the optimal mapping ΠT1T2 from T1 to T2 contains one edit operation

of one of the three types listed above, then the derivation corresponding to
T1 is different from the derivation corresponding to T2, i.e. LOI(T1, T2) =
{(T1, T2)}.

3. Otherwise, LOI(T1, T2) = ∪(t1,t2)∈ΠT1T2
LOI(t1, t2).

Here the first rule stops the process of determining LOI(T1, T2). Note that if
|T1| = 1, then |T2| = 1 must be true as well. Otherwise, T1 has a single (root)
node labeled by a terminal, while T2 has a nonterminal root node. Since T1
and T2 have root nodes with different labels, the process must have termina-
ted at the father node of the two root nodes. Therefore, no other termination
rules other than the first one are needed. After applying these rules, the list
LOI(TS1, TS2) contains all inconsistencies that occur in the recognition results
of the two classifiers.
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For the example sentence pair shown in Figure 1 the optimal mapping ΠTS1TS2

is given in (1). In this case we obtain:

LOI(TS1, TS2) = LOI(T11, T21) ∪ LOI(T12, T22) ∪ LOI(T13, T23)
= LOI(T11, T21) ∪ LOI(T12, T22) ∪ {LOI(T15, T25) ∪ LOI(T16, T26)}

Obviously, LOI(T15, T25) = {(T15, T25)} holds since ΠT15T25 contains (T17, T27)
only and the two trees T17 and T27 have different root labels. Without explicit
derivation we observe that LOI(T11, T21) = LOI(T12, T22) = LOI(T16, T26) = ∅.
Finally, we get LOI(TS1, TS1) = {(T15, T25}. That is, the single inconsistency
in this example results from two different interpretations of the nonterminal
DIGIT.

6 Inconsistency Resolution

There is one situation where no inconsistency resolution is possible. If the list
LOI(TS1, TS2) only contains one entry (TS1, TS2), then the inconsistency occurs
at the initial nonterminal symbol S. In this case the classifier combination algo-
rithm immediately terminates with a reject.

In all other cases, all inconsistencies in LOI(TS1, TS2) detected by the loca-
lization process will be independently resolved. Each inconsistency (T1, T2) ∈
LOI(TS1, TS2) corresponds to a common nonterminal symbol R and a corre-
sponding subpart P1 resp. P2 of the entire input signal to the two classifiers. We
propose to resolve the inconsistency by applying the classification and combina-
tion procedure again locally to P1 and P2. This process consists of two steps.
First, we need to extract the subparts P1 and P2 from the original input sig-
nals and compute the features of P1 and P2 that are fed to the classifiers. Here
we can include a preprocessing of P1 and P2 in a way locally adapted to these
subparts. In handwritten text reading, for instance, this preprocessing could be
a local slant correction constrained to P1 resp. P2 only. Under consideration of
the possibly non-uniform slant of text lines this kind of local preprocessing ope-
rations potentially helps us resolve the inconsistencies [1]. A second preparation
step concerns the grammar used by the classifiers to guide the classification.
The initial nonterminal symbol S should be replaced by R now, resulting in a
new grammar (N,T, P,R), which generally generates a subset of the original
language only.

For each (T1, T2) ∈ LOI(TS1, TS2), the application of the classification and
combination cycle provides a unique result or the combination procedure ter-
minates with a reject. In the former case the inconsistency positions in the
recognition results of the two classifiers are replaced by the unique result from
the inconsistency resolution procedure.

For the two example sentences the inconsistency resolution step implies that
the parts of the input signal corresponding to T15/T25, i.e. the word six/three,
are extracted and their features, possibly after a proper local preprocessing, are
fed to a new cycle of classification and combination. Notice that in this new
cycle, the input signal is smaller, and the grammar is more constrained. Thus, it
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Input: ranked list of candidate sentences L1 and L2 from two classifiers
Output: a sentence or reject
/∗ Class set reduction ∗/
select one sentence C1 (C2) from each L1 (L2);
if selection not successful then terminate with reject;
if C1 = C2 then terminate with C1 as result;
/∗ Inconsistency localization ∗/
compute LOI(TS1, TS2) for (C1, C2);
/∗ Inconsistency resolution ∗/
if LOI(TS1, TS2)={(TS1, TS2)} then terminate with reject;
for each (T1, T2) ∈ LOI(TS1, TS2) do

resolve inconsistency (T1, T2) by applying a new classification/combination cycle;

Fig. 3. Classifier combination algorithm Combiner(L1, L2).

can be expected that this new round of classification is more robust and reliable
than the previous one. If the inconsistency can be successfully resolved, then
the resulting word will replace the initial inconsistent part in the sentence and
generate the final combined classification result.

Now we are able to give an overall description of the classifier combination
algorithm, see Figure 3. This description highlights the three main components,
i.e. class set reduction, inconsistency localization and resolution.

7 Application and Experimental Results

In this section we briefly describe an application of the classifier combination
approach proposed in this paper to a lipreading task of understanding spoken
email commands. A detailed description of the lipreading task including the
grammar which generates the email commands is given in [5]. The total number
of classes, i.e. sentences generated by the grammar in this application is more
than thirty thousand.

Two classifiers are designed using acoustic and visual signals, respectively.
Both the acoustic and visual classifier are based on hidden Markov models
(HMM). For each basic word of the vocabulary (terminals of G) an HMM is con-
structed. These basic HMMs are then concatenated according to the grammar
G, resulting in a complex HMM that is able to recognize any sentence genera-
ted by G. For acoustic and visual recognition, linear prediction coefficients and
2D-FFT coefficients are used as features, respectively.

The experimental data were collected by a single person speaking sentences
following the grammar G. The training set consists of 222 sentences, which con-
tain 976 instances of the 44 basic words (terminals) while the testing set has
a size of 106 sentences with a total of 322 word instances. The ground truth
labeling of the training data was made manually.

We define rejection and error rate as
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rejection rate =
rejections
total tests

; error rate =
total tests − rejections − correct tests

total tests − rejections

respectively. The recognition results at sentence level from both classifiers and
from classifier combination are

acoustic visual combination
error error error rejection

rate 27.4% 39.6% 19.5% 17.9%

The rejection rate of each of the two individual classifiers is zero. Here we can
see that the error rate is significantly reduced by means of classifier combination.
Obviously, this reduction of the error rate can be achieved only if part of the
input data is rejected. However, such a behavior of the classifier may be desired
in applications where the cost of a wrong decision is high compared to a rejection.

8 Conclusion

Earlier works on multiple classifier combination are concerned with classifica-
tion tasks in which the classification decision represents an atomic entity. In
the present paper we have considered classifier combination in the framework of
grammar-guided sentence recognition. Its particular nature makes simple combi-
nation rules such as Borda count not applicable any longer. We have proposed a
conceptually new approach to classifier combination that consists of three main
components: class set reduction, inconsistency localization and resolution. The
proposed algorithm is general enough to be adapted to various applications. Ex-
amples of grammar-guided sentence recognition include email commands and
legal amount recognition in check reading. The classification combination al-
gorithm proposed in the present paper has been applied to the email command
recognition problem combining two classifiers that operate on acoustic and visual
signals, respectively, and achieved encouraging results.
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Abstract. For matching a template to a target object in an image under
influences from obstructing objects, a two dimensional array of figure-
and-ground classifiers is introduced. Each classifier in the array observes
a corresponding point in an image and determines if the point belongs to
the target object (figure) or its background (ground). Neighboring clas-
sifiers communicate via local connections. The local communication is
used to transmit the shape transformation parameter values so that the
neighboring classifiers interpret their observing points under continuous
and topology preserving shape transformation. Some basic experiments
were conducted to evaluate the performance of the method and the me-
thod’s effectiveness was confirmed.

1 Introduction

A number of shape matching techniques have been developed and applied to
pattern recognition and computer vision related problems. For example, Hough
transform and its generalized version for arbitrary shapes [1], have been used
to match a parameterized template shape to target shapes under noises and
obstructing background objects. Hough transforms only deal with uniform and
geometric transformations such as shift, rotation and dilation. To cope with
irregular and non-geometric shape deformations, which occur due to various ob-
serving conditions, deformable template techniques have been developed [2] [12]
[5] [11]. The deformable template techniques are more sensitive to the influences
from background obstacles than the techniques based on Hough transforms. In
addition, their computation cost increases in a combinatorial order in terms of
the number of deformation factors. As there is no theoretical solution to reduce
the computation cost, heuristic approaches have been taken but the matching
procedure tends to get stuck at a local optimum.

Although their applications are limited to relatively simple problems, Markov
Random Field (MRF) models [4] and cellular neural networks [9] provide an
interesting framework which deals with image processing tasks by an array of
locally connected simple processing units. In these frameworks, each processing
unit observes only a point or a small portion in an image. Global information
is obtained only through the interaction among neighboring processing units
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as there is neither a unit observing a whole image nor a connection between
distant units. In the MRF models, the local connections are used to constrain
the gray levels of connected pixels to be continuous when these pixels belong
to an identical region. This constraint is turned off when the connected pixels
belong to different regions.

The method presented in this paper, inspired by the frameworks of Hough
transforms and MRF models, uses an array of classifiers and performs shape
matching or object extraction by finding an optimal set of shape transformation
parameters for a registered template of the object. Each classifier in the array
observes a point in an image and judges if the point belongs to the object or
not. The classifier consists of a shape representation neural network and, as its
preprocessing part, an Affine transformation neural network. The template shape
is represented by the shape representation neural network which is designed to
output 1 when the coordinates (x, y) of a point inside the template shape are
inputted and to output 0 when the coordinates (x, y) of a point outside the
template shape are inputted. As the neural network is composed by sigmoid
functions, the actual output value takes a gray level in the range (0, 1). However,
the binary representation is obtained when the gain parameters of the sigmoid
functions take sufficiently large numbers. When the gain parameters take small
values, a blurred shape is represented. An output value closer to 1 means that
the inputted point is more plausibly classified as an inside point and an output
value closer to 0 means that the inputted point is more plausibly classified as an
outside point.

Each classifier in the array, at first, transforms the coordinates of its observing
point by Affine transformation, and then, by applying the shape representation
neural network, classifies the transformed point to inside or outside of the ob-
ject. As in the MRF models, a continuity constraint operates so that the Affine
transformation parameters are kept constant or continuous within the same ob-
ject region. This constraint is implemented using local connections and used to
keep the shape’s topological structure. Under this continuity constraint, each
classifier in the array repeatedly updates its Affine transformation parameters
so that its output becomes close to 1 when the intensity level of its observing
pixel is high and 0 when the intensity level is low, where we assume the input
images are otained by a sensing system which gives high intensity levels for the
pixels corresponding to the object regions. This framework works in a similar
fashion to the Hough transform as it finds a set of pixels which are mapped to
the template shape by the same or close Affine transformation parameter values.

In our previous works, the Affine transformation parameter values were fi-
xed inside a windowed area [7] or their continuity were controlled so that the
neighboring pixels belonging to the same object were mapped using the same
or close Affine parameters, while the pixels in the background and the pixels in
the object were mapped using different Affine parameters area [8]. The former
failed in shape detection when the windowed area contained obstructing objects
in its large portion. In the latter, variables to control the continuity of Affine
parameters were introduced so that the constraint of continuity was turned off
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along the boundary between the object and the background. Unfortunately, this
made the method very complicated and required careful adjustment of system
parameters depending on input images. It also required an impractical amount of
computation. In this paper, a simple averaging operator is shown to be effective
to reduce the effects of obstructing objects with a small amount of computation.

2 Shape Representation and Figure-and-Ground
Classification

The shape extraction method presented in this paper, uses a template represen-
ted in a parametric fashion [11], that is, as a function: g = F (x, y, P ) which, with
a set of transformation parameters: P , specifies a gray level g ∈ (0, 1) of the tem-
plate image for any given position (x, y). In this representation, different from
the pixel-based template representation which specifies gray levels for discrete
positions, gray levels can be specified for any continuous positions. Transformed
shapes are represented by using different parameter values for P . By searching
values of P with which transformed template matches a target shape in an input
image, shape extraction is performed.

The function F (x, y, P ) is constituted by a three layer feed forward neu-
ral network (Shape representation network) and, as its pre-processor, an Affine
transformation network. Use of 6 inputs: x2, y2, xy, x, y and 1 to the Shape
representation network is proven to be effective to represent shapes. The overall
structure of the network is illustrated in Fig.1 (a). A template is represented by
the part framed as Shape Representation Net. A unit in the first layer repre-
sents a basic shape component by a linear combination of the six inputs. For
example, the unit in Fig.1 (b) represents a half plane region with a boundary
along a line ax + by + c = 0. The unit in Fig.1 (c) represents an ellipse region
with its contour represented by ax2 + by2 + cxy + dx + ey + f = 0. The unit in
the second layer (output layer) represents a template shape by combining the
shape components represented in the first layer and inputting their weighted sum
to a sigmoid function. For example, a square is represented by combining four
half planes represented in the first layer. By using ellipses in the combination, a
shape with curved edges is also represented. The neural network formalized in
this fashion is called Shape Representation Net. Each unit in the first layer and
in the second layer is called Edge Unit and Combining Unit respectively. The
shape representation neural network shows the result of figure-and-ground clas-
sification with its output 1 for a point inside the shape and 0 for a point outside
the shape. Fig.2 shows how these figure-and-ground classifiers are arrayed in the
entire system. In the following discussion, we assume use of a classifier for each
pixel which observes the corresponding pixel value.

Before executing shape matching, a template shape for the target object
needs to be represented (prepared) by determining the connection weights of the
shape representation net. This determination is executed by the back-propagation
learning algorithm. As an example, we show an airplane shape represented by a
shape representation net with 8 edge description units in Fig.3, where the upper
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left is a bit map image used for learning and the upper right is its representation
by the shape representation net. The lower graph shows the convergence curve
(decrease of squared errors with respect to the number of parameter updating)
during the back propagation learning.

By changing the parameter σ (gain) in the sigmoid function used in each
unit:

sigmoid(s, σ) =
1

1 + e−σs
, (1)

the represented shapes can be blurred and the convergence property of shape
matching can be improved.

3 Shape Transformation and Matching

The set of parameters P to describe topology preserving shape transformations,
such as Affine transformation, can be implemented by adding a preprocessing
neural network to the shape representation net, which is already trained to re-
present a specific template shape. The preprocessing network maps the original
coordinates (x′, y′) to the Affine-transformed coordinates (x, y) by using equati-
ons:

x = M cos θ x′ − M sin θ y′ + a, (2)
y = M sin θ x′ + M cos θ y′ + b. (3)

The set of Affine parameters P = (M, θ, a, b) is stored among the connection
weights of the preprocessing network as shown in Fig.1(a). This preprocessing
network is called Affine Transform Net. During the course of shape matching,
these parameters are repeatedly updated by the back-propagation algorithm so
that the transformed shape of a template matches a target shape included in
an input image. Although the back-propagation algorithm is known to be slow
and tend to get stuck at a local minimum, the procedure during the matching
process, which updates only a part of weights for shape transformation, fixing
other parts of weights for shape representation, is expected to show a better
performance.

4 Shape Extraction by an Array of Figure-and-Ground
Classifiers

The Affine transformation parameters (M, θ, a, b) should be constant throug-
hout the mapping of all the points constituting an object shape in order to
keep the original shape of the object. However, to deal with irregular but topo-
logy preserving distortions which often occur in practical situations, continuous
change should be allowed for Affine transformation parameters. By allowing such
a change, influences from nearby obstructing objects are also reduced. To cope



Shape Matching and Extraction 397

with the changes in Affine transformation parameters, in stead of using a unique
set of parameters for a whole shape, we can use a set of parameters for each
pixel and, each of which can determine the mapping of the pixel position in
the shape. By allowing parameters of nearby points to take different but close
values, irregular but topology preserving shape distortions can be dealt with. In
addition, the influences from obstructing objects are reduced as the transforma-
tion parameters of the object and the obstructing objects can take independent
values.

For this purpose, an array of figure-and-ground classifiers, shown in Fig.2, can
be introduced. In this array, each figure-and-ground classifier has the constitution
shown in Fig.1(a). Each classifier observes a point in an image and, with its own
Affine parameters, maps the coordinates (x′, y′) of its observing point to the
coordinates (x, y). The coordinates (x, y) is inputted to the shape representation
net and its output, which evaluates if the point is inside or outside the template
shape, is computed. The Affine parameters of the classifier are updated so that
the output becomes close to 1 when the point (x′, y′) is inside the object and
0 when the point (x′, y′) is outside the object. For this updating, the input
image, which indicates the target object with high intensity levels of its pixels,
is referenced to judge if the pixel is inside the object region or not. As the image
usually contains obstructing objects and noises and they are also indicated with
high intensity pixel values, we need to separate these erroneous information by
controlling the continuity of Affine parameters while updating them in the above
procedure.

5 Implementation of Continuity Constraint by an
Averaging Operator

As described in the previous section, we use an independent set of Affine trans-
formation parameters for each pixel. However, if each pixel is mapped with com-
pletely different transformation parameter values, the topology of the original
shape is not preserved. In order to preserve the topology of the shape, Affine
transformation parameters should change continuously inside the target region.
In order to implement this continuity requirement, we use an averaging operator.
This operator works as follows. After Affine transformation parameters of every
classifier are updated by the procedure described in the previous section, each
classifier obtains Affine transformation parameter values of its 8 neighboring
classifiers and compute the average of these 8 and its own for each component
of P . Then these averaged values substitute their previous values. This simple
averaging operation is alternately and repeatedly applied while the parameter
updating procedure described in the previous section proceeds. As demonstrated
in the next section, the continuity constraint implemented by this averaging ope-
rator is shown to be effective to reduce the influences from obstructing objects
and noises.

In the array of figure-and-ground classifiers, as shown in Fig.2, only neig-
hboring classifiers can communicate through local connections. This so-called



398 I. Kumazawa

cellular architecture is suitable for each classifier to get parameter values from
neighboring classifiers and makes its own parameter values close to them by
applying the averaging operation at its own site.

6 Experiments

The performance of the array of figure-and-ground classifiers on a shape extrac-
tion task is examined and compared with our previous method [7] which used a
common set of Affine transformation parameter values over a windowed area.

Prior to the shape extraction experiments, a three layer shape representa-
tion net is constructed and its connection weights are determined by the back-
propagation algorithm to represent an airplane shape. The image used for the
training and the represented shape are shown in Fig.3 along with the conver-
gence curve during the training. As shown in the result, a rough silhouette of a
toy airplane is represented by a compact shape representation network with 8
edge describing units. The training was repeated for 500 times per pixel.

Shape extraction experiments were conducted using the template represented
by the shape representation neural network and three different image samples.
Each sample was a square region of 32×32 pixels windowed from a larger image
so that it contained a target shape. In each of Fig.4 -7, the results for the three
samples are shown in sub-figures of (a),(b) and (c). In each sub-figure, the top
left image is the input image with the resolution of 32 by 32 pixels, the top
right image shows the shape extraction result with the gray level of each pixel
indicating the output of the figure-and-ground classifier. The bright pixels mean
they were classified as inside the object and the dark pixels mean they were
classified as outside the object. The bottom graph shows the convergence curve.

In the first series of experiments, three images which were noisy but did not
include a large obstructing area were used. Fig.4 shows the results by our pre-
vious method which uses a common set of Affine transformation parameter values
throughout a whole image. It is observed that the target shape was successfully
extracted in any image. Fig.5 shows the results by the array of figure-and-ground
classifiers. As the Affine transformation parameters can differ for each pixel un-
der the continuity constraint introduced by the averaging operator, the template
shape was deformed to meet with the irregular deformation of the target shape.
However, some noises were also classified as parts of the target object.

In the second series of experiments, three images including a large obstructing
area were used. In Fig.6 and 7, the obstructing areas are observed as white
areas at one of the corners in the top left images of sub-figures (a),(b) and (c).
Fig.6 shows the results by our previous method. As the Affine transformation
parameters must be constant throughout a whole image, the obstructing region
affects the entire result and the target shape was not extracted correctly in any
image. Fig.7 shows the results by the array of figure-and-ground classifiers. As
the Affine transformation parameters for the target region are influenced by
the obstructing area only through the continuity constraint, and they can take
different values in distant areas, the target object was successfully extracted in
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every image. It should be noted that, in any extraction result, the obstructing
areas had bright intensity levels. This means that these obstructing areas were
also interpreted as parts of target object. This seems like a classification failure
but actually a result faithful to the method’s principle. In our method, any
white region can be classified as a part of the target object as far as its shape is
approximated by a part of Affine-transformed template shape. When an object is
partially observed through the restricted view of the windowed area, the observed
part is likely to match a part of the template shape and be classified as a part
of the target.

7 Conclusion

An array of figure-and-ground classifiers was introduced for shape matching and
extraction purposes. Compared with our previous method, which maps all the
points in a windowed region using a common set of Affine transformation pa-
rameters, the new method, which allows continuous change in the Affine trans-
formation parameters, showed a better performance when the windowed region
included obstructing objects. To constrain the Affine transformation parameters
of neighboring classifiers to take close values, a simple averaging operator was
effectively introduced with a reduced computation cost. As the current method
extracts any region as far as it is approximated by a part of Affine transformed
template shape, an extraction error occurs in such cases that an isolated white
pixel is approximated by an extremely reduced template or the shape of a par-
tially observed object in the windowed area is approximated by a part of the
Affine transformed template. Some posterior criteria should be introduced to
evaluate the appropriateness of the obtained Affine transformation parameters
to exclude these cases.
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Communication to transmit Affine parameters

Fig. 2. The array of figure-and-ground classifiers. Each classifier observes a point in
an input image and is connected with neighboring classifiers.

Target image(32x32 pixels)
Represented shape used as an template 
in the following experiments

Fig. 3. (a) An image used for training. (b) An template shape represented by a shape
representation net which is trained using the image in (a).

(b)(a) (c)

Fig. 4. Shape extraction results when a common set of Affine transformation parame-
ters was applied over an entire image which did not include obstructing objects.
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(a) (b) (c)

Fig. 5. Shape extraction results when Affine transformation parameters were allowed
to vary continuously over an image which did not include obstructing objects.

(a) (b) (c)

Fig. 6. Shape extraction results when a common set of Affine transformation parame-
ters was applied over an entire image which included obstructing objects.

(b) (c)(a)

Fig. 7. Shape extraction results when Affine transformation parameters were allowed
to vary continuously over an image which included obstructing objects.
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Küblbeck, C. 362
Kumar, S. 270
Kumazawa I. , 393

Lam, L. 52, 77
Latinne, P. 200

Maio, D. 351
Maltoni, D. 351
Masulli, F. 107
Merler, S. 220
Mola, F. 167

Partridge, D. 240, 250
P ↪ekalska , E. 117
Pirlo, G. 320
Prieto, D.F. 290
Pudil, P. 157

Rodriguez Diez, J.J. 210
Roli, F. 177
Rothe, C. 362

Salzo, A. 230, 320
Sansone, C. 330
Sato, A. 127
Sharkey, A.J.C. 30
Sharkey, N.E. 30
Siciliano, R. 167
Skurichina, M. 117, 190



404 Author Index

Slav́ik, P. 310
Somol, P. 157
Srihari, S.N. 45
Suen, C.Y. 52
Sveinsson, J.R. 280

Takahashi, K. 127
Tax, D.M.J. 16
Tortorella, F. 330

Valentini, G. 107
Vento, M. 330

Wan, W. 300
Wang, W. 240
Windeatt, T. 260

Yu, K. 383


	Front matter
	Multiple Classifier Systems
	Foreword

	Chapter 1
	Introduction
	Methods for Constructing Ensembles
	Bayesian Voting: Enumerating the Hypotheses
	Manipulating the Training Examples
	Manipulating the Input Features
	Manipulating the Output Targets
	Injecting Randomness

	Comparing Different Ensemble Methods
	Conclusions

	Chapter 2
	Chapter 3
	Introduction
	Methods of Ensemble Creation
	A ``Test and Select'' Methodology for Ensemble Creation
	Case Study: Fault Diagnosis of a Diesel Engine
	Case Study: Robot Localisation
	Conclusions

	Chapter 4
	Introduction
	Phrase Recognition Combination
	Word Classifiers
	Combination Design

	Use of Word Gaps in Improving the System
	Hypothesis Generation
	Hypothesis Verification
	Experiment

	Conclusions and Future Directions

	Chapter 5
	Chapter 6
	Introduction
	Experimental Results
	The Theory
	Conclusions

	Chapter 7
	Chapter 8
	Introduction
	Some Useful Concepts
	Boosting Regression Base Learners
	Angular Span for Classification
	Boosting Classification Base Learners
	Conclusions

	Chapter 9
	Introduction
	Sources of Error of a Classification Problem
	Measures of Problem Complexity
	Classifiers and Their Combination
	The Collection of Problems
	Results and Discussions
	Conclusions

	Chapter 10
	Introduction
	ECOC for Multiclass Learning Problems
	Experimental Results
	Discussion
	Conclusions

	Chapter 11
	Introduction
	The FLD for Dissimilarity-Based Pattern Recognition 
	Boosting and Bagging for the PFLD
	The FLD in Random Subspaces 
	Datasets and Experiments 
	Discussion 
	Conclusions 
	Acknowledgments 

	Chapter 12
	Introduction
	Structure of the Recognition System
	Learning Method for Generating the Feature Selection Dictionary
	Proposed Method 1
	Proposed Method 2

	Experiments
	Recognition Rate and Recognition Speed
	Comparison of Method 1 and Method 2
	Relationship between the Number of Candidates and the Recognition Rate

	Discussion
	Conclusion

	Chapter 13
	1.	Background
	2.	Proposed Method
	3.	Properties of the Proposed Method
	4.	Conclusions
	References

	Chapter 14
	Chapter 15
	Introduction
	Probabilistic Neural Networks
	Subspace Approach
	Binary Approximation
	Parallel Use of Multiple Classifiers
	Numerical Example
	Concluding Remarks

	Chapter 16
	Introduction
	Semi-parametric and Non-parametric Approaches
	Generalized Additive Multi-model
	The Estimation Procedure
	The Benchmarking of GAM-M Approach
	Concluding Remarks

	Chapter 17
	1. Introduction
	2. A Bayesian Framework for Dynamic Classifier Selection
	2.1 Basic Concepts
	2.2 The Theoretical Framework

	3. Methods for Dynamic Classifier Selection
	3.1 Selection by Classifier Local Accuracy
	3.2 An a priori Selection Method
	3.3 An a posteriori Selection Method
	3.4 A DCS Algorithm

	4. Experimental Results
	5. Conclusions
	Acknowledgements
	References

	Chapter 18
	Chapter 19
	Introduction
	Methods
	Material
	Experimental Design
	Results and Discussion
	Conclusion

	Chapter 20
	Introduction
	Similarity-Based Classifiers
	Dynamic Time Warping
	Selection of Literals

	Boosting
	Experimental Validation
	Datasets
	Results

	Conclusions and Future Work

	Chapter 21
	Introduction
	Predictive Models and GIS for Tick Risk Assessment
	Methods
	Base Learner and Definition of the Error Estimate
	Boosting
	Experiment Design

	Results
	Conclusions

	Chapter 22
	Introduction
	Evaluation of Combination Methods
	Combination Methods
	Majority Vote (MV)
	Dempster Shafer (DS)
	Bayesian Method with Independence Assumption (BI)
	Behavior-Knowledge Space (BKS) Method

	Experimental Results
	First Test
	Second Test
	Third Test

	Conclusions
	References

	Chapter 23
	Chapter 24
	Multiple Classifier Systems --- A Farrago of Options
	Automatic Decomposition
	Measuring Diversity
	Experimental Tasks
	Experimental Detail
	Results
	Discussion
	Conclusions

	Chapter 25
	2	Correlation Measure
	3	Extracting Separable Subsets
	3	Results
	Experiment 1: 	 Cancer		50/50 Training/Testing
	Experiment 2: 	Diabetes	50/50 Training/Testing		
	Experiment 3: 	Gaussian  400 Training & 30,000 Test Patterns Evenly Divided between Class 1 & 2, Nepochs = 50.

	4	Discussion and Conclusion
	References

	Chapter 26
	Introduction
	Hyperspectral Data
	The Hierarchical Multiclassifier Architecture
	Partitioning a Set of Classes
	Combining

	Experimental Results
	Conclusions

	Chapter 27
	Introduction
	Consensus Theory
	Weight Selection Schemes for Consensus Theory

	The Parallel Consensual Neural Network
	Genetic Algorithms
	Approaches Based on Fuzzy Methods
	Fuzzy Integral
	Fuzzy Associate Memories

	Experimental Results
	Consensus based on pruning and regularization

	Conclusions

	Chapter 28
	1 Introduction
	2 General Formulation of the Problem
	3 The Proposed Unsupervised Retrainig Techniques
	3.1 The Proposed Retraining Technique for an ML Classifier
	3.2 The Proposed Unsupervised Retraining Technique for RBF Neural-Network Classifiers
	4 Strategies for the Combination of Classifiers
	5 Experimental Results
	6 Discussion and Conclusions
	References

	Chapter 29
	Chapter 30
	Introduction
	Our Results
	Other Measures

	Recognizer-Dependent Distance
	Lexicon Density
	Experiments
	Acknowledgements

	Chapter 31
	1	Introduction
	2	The Process of Signature Verification
	3	Strategies for Signature Comparison
	4. A Multi-expert System for Signature Verification
	4.1 The First Expert (E1)
	4.2 The Second Expert (E2)
	4.4 The Combination Criterion (E-MV)

	5	Experimental Results
	6	Conclusion

	Chapter 32
	1   Introduction
	2   The Proposed Approach
	2.1 The Decision Stages
	2.2 The Combination Stage

	3. Experimental Results
	4.   Conclusions
	References

	Chapter 33
	Introduction
	Universal Combinator
	Entropy Measure
	Probability Values for Lexical Entries

	Greedy Algorithm
	Experiments
	Conclusions

	Chapter 34
	1   Introduction
	2   MASKS Classifier
	3   MKL-Based Classifiers
	4   Combining Classifiers for Exclusive Classification
	4.1   Experimental Results

	5   Combining Classifiers for Continuous Classification
	5.1   Experimental Results

	6   Conclusions
	References

	Chapter 35
	Introduction
	System Outline
	Face Processing
	Mimic Processing
	Speech Processing

	Sensor Fusion
	Distance Measures
	Sensor Calibration
	Decision Fusion

	Testing Protocol
	Database
	Estimating the Calibration Data

	Performance Evaluation
	Conclusions and Future Work
	Acknowledgements

	Chapter 36
	Chapter 37
	Introduction
	Grammar-Guided Sentence Recognition
	Outline of Classifier Combination Approach
	Class Set Reduction
	Distance of Sentences
	Sentence Selection

	Inconsistency Localization
	Inconsistency Resolution
	Application and Experimental Results
	Conclusion

	Chapter 38
	Introduction
	 Shape Representation and Figure-and-Ground Classification
	 Shape Transformation and Matching 
	 Shape Extraction by an Array of Figure-and-Ground Classifiers
	 Implementation of Continuity Constraint by an Averaging Operator
	 Experiments
	Conclusion

	Back matter
	Author Index


